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A Theorem on 3-Colorable Plane Graphs

Lu Xiaoxu Xu Baogang

School of Mathematics and Computer Science Nanjing Normal University Nanjing 210097 China

Abstract Borodin and Raspaud proposed a conjecture which claims that every plane graph without 5-circuits and adja-
cent triangles is 3-colorable. This strengthens a conjecture of Steinberg. In this paper we study the structure of plane
graphs without 5- 6- and 9-circuits and adjacent triangles. As a corollary we prove that such graphs are 3-colorable
this improves a result by Borodin and independently by Sanders and Zhao and also provides a positive support to Boro-
din and Raspauds conjecture.
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0 Introduction

In 1976 Steinberg see 1 or 2  conjectured that every plane graph without 4- and 5-circuits is 3-color-
able. This conjecture was relaxed by Erdos see 1 in 1990 to the following question Is there an integer k=
5 such that every plane graph without i-circuits for 4 <i<<k is 3-colorable The first positive result appeared in

3 in which the authors showed that k =11 is acceptable. Sanders and Zhao 4  and Borodin 2 independ-
ently improved that to £ =9. Recently the parameter k& was again improved to 7 by Borodin et al 5

The distance between triangles in a graph is defined as the length of the shortest path between vertices of dif-
ferent triangles. Two triangles are said to be adjacent if they have an edge in common. In 6  Borodin and Ras-
paud proved that if G is a plane graph without 5-circuits and triangles of distance less than four then G is 3-col-
orable and they conjectured that every plane graph without 5-circuits and adjacent triangles is 3-colorable. It is
proved that every plane graph without 5- and 7-circuits and adjacent triangles is 3-colorable every plane graph
without 5-circuits and triangles of distances less than 3 is 3-colorable and every plane graph without 5- and 6-

circuits and triangles of distances less than 2 is 3-colorable. It seems that Borodin and Raspaud$ conjecture is far
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away from being solved entirely.

We consider a similar problem the 3-colorability of plane graph without adjacent triangles. Motivated by a
result of 7  in which the authors consider the 3-choosability of plane graphs without circuits of certain length
we consider in this paper the 3-colorability of plane graphs and prove the following.

Theorem 1 Let G be a 2-connected plane graph that contains no adjacent triangles and circuits of length i
€ 5 6 9 . Then one of the following holds

1 6 G <3
2 G contains a 4-face
3 G contains a 10-face incident with ten 3-vertices and adjacent to five 3-faces.

Theorem 2 Every plane graph without adjacent triangles and circuits of length in 5 6 9 is 3-colorable.

Theorem 1 strengthens a result of Borodin  Theorem 2 of 2 . Theorem 2 provides a positive support to
Borodin and Raspauds conjecture and improves the result by Borodin Theorem 1 of 2 and independently
by Sanders and Zhao 4 .

Let G be a plane graph. A k-vertex is a vertex of degree k. Let f be a face of G. The degree of f denoted
by A f is the number of edges incident with it where every cut-edge is counted twice. A k-face is a face of
degree k. A k-circuit is a circuit of length k. A set S of vertices is deleted from a graph G if S together with all
the edges with at least one end in S is removed from G and the resulting graph is denoted by G\S . A k-circuit

is a circuit of length k. Terminologies and notation not defined here can be found in 8 .

1 Proofs of the Theorems

The proof of Theorem 1 is similar to the proof of Theorem 1.4 of 7 . We present the sketch of the proof
here for completeness the detailed proof is presented as an appendix for referee .

Proof of Theorem 1 To prove this theorem by contradiction we assume that there exists a plane graph G
that is a counterexample of minimum order i.e. G is a plane graph that contains no circuits of length in 5 6

9 and adjacent triangles but none of the three conclusions of Theorem 1 holds.

By Eulers formula |V G | +1F G | - |E G | =2 we have z dv -6 + z 20 f -6 =
vV 6 FEF G

-12.
We definew v =d v -6forveV G andw f =21 f -6forfeF G . Then 2 w x =

xeV G UF G

- 12.

We use T v to denote the set of 3-faces incident with a vertex v and use N f to denote the set of faces
adjacent to a face f. To construct a new weight ' for x e VUF we discharge the weight from one element to an-
other according to following rules. Every non-triangular face f transfers to each incident vertex v the following

charge.

%ifdv =3and IT » | =1

lifd v =3 and IT v | =0
lifd v =4and IT v 1 =2o0r IT v \N f | =1

Litd v =4and 1T v 12000 1T v AN £ 1 =1

2

;— itd v =5.

