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A Complete Classification of OGDDs of Type 4°
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Abstract An orthogonal group divisible design OGDD X & .Z % is a set X and a partition % of X into classes
usually called groups  and two disjoint sets .7 and .75 of 3-subsets of X so that each pair x y of elements of X ap-

pears once in a 3-subset of .-Z and once in a 3-subset of . if x and y are from different groups and does not appear in

a 3-subset of either if x and y are from the same groups. Moreover a if x y @ e€.Zand x y b €./ thena and

b are in different groups and b for two distinct intersecting triples x ¥y z and u v z of Z the triples x y a

and uw v b of Zsatisfy a#b. In this article we will show that there is a unique isomorphism class of OGDDs of type

4%,
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1 Preliminary Results
OGDD is a generalization of OSTS suggested by Stinson and Zhu 5  and it is not only useful tool in the con-

struction of OSTS see 3 but finding when they exists is an interesting question itself see 2 4 6

For the existence problem for OGDDs of type g“ Colbourn and Gibbons 4 have settled it with few possible ex-
ceptions for each group size g. The following were their concluding remarks.

The main question that remains open is whether there is any value of g for which an OGDD of type g* exists. On
the basis of the nonexistence when g =2 and g =4 one might be tempted to conjecture that the answer is negative.

Dukes in 2 constructed an OGDD of type g* for g =8 12 and the author constructed an OGDD of type 4*.

In this article we will show that there is a unique isomorphism class of OGDDs of type 4°.

Definition 1.1 A group-divisible design with block size 3 briefly 3-GDD X .7 isa set X and a parti-

tion £ of X into classes usually called groups and a set .Z of 3-subsets of X so that each pair x y of elements
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of X appears once in a 3-subset of .Z if x and y are from different groups and does not appear in a 3-subset of .Z if
x and y are from the same groups.
Definition 1.2  An orthogonal group-divisible design briefly OGDD X & .7 % is a pair of 3-GDDs X
& A4 and X ¥ .5 satisfying two orthogonality conditions
i if xyz e#and x y w €.% then z and w are in different groups and
it for two distinct intersecting triples x ¥y z and u v z of .2 thetriples x ¥y w and w v ¢t of .%sat-
isfy w##t.
Definition 1.3 let X .72 % and X ¥ 7% % be two OGDDs of type g“. We say they are isomorphic if
there exists a bijection o from X to X such that “=%a .7 =%a and .% =%.
Definition 1.4 A transversal design briefly TD TD 3 4 is a 3-GDD of type 4°.
2 Special Properties
In this article we always let
G,=0369 G=14710 G6G,=25 8 11
H= oy oy , 05, = G, G, G, H and X=G,UG, UG, UH.
Definition 2.1 Let X & % be a 3-GDD of type 4*. We define
B.= Beh BNH=O B,= Beh BNH#J
Pyi= xy o x y ef and Py, =
where i=0 1 2 3 andj=0 1 2.
By the definition of 3-GDD we have
Lemma2.2 If X & .7 isa3-GDD of type 4* then
i each 7, is a partitions of X\H  ii each point of X\H appears exactly twice in .7,.
By the definition of OGDD we have
Lemma2.3 If X & .7 % is an OGDD of type 4" then A, U. 2, are the blocks of a TD 3 4 .
Lemma2.4 If X & 7 % isan OGDD of type 4* then #,. i=0 1 2 3 is a partition of x y x
yz et .
Lemma 2.5 Let X & .7 % bean OGDD of type 4*. If vy €7, ,and zt €7
zt = where1=0123 j=01 2.
Definition 2.6 let #,, U%,,,= 0b,, 3b,, 65b, 95b,; fori=012 3. We define a ma-
trix M ,= b;; 4.4
By the definition of OGDD we have
Lemma 2.7 Let X & .7 A bean OGDD of type 4* M, = b
a;;=a,, theni=sandj=t.
Lemma 2.8 Let X ¥ .7 % bean OGDD of type4* and zxy zuw e, f xy e?, and
uv ey, thenizj.
3 Two Non-isomorphic TD 3 4

xy €y % Y¢G,-

then x y N

7ij

i axaand M = a;; 4., Ifb  =b, and

It is easy to see that there are only two non-isomorphic Latin squares of side 4 can be found in 1 that is
0|12 13 0|1 /213
110|312 1103 ]2
L = L, =
213 1|0 213101
3121011 31211110

