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Abstract：Combined with the edge—connectivity，this paper investigates the relationship between the independence’

number and the uppe卜embeddabiIity of a3-edge—connected simple graph and obtains the following result：Let G be a 3一

edge．connected simple graph with d(G)≤5(where a(G)is the independence—number of G)，then G is upper embed-

dable，and two minimal examples are given in the sense that there are 3-edge—connected graphs
which are not upper em—

beddable．
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独立数≤5的3一边连通简单图的上可嵌入性

高岩波1，任韩2

(1．南通大学理学院，江苏南通226007)

(2．华东师范大学数学系，上海200062)

[摘要]结合边连通度，本文探讨了3一边连通简单图的独立数与上可嵌入性的关系，我们得到了

下列结果：设G是一个3一边连通简单图，Ot(G)是G的独立数，若O／(G)≤5，则G是上可嵌入的，同

时我们又得到了两个在3一边连通意义下最小的非上可嵌入图例．

[关键词] 图，最大亏格，Betti亏数，上可嵌入的，独立数

0 Introduction

Graphs considered here are all connected，undirected，finite and furthermore simple．Terminology
and nota—

tion without explanation in this paper will generally conform to that in[1]．

A su出ce，always denoted by S，will mean a compact，connected and orientable 2·manifold．Such a mani—

fold mav be thought of a sphere with several handles．The number of handles on a surface S is called the genus

of the surface S and is denoted by g(S)．By embedding a graph in a surface，we mean placing the vertices and

the edges of the graphs in the surface such that edges may
meet only at mutually incident vertices．A 2-cell em。

bedding，or in other words，cellular embedding，of a graph G is one in which each of the components
of the con‘

plement of G in the surface is topologically homeomorphic
to an open disk．The components of complement of G

are called faces or regions．Note that a disconnected graph does not admit
a 2-cell embedding in any surface．

The genus，denoted by 7(G)，of a connected graph G is defined as the minimum integer g(S)，where S is

a surface in which G has a 2一cell embedding．The maximum genus，denoted by y朋(G)，of a connected graph G

is deftned to be the maximum integer g(S)such that there exists a cellular embedding of G into the orientable
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surface of genus g(S)．The definitions mentioned above are

by S．Stahl[2]．

given with more topological rigor in the survey article

Since any 2-cell embedding of a connected graph G must have at least one face，the Euler polyhedral equa-

ti。n implies an upper b。und。n the maximum genus yM(G)≤L屋≤堕J，where 3(G)=I E(C)l—I V(G)l+l
is known as the Betti number(or cycle rank)of G(for any real number戈，L石j denotes the maximum integer no

greater than戈)．A connected graph G is called upper embeddable if yM(G)= l殴IL
1
J。 It is easily known from

Euler’s formula that a graph G is upper embeddable if and only if G has one or two face embedding on the orient—

able surface of the maximum genus according to口(G)is even or odd．

Since the introductory investigation of maximum genus by E．Nordhaus，B．Stewart and A．T．White[3]，

the upper embeddability of graphs has been studied extensively．In particular，N．Xuong[4]has shown that a

graph G is upper embeddable if and only if there is a spanning tree T of G such that at most one of the connected

components of G／T consists of an odd number of edges．Moreover，Kundu[5]proved that every 4一edge-con-

nected graph contains two spanning trees．Combining these two results shows that every 4-edge—connected graph

is upper embeddable．Since 4一vertex—connectivity implies 4一edge-connectivity．it follows that every 4-vertex—con—

nected graph is also upper embeddable．However，there are examples of 3-edge—connected graphs that are not

upper embeddable[6]．

Some Basic Lemmas

Let G be a graph and T be a spanning tree of G，亭(G，T)denotes the number of the components of G／E(T)

with odd number of edges，we define f(G)=吨蟮(G，T)to be the Betti deficiency of G，where the minimum is

taken over all the spanning trees of G．Note that亭(G)=届(G)(mod2)．

For the upper embeddability of graphs，in 1 979 N．H．Xuong has given a sufficient and necessary condition

in[4，7]．

Lemma A(Xuong)：Let G be a connected graph，then

(1)G is upper embeddable if and only if亭(G)≤1；

(2)yM(G)：凶哇子巡．
From Lemma A above，the maximum genus of a graph G is mainly determined by the Betti deficiency亭(G)

(since the Betti number口(G)can be easily computed)．

Again，for a graph G and A∈E(G)，denoted by c(G／A)the number of the components of G／A and by

b(G／A)the number of the components of G／A with odd Betti number，the following lemma was proved in 1 98 1

by L．Nebesky[8]．

Lemma B(Nebesky)：Let G be a connected graph，then

(1)G is upper embeddable if and only if c(G／A)+b(G／A)一2≤lA for every A∈E(G)；

(2)f(G)=。m∈。a(xG){c(G／A)+6(G／A)一IAl一1}·
Let Fl，F2，⋯，Fz(1I>2)be l distinct subgraphs of G，then denoted by EG(Fl，⋯，Ff)the set of those ed·

ges of G whose two ends are，respectively，in a pair of subgraphs F。and F，for 1≤i，J≤l and i≠，，and let

