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Mountain Pass Lemma Without the P S Condition
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Abstract：In this paper，the well—known Mountain Pass Lemma is eousidered without the Palais—Smale f P．S．)Con—

dition．It is obtained that the existence of asymptotical-critical points of a functional which does not satify the P．S．con—

dition．The main result generalizes the classical Mountain Pass Lemma．This paper also provides a new proof method for

classical Mountain Pass Lemma under weaker conditions．
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没有P S条件的山路引理

孙金丽

(南京师范大学数学与计算机科学学院，江苏南京210097)

[摘要] 本文研究了没有Palais—Smale条件的山路引理．对于不满足Palais—Smale条件的泛函，得

到了渐近临界点的存在性，推广了古典的山路引理．本文还提供了更弱条件下的山路引理的新的

证明．
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0 Introduction

Minimax theorem is one of basic theorems in critical point theory．In 1973，Ambrosetti and Rabinowitz Dro．

posed the well-known Mountain Pass Lemma[1]，which was stated as follows：

Theorem A Let E be a real Banach space．Assume that fe C1[E，R]satisfies the Palais—Smale(P．S．

in short)condition，门is an open neighborhood of戈o，Xo，戈l∈E，戈1隹而，

max{／(‰)，八戈。)}<inf．(戈)． (1)

set c 2j§等器]八丘(f))，where函={h h：Co，1]一E is c。ntinu。us and丘(o)=戈。，^(I)=戈。}．Then c must
be a critical value off，i．e．，there exists戈+∈E such that厂(戈+)=0 and．厂(戈4)=C．

Mountain Pass Lemma was extensively used in many disciplines of pure and applied mathematics including

ordinary and partial differential equations，mathematical physics，geometrical analysis，etc．[2][3]．Here，we
state the P．S．condition as follows：

Definition 1[4]Let E be a real Banach space，厂∈C1[E，R]．The functionalfis called satisfying the

P．S．condition if any sequence{石。}cE with

八石。)being bounded and厂(石。)-÷臼

contains a convergent subsequence．

In 1 987，Qi Guijie[5]obtained the existence of a critical point with the weaker condition
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max{八戈。)，八戈。)}≤inE(戈)
x c⋯

instead of(1)without any additional condition．

(2)

The P．S．condition is very important in the variational methods．We know that the P．S．condition make an

important rule in establishing Deformation Lemma．But for some functional，it is very difficult to verify the COB—

pact condtion，so it is significant to study the problem of the existance of critical point without the P．S．condi—

tion．In this paper，we study Mountain Pass Lemma and get a new result of determining the asymptotical critical

points．

1 Main Result

In order to state the main result of this paper，we first introduce the following basic lemma：

Lemma 1[6，Lemma 2．3]Let X be a Banach space．Assume p∈C1(X，R)，S CX，c∈R，s，6>0

such that

ff妒’(M)fi>188／6，V u∈妒一1([c一2s，c+2占])nS∞
where S26={M∈XI dist(u，S)<26}．Then there exists叼∈C([0，1]x X，X)such that

(i)叼(t，M)=M，V M譬妒一1[c一2s，c+2s]nS∞or t=0；

(ii)r／(1，妒”8nS)c妒’8；

(iii)妒(77(·，u))is nonincreasing，V“∈X．

Now we give the main result of this paper．

Theorem 1 Let X be a Banach space．Assume p∈C1(X，R)and力is an open neighborhood of 0，e甓

而．Set

c·=max{9(臼)，‘。(e)}，c。2。i。n。f。。qff咒)，c
2

j詈}
where F={yl y：[0，1]_÷E is continuous and-Ko)=o，y(1)=e}．
If co≥。l，then for every s>0 there exists搿∈X such that

m，ax，妒(y(t))，
t E[0，1]。

’

