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Abstract：This paper deals with the quenching problem for degenerate semilinear parabolic equations with time delay．

By using regularization method and upper and lower solutions7technique，we obtain the existence of a unique classical SO—

lution to the above problem and prove that there exists a critical length o such that the solution“of the above problem

exists globally for o<Ⅱ+and quenches in finite time for口>o+．Furthermore．we
also get asimple estimate on the criti—

cal length n+．
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[摘要] 考虑带时滞的退化半线性抛物方程的熄灭问题．利用正则化方法和上下解技巧，我们得

到了上述问题经典解的存在惟一性，同时还证明了存在一个临界长度o+使得上述问题的解M当口

<n+时整体存在，而当o>Ⅱ8时在有限时间内熄灭．进而我们还得到关于临界长度n+的一个简单

估计．
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Quenching phenomena play important roles in both steady and unsteady combustion processes．They are also

important to the theory of ecology and related environmental research(see[1，2]and references therein)．Since

the appearance of the work[3]by karawada concerning a one-dimensional heat equation with the singular reac·

tion function八M)=(1一“)一1，quenching problem has attracted considerable attention，and extensions to vari-

OHS types of parabolic initial boundary value problems have been investigated by many mathematicians(e．g．，

[4_7])．Recently，papers[2]and[8]studied quenching for degenerate problem，and papers[1]and[9]

studied quenching for uniformly parabolic equations with time delay．In this paper，we would generalize the re-

suits of[8]and[9]to degenerate parabolic equation with time delay case．Our aim in this paper is to provide

sufficient conditions for the global existence and quenching in finite time of solutions to the degenerate semilinear
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parabolic equations with time delay．The problem under consideration is given by

xqu。一u。。=八u(x，t一下))，(z，t)∈(0，a)×(0，T)，

“(0，t)=0，u(a，t)=0，t∈(0，T)，
、1 7

u(戈，t)=叼(石，t)， (z，t)∈(0，a)x[一丁，0]，

where q#0 and 0<，≤。。are real constants．r and a are positive constants representing the time delay and the

length of the interval(0，a)，respectively．We assume the singular reaction function f(u)and the initial func—

tion 77(戈，t)satisfy the following conditions：

(H．)fE C2[0，d)，八0)>0，厂(0)>0，f7(s)I>0 for s∈[0，d)，lira八s)=。。，』：八s)ds=M<∞and
5—÷d—

a，厕<瓢，厕．where d>0 is a constant．
(皿J)叼(戈，t)∈C。([0，a]×[一7-，0])，叼(戈，t)I>0 for(戈，t)∈[0，a]×[一丁，0]，n(o，t)=77(a，t)=

0 for t∈[一丁，0]，r／。(0，t)and叼。(a，t)exist for t∈[一r，0]，uo(戈)=r／(x，0)∈C2+“(0，a)，where d∈

(0，1)is a constant．

For example，we can easily verify that八s)=(d一5)一9(d≥1，0<fl<1)and叼(石，t)=0 satisfy the above

conditions．

As in the case without time delay，the quenching problem of Eq．(1)is closely related to the existence and

nonexistence of positive solutions of the steady state problem

一矿=八u)，戈∈(0，a)，U(0)=U(a)=0， (2)

where U”=d2 W如2．It is well known that under Hypothesis(H1)there exists a constant a+>0 such that(2)
has a positive maximal solution Us(戈)and a positive minimal solution旦(戈)satisfying 0<旦(z)≤旦(戈)for戈

∈[0，a]if a<a+and it has no positive solution if a+is finite and a>a 4(see[1，6])．It has been shown in

[6]that

a+=sup{a>0，a positive solution to(2)exists}

and a+is well defined．We say that the solution u(z，t)of Eq．(1)quenches if there

that

1im鬻恶“(x,t--T)=d·

(3)

exists a finite咒>0 such

Let us state our main results．

Theorem 1．1 Let(H1)and(卫)hold，and let a<a+，where a+is given by(3)．Then

(i)a unique global solution u(戈，t)to problem(1)exists and satisfies the relation0≤M(茗，t)≤玑(z)in