E(F，G)denote the edges one of whose end vertices are in V(F)and the others not in V(F)．The following

lemma proved in[9](or[1 0])plays a fundamental role throughout this paper．
Lemma C(Huang)：Let G be a connected graph．If孝(G)I>2，namely G is not upper embeddable，then

there exists a subset A∈E(G)such that the following properties hold：

(i)c(G／A)I>2 and口(F)=1(mod2)for any component F of G／A；

(ii)3≤2c(G／A)一fAf≤4；
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(iii)F is an induced subgraph of G for each connected component F of G／A；

(iv)I EG(F1，．一，Ff)I≤2Z一3 for any f≥2 distinct components F】，．一，Fl of G／A，

especially，IEG(Fl，F2)I≤1 for l=2；

(v)亭(G)=2c(G／A)一IAI一1．

In the above Lemma C，we notice the following facts：

Lemma D：Under the conditions and conclusions of Lemma C，we have

(1)For any component F of G／A，if G is k-edge—connected(七≥1)，then IE(F，G)I≥南

(2)f 4 I=÷∑ E(F，G)I，where F is taken over all the connected components of G／A·

(3)If G is 3-edge—connected，then c(G／A)>14·

Proof According to Lemma C，we construct a graph G 7=G／(G／A)as follows．The vertices of G’are the

components of G／A． For each edge in A joining a pair of components in G／A，we make an edge in G’joining the

corresponding vertices． It is easy to see that G’is connected because of the connectivity
of G． From the definition

of G7．we see that the degree of each vertex of G’，corresponding to a component F of G／A，equals E(F，G)I，

so it follows that if G is k-edge-connected(k≥1)，then IE(F，G)I≥七for any component F of G／A．Again，we

have that 2 A I=2 E(G’)I=∑dG，(戈)=
x∈v(C’)

Furthermore，Lemma C show that A must be a

∑i E(，，G)I．
F

set of edge—cut and IA I>3(Otherwise，A cannot be a set of

edge-cut of a 3-edge—connected graph)．If A l=3，because a 3-edge—connected graph
has at most 2 componen‘8

after rem。ving any 3 edges，this implies that c(G／A)≤2，which contradicts t。the conclusi。n(ii)of
Lemma C·

Thus．IAI>3，we then get that f_c(G／A)≥4 by property(ii)ofLemma C·

2 The Main Results

The independence．number，denoted by d(G)，of a graph G is the number

pendent set of G．Since the reason mentioned above，we
consider here only such

3，we have the following theorem．

of vertices in a maximum inde．

graphs with edge—connectivity
2

Theorem 1 Let G be a 3-edge—connected simple graph with OL(G)≤5(where o／(G)is the independence‘

number of G)，then G is upper embeddable．

Proof Bv contradiction that assumes G is not upper embeddable，from Lemma C，there exists A∈E(G)

such that a11 the components F】，F2，⋯，Ff(1=c(G／A))of G／A satisfy the properties(i)——(V)of Lemma
C·

Because G is 3．edge-connected，I E(Fi，G)I>13 for all i=1，2，⋯，1．Again from(3)of
Lemma D，we know

that l=cf G／A)>t4．Now we shall handle two eases 1=4 and lI>5．

Case 1 l=4．

Let F1，F2，F3，F4 be the four c。mp。nents of G／A．Because
G is 3-edge-connected，we get that Ec(F。，‘)

=1(i句；i,j=1，2，3，4)by(iv)of Lemma C，thus EG(F1，F2，F3，F4)I=6·

Again，bv(i)of Lemma C，we then have that EG(Fl，F2，F3，F4)l≤2×4—3=5．

This is a c．ontradiction!

Case 2 Z／>5．

Now let x be the number of F，with E(Fi，G)I=3 for i=1，2，⋯，Z，we then have that A I=

寻窆
-02l E(Fi，G)I≥虿1[3石+4(1一并)]=21一手

From(ii)。f Lemma C：3≤2c(G／A)一IAI，we haVe that 3一<2l一(21一号)，i．e．石t>6．With。ut 10Ss。f

generality，let Fl，疋，F3，F4，凡，F6 be the c。mponents with E(F。，G)I=3(1≤i≤6)．By(i)of
Lemma C：

fl(F，)=1(m。d 2)(1≤i≤6)and because G is simple，we get
that V(F。)I≥3(1≤i≤6)·Since E(Ft，G)

I：3，that there exist茗。∈y(Fi)(1≤i≤6)such that石1，石2，戈3，戈4，戈5 and x6 are not adjacent with
each other，
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thus，we get that Ot(G)=6 which contradicts to the d(G)≤5 1

Thereby，we complete the proof the theorem．

Remark If G is a 3一edge—connected simple graph

with diameter three，by Claim 2 in[10]，then for any

Fi(i=1，2，3，4，5，6)．F：is a complete graph K3．

From the Case 2 of the proof，G must be the graphs G1

or G2 shown in Fig．1．Take A={e1，e2，e3，e4，e5，e6，

e7，e8，e9}，it is easily known that C(G。／A)=b(G。／A)

=6(i=1，2)and IA l=9，we then get that

C(G。／A)+b(G!／A)一2=6+6—2=101>9=IA I．

By the Lemma B，we know that neither Gl nor G2

is not upper embeddable．Thus，two types of minimal

examples are given in the sense that there are 3一edge—

connected graphs which are not embeddable．

Acknowledgements The authors are grateful to

the reviewers for thorough and constructive reviews．

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

G1 G2
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