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Asymptotic Normality of L1 Estimators

in a Partly Linear Model
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Abstract：C。nsider the partly linear model Y=X'flo+g(，)+e，where卢o is a k×1 vect。r。f unknown parameters，

g(’)is an unknown smooth function and P is an unobserved disturbance．A piecewise polynomial g。(·)is proposed
‘o 8pproximate g and the least absolute deviation estimator offl0 is obtained．Under milder conditions the asymptotic dis—

tribution of the estimator of风is derived．
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部分线性模型中L。-估计量的渐近正态性

唐庆国

(解放军理工大学理学院，江苏南京210007)

[摘要] 给定部分线性模型Y=X’风+g(f)+e，其中风是一k×1未知参数向量，g(．)是一未

知的光滑函数，e为一随机误差．我们先用一逐段多项式g。逼近未知函数g，然后用最小一乘法得

到未知参数岛的最小绝对偏差估计量口．在较弱的条件下我们推导了估计量p的渐近正态性．
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0 Introduction

Consider the following partly linear model given by
’

Y=X髋+g(T)+e， f 1)

where X’=(X1，⋯，戈^)and T are explanatory variables，卢o is a k×1 vector of unknown parameters，g(．)is
an unknown smooth function of T in[0，1]，e is the random error with median 0，(X，T)and e are indeDendent．
The partially linear mode／was first introduced in paper[1]to study the effect of weather on electricitv demand
and further studied by refs．[2，3]，etc．When EX=0，ref．[3]derived the asyraptotic no咖alitv of the￡，．no瑚
estimators offlo using the B-spline method．Let{Xi=(X∽⋯，X。^)7，Ti，×，(1≤i≤凡)}denote a sample of size
n from(1)．In this paper，we use a piecewise polynomial g。to approximate g，then minimize

∑I K—X 7。卢一gn(t)
i=l

t。。btain L1-estimat。rs p。f风．Under general c。nditi。ns We show that p is asympt。tic n。riBaI．M。rever，c。mpa—
ring to paper E 3]，our method is nore simple and easier to understand and carry out in practice．

1 Main Results

First we make the following assumptions
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A1．The distribution of T is absolutely continuous and its density w(t)satisfies 0<b≤inf0≤矧w(t)≤

supo≤￡≤l加(t)≤B<+∞．

A2．Let 0<y≤1 and 0<M，g is an m—times continuously differential function such that g㈣’(t2)一

g㈣’(t1)I≤MI t2一t1 7，for 0≤￡l，t2≤1．Think ofP 2 m+y as a measure of the smoothness of the function g．

A3．The median of the distribution of random error e is 0，the distribution of e has density八戈)in a neigh-

borhood of 0，八0)>0 and is continuous at x=0．

A4．EX=0，EXX’=(盯。)^。t is a positive definite matrix，and X and T are independent．

A4 7．EX exists and E(X—EX)(X—EX)7=(盯。)女。^is a positive definite matrix，and X and T are inde．

pendent．

A5．．max IIXi lI=0P(n(p-1／2)／(2p+1)／logn)．

A6．There exist two positive constants cl and c2 such that，八戈)satisfies I／'(戈)一八0)I≤c2 I戈I for all戈∈

L—cI，oI J．

Given a positive integer M。，we split equally[0，1]into M。subintervals．The length of every subinterval is

2h=1／M。．Let In，=[(12—1)／M。，v／M。)，1≤∥≤M。一1，InM．=[1—1／M。，1]．Let d，denote the center of the

interval，。，and A(t)denote a(m+1)M。x 1 vector such that for t∈，⋯1．1=1，⋯，M。，

A(t。)’=(0，⋯，0，1，(t；一d。)／h，⋯，[(t。一d。)／h]“，0，⋯，0)，

Set口’=(al，⋯，Ⅱ。+l，⋯，“(。+1)M。)，g。(￡)=A(t)’口and

d’o=(g(d1)，⋯，hmg㈣’(d。)／m!，⋯，g(d村．)，⋯，hmgm’(dM。)／m!)．

I．et

荟I K珂参一A(1)’&l 2嘧荟I一卅私一4(瓦)’d I，
then we have the following theorems．

(2)

Theorem 1 Suppose that A1．A6 hold and that M。～n17(2P+1)and P>3／2．Then

砜o)(EXX⋯饰(口一／3。)一。N(0，Ik)．
Theorem 2 Suppose that A1-A3，A4’，A5一A6 hold and that坂一n17‘印+1’and P>3／2．Then