Hence we have

Lemma 3.1 There are only two non-isomorphic TD 3 4  namely .7 and .7 as follows.
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= 012 045 078 01011 315 342 3711 3108
618 6411 675 6102 9111 948 972 9105
= 012 045 078 01011 315 342 3711 310 8
618 6411 672 6105 9111 948 975 9102

4 No OGDD Based on .7

Lemma 4.1 There are only six ways to partition .7} into two parts .7, and. 7, such that they satisfy the condition

it of Lemma 2.2.
Proof It is easy to see that there are only the following six ways.

i Z,= 012 045 3711 3108 618 6411 972 9105
L= 078 01011 315 342 675 6102 9111 9438
i Z2,= 012 045 3711 3108 675 6102 9111 9438
L= 078 01011 315 342 618 6411 972 9105
i .72,= 012 078 315 3711 6411 6102 948 9105
A= 045 01011 342 3108 618 675 9111 972
v Z2,= 012 078 342 3108 6411 675 9111 9105
ZLy= 045 01011 315 3711 618 6102 948 972
v Z,= 012 01011 315 3108 6411 675 948 972
L= 045 078 342 3711 618 6102 9111 9105
vi #,= 012 01011 342 3711 618 675 948 9105
L= 045 078 315 3108 6411 6102 9111 972
Lemma 4.2 In the sense of isomorphism there is a unique way to partition .7/ into two parts .-Z, and ., such
that they satisfy the condition ii of Lemma 2. 2.
Proof letr,= 69 14 25 r,=69 12 45 78 1011 7,=7,7,=10 43 7
6 109 andrs= 69 7 10 8 11 . It is easily checked that there are isomorphic mappings 7, from 1 to

i 7,from iii to iv 7yfrom v to vi 7,from i to iii and7;from ii to v .

Theorem 4.3  There is no OGDD of type 4* based on .7.
Proof From Lemma 4.1 and Lemma 4.2 we only consider the case i
2.4 that
PpooC 12 45 711
15 42 75 102 111
Let 12 €7,,,- FromLemma?2.8

of Lemma 4. 1. It follows from Lemma

78 10 11

1008 18 411 72 105 and?,,,C

4 8

45 ¢%,,,- Hence it is impossible to arrange &, , and 7, , such
that they satisfy Lemma 2.5.
5 Partition .7 into . 7, and .7,

Lemma 5.1 There are only six ways to partition .7 into two parts .7, and .ﬁg such that they satisfy the condi-

tion ii of Lemma 2.2.
Proof It is easy to see that there are only the following six ways.
i Z,= 012 045 3711 3108 618 6411 975 9102
L= 078 010 11 315 342 672 6105 9111 948
i Z,= 012 045 3711 3108 672 6105 9111 948
SLy= 078 01011 315 342 618 6411 975 9102
i Z,= 012 078 315 3711 6411 6105 948 9102
L= 045 01011 342 3108 618 672 9111 975