(0，a)×(0，∞)if0≤r／(戈，t)≤玑(戈)．

(ii)the solution u(戈，t)of problem(1)converges to Us(石)as f_∞if 0≤卵(x，t)≤Us(戈)．

Theorem 1．2 Let(H1)and(必)hold，and let a>a 4．Then for any叼(戈，t)>10，the corresponding so-

lution u(戈，t)of problem(1)quenches in finite time．

This paper is organized as follows．In section 2，the local existence of the classical solution of(1)is estab—

lished．Sufficient conditions such that(1)has a global solution or its solution quenches in finite time are given

in section 3．

1 Local Existence

To get the existence of the classical solution of problem(1)，we need the following comparison principle

Lemma 2．1 Let w∈C2'1((0，a)×(0，T))nc([0，a]×[一丁，T))satisfy the relation

xqw；一W。≥c(戈，t)W(X，t一丁)，(戈，t)∈(0，a)×(0，T)，

w(0，t)I>0，w(a，t)t>0，t∈(0，T)，

w(戈，t)1>0， (戈，t)∈(0，a)×[一丁，0]，

if c∈C([0，a]×[0，T))and c(z，t)I>0 in(0，a)×(0，T)．Then w(戈，t)I>0 on[0，a]×[0，T)

Proof We first consider(5)in Dl=(0，a)×(0，丁]．By(5)，we have

一8一

(5)
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菇9伽￡一W。。I>0， (戈，t)∈D1，

w(O，t)I>0，w(a，t)／>0，t∈(0，丁]，

w(戈，0)I>0， 戈∈(0，a)．

It follows from Lemma 1 of[10]that w(z，t)i>0 on D1．

We next consider(5)in the domain D2=(0，a)×(丁，2r]．By the conclusion for w(戈，t)on D1，

w(戈，t一丁)I>0 in D2．Then again by(2．1)，we get

—w。I>0， (z，t)∈D2，

w(0，t)I>0，w(a，￡)t>0，t∈(丁，2丁]，

w(戈，丁)I>0， 戈∈(0，a)．

And therefore Lemma 1 of[10]implies that w(戈，t)t>0 on D2．A continuation of the above argument leads to

w(戈，t)／>0 on[0，a]×[0，T)．

From Lemma 2．1 and the strong maximum principle in[7，chapter 2]，we can easily obtain the following

uniqueness and positivity results．

Lemma 2．2 Let(H1)and(H2)hold，then(1)has at most one solution／／,：u>0 in(0，a)×(0，T)．

By(H1)and(H2)，we know that五=0 is a lower solution of(1)．In the following Lemma，we prove that

(1)has an upper solution h(戈，t)／>0 on[0，a]×[一丁，to]．

Lemma 2．3 Let(H1)and(必)hold，then there exist positive constants to一<min(丁，T)and d∈(0，d)

such that(1)has an upper solution h∈C8([0，a]×[一丁，to])n C2，1((0，a)×(0，to])，h∈(0，刁]and h

depends onf，a，q and丁．

Proof The proof of this lemma is similar to that of Lemma 2 in[6]and that of Lemma 2．1 in[11]，and

thPreforP js nmitted here

Now，we consider the following regular parabolic problem

艽9u。一M。，=八u。(戈，t一下))，(菇，t)∈(占，a)×(0，T)，

u。(s，t)=“。(a，t)=0，t∈(0，T)，

u。(戈，t)=叩(戈，t)，(戈，t)∈(占，a)×[一丁，0]，

where s∈(0，a)and叼(x，t)：[占，a]×[一丁，0]—}R is simply the truncation of the

ously，～u=h(戈，t)and五=0 are a couple of ordered upper and lower solutions of(7)

initial data in(1)

in(s，a)×(0，to]

(7)

0bvi—

Even

though the compatibility condition does not hold，it is well known that(7)with下=0 has a C瓦1 solution(see[1 2