2f(0)(E(X—EX)(x—EX)’)1勺i(p一卢。)一。N(0，Ik)．

2 Proofs of the Theorems

Let L。be a sequence of positive numbers satisfying L。_÷+∞，L。／logn_0(n—}+∞)and C(0<C<

+。。)denote some constant not depending on n．but which may assume different values at each appearance．

Let畴=∑?：。XiX7。，A’=(4(T。)，⋯，A(rn))，屹=A'A．Set Z。i=盯1X。，Z：。=巧1A(T。)，0。=V。(／3一
卢o)，02=K(o／一仅o)，0 7=(0 71，072)，Z 7。=(Z 7¨，Z’2i)，and set R。=g(Ti)一A(Ti)’oto and D。=

maxl；渤(IR。I+LnM。1／2 I|Zi If)．Then

∑ZIiZ7。。=Ik，∑Z2iZ’：。=‰+1)¨ (3)

a。=V，(启一卢。)，务：=K(&一o／。)． (4)

and by(2)

(启7，&’)’=Arg mi～，。∑；n：，l g(正)一A(t)’d。+ei—X’i(卢一30)一A(t)’d+4(t)’a。I

=Arg min。。．此∑。n：1 Ri+ei—z’l；口l—Zt2i02

=Arg min口∑n引(1 R。+e；一Z'iO I-I Ri+e。1)． (5)

Lemma 1 Suppose that A3一A5 hold and that D。=0。(1／logn)and M。～凡Ⅳ‘印“’．Then

L22M。-1 sup帅怦1}∑__=1n(|R。+ei—LnMy‰Z i0 I-I R。+e。I)
——，'——
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+L。My2 E ogn(ei)z 7。0一E：：，Ee(I Ri+ei—L。。1／2z 7i0 l—I Ri+ei I)l=。，(1)，
where E，is the conditional expectation operator given(Xi，TI)，⋯，(Ⅸ。，乃)and sgn(‘)is the sign function．

Proof See Lemma 3．2 in Shi and Li[3。．

Lemma 2 Suppose that A1．A5 hold and M。～凡Ⅳ㈣“’．Then怕||=Op(My2)．
Proof It suffices to show P㈨钏<LnM。t／2}．+1．We first show that

D。=O。(1／logn)=o。(1)，nM21 ；≤．
。,m圣‘a鼍sR C1n

(6)

Observe that堙can be denoted by DIAG(B1，⋯，B盯。)，where B。=(6曲)(。+I)。(。⋯，b峋=E in：l[(正一

d。)／hl 2+9—2，j|r。一d。l≤h}，f，q
= 1，2，⋯，，n + 1，u = 1，2，⋯，M。．Let A。 = (o。曲)(m+1)。(m+1)， o。幻

=

J tl+q’2埘(d。+ht)dt，l,q=1，2，⋯，，n+1，u=1，2，⋯，M。．Since for any占>o，

∑：：。Pt 1／(凡危)E?：。[(Ti—dv)／^]。+g一2，{l r。一a。l s一}一Jl。l；。￡2+9—2z。(d。+ht)d￡I>s}

≤E：：。1／(占4n4)2r E?：，[((t—dv)／^)2+9—2，{lt—a。I snI／h一』。；。￡。+9—2z。(d。+ht)d￡]I
4

≤c∑：：。(nM：+n2ME)／(s4 n4)≤c／占4 E。oo：。n2／(2p+1)-2<+∞，(p>3／2)．
Then by Borel—Contelli 7S lemma and note that l／h=2M。，we have

2—M26“。一av如珈。．s．， t，：1，⋯，M。，l，q：1，2，⋯，，n+1． (7)寻6曲一fq珈o^， t，=，⋯，。，，=，，⋯，m+· (7)

Let A l denote the smallest eigenvalue of嵋and A2 be the smallest eigenvalue of昵，then by condition A1 and

A4，according to the argument of Stone¨3 and using(7)，there is a positive constant Ao satisfying÷A l>Ao，o．

M

文，等A2¨渺豇·Hence
II Z。II 2=II z。i I|2+lI z：；II

2

=X’。yl-2Xi+A(Ti)’圩2A(Ti)

≤．max||X。|l 2／(nAo)+(m+1)M。／(nAo) 口．s．． (8)

By condition A2，we have

罂氅I_Ri I=。m；。a；x。Ig(正)一A(t)’仅。I≤cMi9· (9)

So(6)follows from(8)，(9)and condition A5 and that M。～nV‘印+1’．Set

F。(p)=E Ee(I Ri+ei一￡。My2Z’i0 I—l R。+gi I)．

By condition A3，(3)and(6)for 0 satisfying||0||=1 and n sufficiently large，we have