g
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v Z4,= 012 078 342 3108 6411 6105 9111 975
SLy= 045 01011 315 3711 618 672 948 9102
v %,= 012 01011 315 3108 6411 672 948 975
L= 045 078 342 3711 618 6105 9111 9102
vi #Z,= 012 01011 342 3711 618 6105 948 975
L= 045 078 315 3108 6411 672 9111 9102
Lemma 5.2 In the sense of isomorphism there is a unique way to partition .7, into two parts ./%g and .7, such
that they satisfy the condition 1ii of Lemma 2.2.
Proof Let7, =12 45 78 1011 7m=7,=7,7,=36 47 58 and7rs= 69 710
8 11 . It is easily checked that there are isomorphic mappings 7, from i to ii 7, from iii to iv 7, from
v to vi 7,from i to iii and 75 from iii to v .
6 OGDDs Based on .7
From Lemma 5.2 we only need to consider the case i of Lemma 5.1. In the following we always let 1 2 e
Ppoo-
Lemma 6.1 There are 3 ways to arrange 7, , and &, , such that they satisfy Lemma 2. 5.
Proof From Lemma 2.4 we have #,,,C 12 45 7 11 10 8 18 411 75 10
2 and?,,,C 78 1011 15 42 72 105 111 438
Since 12 e%,,, 45 ¢&7;,,by Lemma 2.8. Hence there are only three arrangements
i Pyee= 12 711 P,00= 105 48
i Puoe= 12 411 P00= 105 78
i Pyeo= 12 715 P,00= 1011 48
Based on Lemma 6.1 we have
Lemma 6.2 There are 7 ways to arrange #°,,,and &°,,, for i=0 1 2 3 such that they satisfy Lemma 2.
4 Lemma 2.5 and Lemma 2. 8.
Proof The 7 arrangements are given in the following table.
7700 o P20 P30
i 10 5 4 8 72 111 10 11 42 78 15
il 10 5 4 8 10 11 72 111 42 78 15
il 10 5 4 8 78 111 15 72 10 11 42
iv 10 5 78 72 1 11 15 48 10 11 42
v 10 5 78 72 10 11 15 4 8 111 42
vi 10 11 48 72 111 10 5 42 78 15
vii 10 11 48 78 1 11 10 5 42 72 15
500 Pa10 P00 P3390
i 2 7 11 45 10 8 18 75 4 11 10 2
il 2 7 11 45 18 10 8 75 4 11 10 2
iii 12 711 45 10 2 10 8 411 18 75
iv 12 411 45 10 8 10 2 711 18 75
v 2 411 45 18 10 2 7 11 18 75
vi 1 75 45 10 8 18 711 4 11 10 2
vii 12 75 45 10 2 18 7 11 411 10 8
Lemma 6.3 There are isomorphic mappings 7, = 1 10 47 28 511 03 69 from ii to
iv T1,=r1from iii to vi 7,=15 42 78 1011 69 from ii to vi andrt, =7;from v to
vii .

Lemma 6.4 There is no OGDD of type 4* for the cases ii and v .

Proof For v itis clear that fori j=0 12 3
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boje 57 8 10 blje 27 10 11 szel548 b3jel2411
boe 1245 b,,e 7810 11 b,,e 14811 b,;e 25710 .
This forces that
byo=by3=5 by,=b,,=8 b y=by;=2 b ,=by, =11

Similarly we have

By Lemma 2.6 v

For ii  similar to

By Lemma 2.6  ii

ago=ay; =11 ag,=a,,=2 a;,=0a;;=8 a;,=a;, =5
can not be arranged into an OGDD of type 4°.
v we have

byog=by3=2 b ,=by, =11 ay=0a,;=8 a;,=0a,,=5.

can not be arranged into an OGDD of type 4.

Lemma 6.5 There are at most two isomorphism classes of OGDDs of type 4°.

Proof We only need to consider the case i

of Lemma 6.2. Silimar to the proof of Lemma 6.4 we have M ,

=M, or M, and M ,=N, or N, where
4 10| 8 |5 5181|410 1mj2 (71 7|1 11
1|7 |11]2 2 (11|17 8 |5 (10| 4 10 | 4 8
Ml - Mz = Nl = Nz =
2 11| 4 |10 4 110 11| 2 7|1 8 8 |5 1
518|117 1|78 10 | 4 11 1112 (10| 4

It follows from Lemma 2.7 that it is not an OGDD for M , =M, and M , =N, or M ;, =M, and M ,=N,. ltis eas-
ily checked that it is an OGDD for M , =M, and M , =N, or M , =M, and M , = N,.

Theorem 6. 6

There is a unique isomorphism class of OGDDs of type 4°.

Proof The two OGDDs of Lemma 6.5 are isomorphic by the permutation 7= 12 45 7 11

9 @, a; . Therefore there is a unique isomorphism class of OGDDs of type 4* namely

012
a, 105
111
42
a; 15
078
12
45
18
4 11

=

«;

(8%

o7
o,
(2%

a3

045 3711 3108 618 6411 975 9102
o, 4 8 a, 0 11 oy 32 @ 67 oy 91
o 72 08 o35 a«a 610 a« 94
a, 10 11 a 07 a 31 a 65 a 98
oa; 78 a; 010 @334 o362 a 911
01011 315 342 672 6105 9111 948
ay 7 11 o 04 @ 310 @ 68 o 95
a, 10 8 a 01 o 37 a, 611 o 92
a, 75 a, 02 a, 3 11 a, 6 4 a, 9 10
a; 102 a3 05 a; 3 8 ay; 61 a; 97 .
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