～14])．Then by the same method of the proof of Theorem 2．8．1 of[1]，we can prove that(7)has a C
2’1
so-

lution us．

In the same way as that of Lemma 2．1，we can prove

Lemma 2．4 Let W∈C2’1((s，a)×(0，T))nC([占，a]×[一丁，T))satisfy the relation

xqw。一W。≥c(戈，t)W(戈，t一丁)，(戈，t)∈(占，a)×(0，T)，

埘(s，f)≥0，叫(口，￡)≥0， ￡∈(0，丁)，
(8)

w(戈，t)>10， (戈，t)∈(s，a)×[一丁，0]，

if c∈C([占，a]×[0，T))and c(x，t)I>0 in(s，a)×(0，T)，then w(x，t)t>0 on[占，u]×[0，T)．

By using Lemma 2．2．1 in[1]and Lemma 2．4，we can easily get the following monotone result．

Lemma 2．5 Let 0<占1<s2<a and suppose that u。。and／／,。，are solutions of(2．3)in(0，to]，then

u。．(戈，t)>M。，(x，t)in(占2，a)x(0，to]．
WP set

u(石，t)
(x，t)∈(0，a]“0，t。]，

戈=0，t∈[0，to]．
(9)

Then by standard arguments as those of Theorems 2．3 and 2．5 of[12]，we obtain

Theorem 2．6 Let(H1)and(Hz)hold，then(1)admits a unique positive classical solution u(戈，t)in

＼，fX

，“O

M

m加
h
P

，●●●J‘1●【

=
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(0，口)×(0，to]．Let T be the supremum over to for which there is a unique positive classical solution u(x，￡)to

problem(1)in(O，。)×(0，to]，then problem(1)exists a unique positive
classical soluti。n u(x，￡)in(0，o)

×(0，T)．Moreover，if T<。。then limsup nj慧、u(戈，t一下)=d．
。 1 zEl u．a

2 Global Existence and Quenching in Finite Time

To prove the main theorems，we need some lemmas·

Lemma 3．1 Let(日1)and(Ⅳ2)hold，and let u(x。t and—u(x，t)be the positive solutions of(1)COITe—

sponding to n(x，f)／>0 and n(x，t)EO，respectively．Let also v(x，￡)be the solution of(1)with下=0
and

with the initial function秽(戈，0)=／20(戈)I>0．Assume that n(x，f)≤秽o(戈)on[0，口]×[一下，0]and that”o(z)

is a lower solution of(2)，then

u(石，t)≤“(石，t)≤秽(戈，t)on[0，a]“0，T)． (10)

Proof We first show the relation∥(z，t)≥M(石，t)．Let w(x，t)=秽(戈，t)一¨(戈，t)，then

xqw。一W。。=八秽(戈，f))一八M(戈，f一下))，(戈，f)∈(O，n)×(0，丁)， ⋯、
伽(0，f)：伽(。，￡)：0， ￡∈(0，丁)，

(11)

w(z，t)=口o(戈)一叼(戈，t)I>0， (戈，t)∈(0，口)×[一丁，0]．

since vo(戈)is a lower solution of(2)，similar to the proof of Lemma 5．4．1 in[1]，we can prove that∥(戈，t)

is nondecreasing in t．By considering v(x，￡)=Fo(咒)for(z，￡)∈(0，o)×[一r，0]and using the condition

．厂>o in(H1)，we have八v(x，￡))醐秽(戈，t—r))in(o，o)×(o，r)．This and(11)lead to

xqw。一W。≥己尸(亭)w(x，t—r)，(戈，t)∈(0，a)×(0，T)，

w(0，t)=w(a，t)=0，t∈(0，T)，

w(x，￡)>t0， (咒，￡)∈(0，o)×一丁，0]．

Since．f(孝)>0，Lemma 2．1 implies that w(x，￡)1>0 on[0，o]×[0，丁)，that is，v(x，￡)≥u(戈，￡)on[0，n]