。

Fn(p)2荟[2J刈。^w位≯)(Ri一￡nMnV2z’z臼+戈)八戈)出_2Jn
0

0吨(Ri+戈)八戈)以]

●

E[尺o

E If(0

(Ri一￡。Mnv2Z’。8)2(1+o(1))一以O)R；(1+。(1))]

LozM。(z’川0+Z'2i02)2／2—4f(O)R；2]

>一f(O)ffnMn(1+2；Z'li口-昭zz臼z)尼一4f(oh㈦ma≤x。R；·
here limo(1)=o uniformly in 0(1IolI=1)．

Observe that 2 E Z'liol·Zt2i02
i=1

=2p 7。yil E X。Zt2i02 and
i=l

～3一
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∑X。Z'2i0：=
i=l

∑X。。
i=l

∑X。。

Z

Using A4，it follows that E(∑XdZ'2i02)=0 and that

E(∑XiiZ'2iO：)2=∑E砖E(z 7z。pz)2=％|lp：If2≤％，，=1，2，⋯，矗·

Hence∑XiZt2i0：=Op(1)．Again by A4，we haVe畴／n—EXX’⋯．，hence K1=Op(n一尼)=。，(1)

Th户r户fnrP

2p7。yil∑x。Z'2ioz=Op(1)．
i=l

uniformly in 0(1101l≤1)．Thus by(6)and the above

F。(9)≥厂(O)L2。M。(1+Op(1))／2．

Set

Gn(日)=∑(I R；+e；一L=MI／2Z7i0 I—I Ri+e。I)～∑Ee(I Ri+e。一￡。My2z日f—I R。+e。

It is easY t。Prove that M：Ⅳ2|l∑sgn(ei)互II=Op(1)，by(6)and Lemma 1，we deduce that

L：2螈1『潍。I Gn(9)I=。，(1)，
From the definition of厂。(0)and G。(0)，combining(11)and(12)，we have

L：2坂l¨稚。(荟(I尺i托一LnMnI／2Ztip H R。托1))
≥￡i2M：1 lf珊!。，。(日)一L：2M：1 l鬻g。l Gn(p)l≥八o)(1+。，(1))／2

So

P{K2M：1 lI‰!。(荟(1尺i+ec—LnMy2∥z臼l—I Rt+e z I))>o}_1·
From the convexity of the absolute-valued function I·I，we obtain

P{L：2M：1 Ri+ei—LnMy2Z’。0 I—I R。+e。I))>0}——，1

(10)

(11)

(12)

Hence

P{怕蝴inf护(荟(1 Ri托名i臼H Rz托1))>o}。1·
Therefore

P{1101J<L,,Mlo／2}_1．

Proof of Theorem 1 Let叼=∑sgn(e。)zl。／(21(o))，by(4)in Chen口1 2f(o)叼一dN(O，厶)·By

(4)we need。nly t。sh。w that 21(0)0。—，dN(O，厶)，SO it suffices to prove that for any 6>o，Pt 110l一叩1|<6}

—÷1．So by(5)，we need to show that

Using the convexity of the absolute——valued function

尸{怕臻。(荟I Ri托刀-。8-名z。a：I
——4——

Ri+ei—Z'lirl—Zt2i务2 I}_1

l·1．we need only to prove that

一∑I R。+ei—z’。i叼一巩台z I)>0}一1。
i=1

＼、●●●●●●}●●●●●，／

／L。∑㈧，L
f净．m引

。∑㈦
>

2
^p
2
Z—pZ—e+R

。∑㈦6净甜刊
P
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By Lemma 2 and definition of n，it follows that慨Il=0P(Mi 2)，⋯I=0P(1)，SO it suffices to show that for

any L>0．L’>0

P({． i蝉．．⋯(∑I Ri+e。一Z 7㈣0一Z'2i02 I一
||0l—ql|=6，11 02l喀埘∥2‘i=。1

。 “1 。

∑f Ri+e。一Z'lin—Z'2i02 1)>0}n圳训≤L，})斗1．

Set

8。(秽．，02)=∑(1 Ri+e。～z7I。0j—z 72。秽2 J—l R。+e。一Z'2i02 J)。
i=l

Then we need only to prove that

．P“．， ．i蝉． (G。(0。，0：)一G。(n，o：))>0}n川训≤L，})一1．
I}pI一≈J1=6，II＆}乓￡Ⅳ。1／2

。

Set

Then

0bserve that

r。(01，02)=∑Ee(I R。+e。一巩pl—Z'2i02 I—l R。+e。～Z'2i02 I)，
i=i

s。(0。，0：)=Gn(0，，0：)一r。(0。，02)+∑sgn(e。)巩0。
i=1

G。(0。，0：)=F。(0，，0：)一 +S。(0l，02)