It is clear that 2 w' x =-12. But a detailed calculation shows that @’ ¥ =0 for eachx e VUF We
xeVUF

present the detailed proof in the appendix for refereeing interested readers may find the detailed proof in 7
This contradiction completes the proof.
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Proof of Theorem 2 Assume to contrary that the conclusion is not true. Then we may choose G to be a
plane graph which is a counterexample with minimum order.

Claim 1 G is a 2-connected.

Proof 1If it is not so let x be a cut vertex of G and let G, and G, be two subgraphs of G such that V G,
NV G, = x andE G, UE G, =E G . By the choice of G both G, and G, are 3-colorable and we can
assign G, a 3-coloring ¢, i =1 2 with the property that ¢, x =¢, x . Obviously ¢, and ¢, yield a 3-colo-

ring of G a contradiction.

Claim2 § G =3.

Proof If it is not the case let u be a vertex of degree 2 in G. Clearly G —u still contains no adjacent tri-
angles and circuits of length in 5 6 9 . By the choice of G G - u is 3-colorable. But in any 3-coloring ¢ of

G —u at most two colors are used by the neighbors of u. Then we can extend ¢ to a 3-coloring of G a contra-

diction.

Claim 3 G contains no 4-faces.

Proof Assume to the contrary let f be a 4-face with boundary uvwxu. Since G contains no S-circuits f is
not adjacent to triangles. Let G, , G, , be the graphs obtained from G by identifying v and w and by identifying
v and x respectively. It is evident that both G, , and G, , contain no adjacent triangles. If one of G, , andG, ,

is 3-colorable. But any 3-colo-

u w

say G, , contains no circuits of length in 5 6 9  then by the choice of G G

ring of G, , yields a 3-coloring of G also a contradiction. So we assume that each of G, , and G, contains a cir-
cuit of length in 5 6 9 . Then G contains a path P, joining u to w and a path P, joining v to x of which
each has length in 5 6 9 . Since G is a plane graph P\ v w and P,\ v x has a vertex in common. We
consider serval cases according to the length [, of P, =1 2. For a path P and two distinct vertices v and v on

P we use P, to denote the segment of P that joins u and v.

b,

Fig 1
If one of ux and uv see Fig.1  say uv is in P, then the length of P, x u is at least 10 for otherwise

G contains a circuits of length in 5 6 9 . This contradicts [, <9. If one of u and w say v is on P, then both

P, vu and P, u x  have length at least 8§ a contradiction also. Therefore we suppose by symmetry

that ww NV P, =@and vx NV P, =0.
Let P, =ubb, b, ,w SeelFig. 1forl, =5 and assume that b, eV P, for some i is the only common
vertex of P, and P,. Let P, =P, u b, P,=P, b, w P,=P, v b, and P,=P, b, x .
Forse w v w x letl, be the number of vertices on the path P,. Then the subgraph induced by V' P,
U V P, contains eight circuits that have length in [ +/,-1 [, +1,+1 forsomese uw w andie v x .
Since I, [, 5 6 9 and G contains no circuits of length in 5 6 9
o, +0,-2 [+, -2 569
§u+l”—1 Il +1L +1¢ 5609
d,+0, -110,+l.+1¢ 569 1
%wuvq L+l +1¢ 5609
Ekw+lx—l I, +1l,+1 ¢ 5609 .
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By a detailed calculation one can find that the above equation 1 has no solution. Here as an example
we discuss the case where [, +1, -2 =1, =5. By symmetry we may suppose that [, =2 or 3 and [, =5 or 4
then. If [, =2 and [, =5 thenl +I, -1 1, +I,+1¢ 5 6 9 indicates that/ =7 andl, +1 -1 [ +1 +1¢

5 6 9 indicates that [, =7. If [, =3 and [, =4 then [, =8 and [, =8. In both cases [, +[ -2=12¢ 5 6
9  a contradiction.

The same arguments show us also a contradiction when P, and P, have two or more inner vertices in com-
mon. We omit the detailed proof.

By Claims 1 2 and 3 we see that G is 2-connected plane graph with § G =3 that contains no 4-faces no
adjacent triangles and no circuits of length in 5 6 9 . By Theorem 1 G must contains a 10-face f that is inci-
dent with 10 3-vertices. Let C be the boundary of f that is a circuit of length 10.

By our choice of G G\V € admits a 3-coloring ¢. Since each vertex x of C has exactly one neighbor in
G\V C that is colored in ¢ there are still two colors that can be used for coloring x. One can easily construct

a coloring of C that together with ¢ yields a 3-coloring of G. This contradiction completes the proof of Theorem 2.
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