×『0。T)．The prooffor M(戈，t)≥u(x，t)on[0，口]“0，T)is similar．

Lemma 3．2 Let(HI)hold，and let u(艽，t)be the positive solution of(1)corresponding to叼(x，t)三0，

(戈，t)∈[0，o]×[一丁，0]，then u。(戈，t)>o in(0，a)x(0，T)．

Proof The Droof is similar to that of Lemma 2．8 in[10]，and hence we omit it here．

Proof of Theorem 1(i)We take五(石，t)=豇(戈)and五(戈，t)=0 as a pair ofupper and lower solutions

of(1)when田(戈，￡)≤豇(戈)，then Theorem 2．6 implies that(1)admits a unique global solution u(x，￡)and

it satisfies the relation 0≤“(戈，t)≤Us(戈)in(0，a)x(0，。。)．

(ii)We take五(戈，￡)=Us(戈)and五(戈，f)=0 as a pair of upper and lower solutions of(1)when n(x，f)

≤Us(戈)，then Theorem 2．6 implies that a unique global solution u(x，￡)to(1)exists
and satisfies the relation

“(戈，￡)≤玑(戈)in(0，o)×(0，∞)．Let兰(咒，f)be the solution of(1)corresponding to n(x，￡)兰0，then by

Lemma 3．1．we have

M(z，t)≤u(石，t)≤Us(戈)in(0，o)x(0，∞)． (12)

From Lemma 3．2，we have M，(戈，t)>0 in(0，o)×(0，。。)．And then we can show in the same way as that of

Theorem 3．1 of[8]that堡(戈，￡)converges to旦(戈)as f_。。．Therefore it follows from the relation(12)that

limu(戈，t)=型。(戈)．

Lemma 3．3 Let(H1)hold，then the positive constant o+given by(3)is well defined and n+≤

耳／以飞丽．

Proof It follows from

Let A1=Al(a)and咖

eigenvalue problem

=咖。(戈)

that n
4

is well defined．therefore we only need to prove that n+≤盯／~／夕(o)．

be the smallest eigenvalue and the corresponding eigenfunction
of the following

西’’(茁)+A咖(戈)=0，0<戈<a，咖(0)=咖(o)=0
(13)
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It is well known that A1=Al(。)=㈡2 and咖。
o_∞and咖1(并)>0 in(0，a)．Hence A1

positive solution Us for some a>7／∥(0)，
(0，a)yield

=咖。(戈) =sin旦戈，and it is obvious that Al=Al(n)---}0 as
a

=Al(o)<厂(o)for all a>耵／厕．Assume that(2)has a
then multiplication of Equation(2)by咖1(戈)and integration over

—I U”。(戈)咖。(z)dx=f八Us(戈))咖。(戈)dx．
J 0 J o

Upon integration by parts and application of the equation(1 3)，we obtain
，a ra

，A，(o)J玑(戈)咖。(戈)dx=J八玑(戈))咖，(石)dx．
J 0

o 0

By the mean value theorem and(H1)，we have

八Us)=八o)+厂(手)Us>厂(0)us．

Henee we have

^a ra

f八Us(z))咖，(戈)dx≥厂(0)f配(戈)咖。(戈)dx．
o
0

J 0

It follows from the above inequality and(14)that A1(a)≥厂(0)，that is，o≤"rr／∥(0)，

(14)

which contradicts

our assumption．Hence(2)has no positive solution when o>1T／以可丌，and this shows that a+≤

瓜，厕．
By using the comparison principle Lemma 2．1 and the strong maximum principle in[1 3，Chapter 2]，we

can easily obtain the following monotonicity respect to a．

Lemma 3．4 Let(Hl，hold and denote by u(z，t；o)the positive solution of(1)in(0，a)x(0，T)cor—

responding to n(x，￡)E0，th宅Rfor any p。sitiVe constant d，

兰(戈，‘；口+a)>兰(戈，‘；Ⅱ)，
(戈，￡)∈(0，。)×(O，F)．

一u。(戈，t；o+ot)>兰。(戈，t；a)，
Lemma 3．5 Let(H1)and(H2)hold，and let a>a+，then for any叩(戈，t)i>0 there exists a positive

constant咒≤∞such that(1)admits a unique positive solution u(x，t)on[0，a]“0，咒)and

Supmax u(戈，t一丁)=d．
f—+』。0≤x≤a

(16)