广。(0。，0：)=∑[八o)(Z'xi0，)2一扒o)z 7㈣0 R。+砜o)z 7㈣0·Zt2i0：+丁血(0。，02)]
i=l

=“o)fIo。ff2—2f(o)∑巩秽。R。+2Ao)∑Z',iO。-Zt2i0：+∑7。(秽。，02)，
i=1 i=1 i=1

(R。+菇一Z’l。0l—Zt2i02)(八z)一八0))dx

(13)

一2 J (R。+戈一Zt2i0：)(八戈)一八0))dx．
J一(Ri—Z 72i02)

Similar to the proof of(10)，it follows that

2f(o)∑Z'lip-R。=21(o)o’-yt乏XiR；=Op(n-172)·D，((n，m—ax。R；)Ⅳ2)=。，(1) (14)

and that

(15)

uniformly in 0I satisfying}10l』≤三and 02 satisfying J102 JJ<<_LMlf2，where五=L’+6。By A6，A5，(8)and(9)

and the fact that M。～凡1伸+¨，we obtain

蚤l丁：(日-，pz)I≤。m聪ax。(I尺；川z 7-ip-川z’z cpz 1)蚤(1 Ri⋯z’-tp-⋯z 7z。目：I)2
≤CL2M。．max(I Ri I+I Z 7㈣0 I+I Z’2。02 I)=oP(1)

uniformly in 0。(1Io。憾五)and 0：(《0：忙肼y2)．Hence
厂。(0。，0：)=八0)|『0．Ii2+O，(1)． (16)

Thus

G。(0。，0：)=八0)||0，||2—2f(o)n70。+s。(0。，0：)+op(1)， (17)

uniformly in 0。(||0。||≤Z)and 0：(IL0：ll≤“---．jfm。l／2)．Using the fact that 2n 70。=lI叼112+||0。112—1l叼一0。|12 and

that||0l—nII=6，we have

——‘——

pZ、，e／LngS。∑㈦

眈2Z一日Z—R

O

一

2=＼，以，p，k丁

ereh

0=vⅡMD
儿
nD=pZX

。∑㈦
矿p0狄=pZ9Z。∑㈧

O狄
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8。(臼，，02)=厂(0)62一八0)II叼112+s。(臼。，0：)+o，(1)． (18)

By(17)

0。(叼，02)=一八0)II卵l『2+S。(叼，0：)+o，(1)， (19)

it follows from(18)and(19)that

。n(口-，02)≥八o)62+。n(叼，02)～⋯茹腿l妊埘驴㈦(口-，目z)I
By A5，using the method similar to the method of Lemma 1 and noting that P>3／2，it can be shown that

⋯Et溜喀埘护l 5n(w2)I=。，(1)·Hence
P({ inf (G。(0。，0：)一G。(叼，0：))>0}n川训≤L’})一1．

||0l—q l卜6，||02{LMl／2
。

According to(1 3)，theorem 1 follows．

Proof of Theorem 2 Let叉=÷∑X。，墨=一1∑Xi，J=1，⋯，k，thennn量。 。 皇7

K=(X。一叉)'／30+g(Ti)+2'／30+e。．

Set X“=Xi—X，gl(t)=gl(t，叉)=g(t)+2'／30，then X捌satisfies A4 and A5 and 91(t，X)satisfies A2 and

K=X'n俄+g。(z，X)+ei． (20)

The proof of theorem 2 is similar to the proof of theorem 1，in fact if(10)，(14)and(15)hold，then theorem

1 holds for model(20)．So we only show that(10)，(14)and(15)hold．Since E(∑X。uZ'2i02)=0，and

=∑∑E(Xu一墨)(％一Xj)E(a'2i0：’Z'2zO：)
i=l f=1

=瓦∑E(Z'2i0：)2一(瓦／n)∑∑E(Z'2i02·Z'210z)

≤2 lIo：112％≤2％，=1，⋯，k．
n n

Therefore∑x。。巩9：=Op(1)．By A4 7，we haye Vxl=Op(n一尼)=Op(1)．Therefore20’。K1∑XniZ"2i0：=
o。(1)uniformly in 0(』011≤1)．Thus(10)follows．Similar to the proof of(10)，we can prove(14)and

(15)．So theorem 2 follows．
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