(a)c一2e≤妒(x)≤c+2s；

(b)I『妒7(戈)Il<2占．

Proof From the assumptions，we have cl≤co≤c．If co<c，then cl(≤co)<c．Thus in this case，the

theorem is proved by Theorem A．So it is only needed to prove the theorem in the case of co=c．In the follow-

ing，we use a proof by contradiction．Assume there exists占1>0 such that

II 97(石)||≥281，V戈∈妒一1([c一2占1，c+2占1])．

Set S=X．Then the assumption of Lemma 1 is satisfied．So there exists卵∈C([0，1]x X，X)such that

(i)叼(t，己￡) =M，V戈岳9—1([c一2sl，c+2F1])or t=0；

(ii)'7(1，妒。+引)c妒。一引；

(iii)妒(叼(·，))is nonincreasing，V u∈X．

From the proof of Lemma 1，or(t，U)is the unique solution of

』盖盯(∽)=八盯(Ⅻ))，
【盯(o．u)：“

for every u∈X and叼(t，u)=or(2占1 t，u)，where

／<M)={一砂‘配’”g目u．’”一29‘u’’“乞∈X妥二，L 目． “∈ ＼A，

A=妒一1([c一2sl，c+2s1])，B=9一([c—sl，c+占1])，加，=丽蒜沿‰，
g is a pseudogradient vector field of妒7．Since c=inf一

-／E1 。。m⋯ax妒(7(。)

Ⅲmax。加(∽<c+5占1-

)，there exists讹∈厂such that
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Let卢(t)=77(1，yo(t))，0≤t≤1．Then届is continuous and

卢(0)=叼(1，0)；艽。，卢(1)=叼(1，e)；戈。．

We claim戈o∈门，z1甓n．Indeed，if戈。隹力，then from the continuity of田：[0，1]x．x_x，we can see that

there exists so∈[0，1]such that叼(50，0)∈a门．Thus

co≤驴(77(50，0))≤驴(叼(0，0))=9(0)≤cl≤co，
which means妒(叼(so，0))=妒(0)=co=c．From the definition ofB，we have叼(so，0)∈B．It is easy to see

专(祀，刚=(妒‰㈠⋯，忑d帕，p))=(妒h㈠⋯，2s。
=(9’(77(5，o))，2e以(7-(28，s，o)))=(9’(77(s，

≤一2s1妒(叼(s，o))，

thus ，

r 50

J 2e1砂(叼(s，0)ds≤
J 0

利b盯(2sl S,0))丽盯，J
0))，2S以叼(S，0)))

9(n(0，0))一妒(叼(s。，0))=C。一C。=0

Since沙is locally Lipschitz continuous and 0≤砂(M)≤1，V“∈X，we have砂(叼(s，0))i0，V0≤s≤so，

which implies砂(叩(so，0))=0．But from the definition of砂and叩(50，0)∈B，we have砂(叼(so，0))≠0，
which leads a contradiction．Similarly，we can prove戈l硭门．

Since yo(t)∈9。+“，0≤￡≤1 and'7(1，9。+81)c妒。一“，it follows that

9(J8(t))=9(叼(1，yo(t))≤c—s1，0≤t≤1．

However，since戈o∈门，戈1隹门and／3 is a path connecting戈o and x1，there exists t∈(0，1)such that届(t)

∈a门．Thus

c一占-≥9(JB(￡))≥。i。n。f力9(艽)=c。=c，
which is a contradition．Therefore Theorem 1 is proved．

Remark 1 Let S=a力，then by Lemma 1 the result of Theorem 1 can be strengthened as：V s>0，6>0，

|菇∈X such that

(a)c一2s≤妒(x)≤c+2s；

(b)I|9‘(戈)f』<8占俗；

(c)dist(戈，on)≤26．

From Theorem 1，it is easy to prove the following theorem：

Theorem 2 Assume that all the conditions of Theorem 1 are valid and妒satisfies the P．S．condition，then

c is a critical value of妒and

(1)Kc一{0，e}≠0；

(2)Kc n a力≠0，when co=c，where K={“∈XI妒7(“)=7妒(“)=c}．
Remark 2 Theorem 2 is just the main result of[3]．Acturally，Theorem 1 also provides a new proof

method for classica】MOHntain Pass I．emma．
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