Proof By Lemma 3．1，u(石，t)≥u(戈，t)on[0，a]×[0，咒)，where u(x，t)is the solution of(1)cor—

responding to叼(戈，t)j0．It suffices to show that—u(戈，t)satisfies(16)．Since—u(戈，t)is monotone nondecreas—

ing in t，it either satisfies(16)or converges to a positive solution of(2)．And the latter is impossible for(2)

has no positive solution when a>a 4．Hence(16)holds．

Lemma3．6 Let(H1)hold，and let M(x，t)be the positive solution of(1)corresponding to 77(x，t)i0，

then the set of quenching points of兰(戈，t)lies in[61，。一61]，where 61=d2／(2Ma)．

Proof Similarly as the argument of Theorem 4．1 in[15]，by using the property uf>0 in(0，a)×

(0，Ta)，we can also show the conclusion of this lemma．Hence we omit the proof．

Proof of Theorem 2 In view of Lemma 3．1，it suffices to show that the solution—u(戈，t；a)quenches at

finite time咒．By Lemma 3．5，there exists咒≤。。such that 1．im，m，a。x、一u(戈，t一7-；o)=d．Now if咒<∞，then

the theorem is proved．Assume by contradiction that ra=∞．then for arbitrary g>0 sufficiently small，there ex—

ist戈l=戈l(占)∈(0，n)and tl=t1(s)>丁sufficiently large such that—U(戈l，t】一丁；Ⅱ)=mra。x]一u(戈，tl一7-；口)=z E u．a

d—s．For any given positive constant o／，we will prove that Ta+。<∞．Assume by contradiction that Ta+。=∞．

We define

JB=／3(占)=inf{戈∈(xl，a+d)I M(戈，tl一丁；a+仅)=d—s}一戈1．

It follows from Lemma 3．4 that M(戈1，t1一丁；a+o／)>u(xl，t1一下；a)=d一8，then卢=卢(s)>0．We can fur—

ther deduce that卢(占)≥30>0，where风is a positive constant independent of占．In fact，without loss of gener—

ality，we can assume that the quenching point of—u(戈，t；o)is unique．By Lemma 3．6，we have
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删lira戈-(占)=x。，(刈№lim，。)兰(戈，￡一丁；口)=d，戈。∈[和一6z]c(0，。)·
Then面= inf x1(s)∈(0，凸)．Similarly，戈1(8)+||B(s)∈(0，a+d)and

0<s<罢

，l。im+(石t(占)+p(s))=X rO，(，。mlira，，。)兰(戈，￡一下；Ⅱ+“)=d，2；10x 0

∈(0，。+d)·
s—加+ l，‘，。L o，。J

Then面<元=sup．(xl
0<s<昙

(s)+／3(占)) ∈(0，a+o／)．By Lemma 3．4，we get

“f(石，t一7；a+d)>一U￡(戈，t一丁；o)．

’l’hen

“(戈，￡1一丁；o+d)一丝(戈，fl一丁；o)>兰(戈，￡。一下；o+d)一兰(石，f。一丁；n)；≥62>0，戈∈[元，元j，

where￡n∈(丁，￡1(s))and 62 are positive constants independent of占．Therefore
there exists孝∈(戈l，戈1

such that

62<兰(戈l，￡1一T；a+d)一堡(戈1，t1—1I；n)=兰(戈1，￡l一丁；o+d)一兰(戈l+卢；‘l一丁；o+仅)

=一M。(f，tl—r；a+Ⅱ)卢．

From the proof of Lemma 3．6，we know that

And from Theorem 2．6，we

』：+“M：(戈，t；a+仅)dx～<2M(a+d) [0，Ta+。)．

+JB)

It foil。ws from亭∈(戈l，戈1+卢)cIx，面]that there exists a c。nstant K independent。fs such that lu。(手，￡l一丁；

。+训≤K，hence p安=卢。>o．
By c。ndition limf(M)=o。in(日1)，we can ch。。se占>0 suffieiently small and f1=￡1(F)sumciently large

such that

八移)≥(戈?)9×；+丁16e for ve[d-22,d)，
(17)

where z?∈[孑，元]equals to戈1+A for q>0 and戈l for q<0 with戈1=戈1(s)being a point at which兰(戈，￡1一丁；

o)attains its global maximum d—s and A=min{仅，卢}with

p=p(占)=inf{戈∈(戈1，o+“)l兰(石，tl—T；a+d)=d一占}一戈l>／3。·
Let Q=(xl，戈l+A)×(tl，tl+丁]，and c。nsider(1)in domain Q，where the boundary and initial c。ndi。

tions are replaced by

M(戈1，￡)=d—F，u(x1+A，￡)=d一8，t∈(tl，t1+丁]，

u(x，￡)=d—s，(x，￡)∈(z1，戈1+^)×[t1一丁，t1]．

Bv the deftnition ofA and Lemma 3．4，we know that五(石，t)=兰(戈，t；o+d)satisfies the differential equation

(1)and

五(戈l，￡)=u(戈l，t；n+01)>兰(戈l，t1一T；a+oL)≥d一占，t∈(tl，tl+7-J，

五(戈l+A，￡)=u(xl+A，t；a+01)>兰(石1+A，t1一丁；o+d)≥d一占，t∈(tt，tl+丁j，

五(戈，￡)：M(戈，t；n+d)≥d—s，(x，t)∈(戈l，戈l+A)×ltl一丁，tl J·

Therefore五(戈，f)is an upper solution of(1)and(18)．We next coBStruct a
lower solution of(1)and(18)in

the form

鑫(z，f)=d一2占+6(戈一髫1)(戈l+A一石)(t+r—t1)， (19)

where 6：4_52．Indeed，it is easy t。verify that矗(戈，￡)satisfies the relati。n
丁^

乏(x1，t)=d一2占<d—s，鑫(戈l+A，f)=d一2e<d—s，t∈(￡1，tl+丁]，

一12一

五(戈，t)=d一22+6(戈一石1)(戈1+A一戈)(t+丁一t1)

≤d也+纂×等×丁=d唱(刈)出，，"A)巾t 1州

eCneH)
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Moreover，a simple computation shows that

Xqa，一a。。=xq6(x一戈1)(戈l+A—x)+26(t+下一t1)≤
(X18)9占

丁

Since五(省，t一7-)≥d一2s for all(石，t)∈Q，condition(17)ensures that

戈9舀．
． ．(X14)9占一“。≤——

下

+丁16e，(x，￡)∈Q．

+訾≤八五(戈，￡一丁))，(戈，￡)∈Q
A

This shows that矗(戈，t)is a lower solution．It follows from the properties of upper

function W(戈，t)=u(x，t)一矗(戈，t)satisfies the equalities(5)with C(z，t)=厂(亭)

placed by Q．Then Lemma 2．1 implies h(x，f)≥磊(戈，f)in Q，in particular，

， 兰(戈，+舍，”2r-r；a+a)=矗(戈。+虿A，”丁)

and lower solutions that the

>0 and(0，a)×(0，T)re一

≥鑫(戈。+了A，￡。+丁)=d一2占+6(￡，+丁+丁_)等=d．
This shows that u(艽，t；o+d)must quench in finite time t+。<∞，for the arbitrariness of仅>0 and o>o+．

Therefore Ta=+∞is impossible and Ta must be finite．and this completes our proof．

From knlIIla 3．6 and Theorem 2，we know that if o>o
8

then a一孙l>t0，i．e．，a—d2／(Ma)≥0，n≥∥√M，

hence o+≥∥湎．Combining this with l_emma 3．3，we obtain a simple estimate of the critical lengthⅡ+：
芝≤n+≤—兰．
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