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Summation Formulas Involving
Second-order Recurrent Sequences

Hu Hong

Department of Mathematics Huaiyin Teachers College Huaian 223300 China

Abstract Let w, be a second-order recurrence sequence and let n be integers. According to the definition and char-

acteristics of the second-order recurrent sequences the involving second-order recurrent sequences sums S,, , and T, ,

are defined. The sums S, ; and T,, ; are studied. The recursion formulas of S,, , and 7', , are determined. The conclu-

sion extends two result from Melham R S.
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0 Introduction

Let Z and R denote the sets of the integers and real numbers respectively. Let R* =R\ 0 . Fixp g€
R" andlet £ p g consist of all those second-order recurrent sequences w, ,_, of complex numbers satisfy-
ing the recursion
W, =pW, ., —qw, wy=a w;=bforn=0 =1 =2 1
Write A =p° —4¢. If A=0 then it is known that see 1
" _Aa" - BB" )
n a-B
where a= p+/A /2 B= p—JA /2 A=b-aB and B=0)-aa.
In 2 3 Melham defined a sequence W, in the special case ¢ = — 1.

The Lucas sequences u, ,.zand v, ,_,in % p q take specialvalues at n =0 and 1 namely
uy =0 u, =1 v, =2 v, =p. 3
It is well known that

a-B u, =" -B" and v, =a" +B8" for neZ. 4
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If = —1 Melham ** defined U, =u, and V, =v,.

If p=1and ¢g= -1 then those F, =u, and L, =v, are called Fibonacci numbers and Lucas numbers re-

spectively.

We define a companion sequence w, of w, as
w, = Ao + BB
Aspects of this sequence have been treated for example in 4 and 5
From 2 and 5 we see that u, =v, and v, = Au, .

The purpose of this paper is to investigate the infinite sums

@ kn

S _ q Wi yim
km —
2=l Wi Wi nom Wi paom
* 2kn

Tk m = 4

n=l Wi Wi nam Whopiom Wi na3m
where k and m are positive integers and w, ,,,, #0 fori=0 1 2 3.
If g= -1 and 21k we have
14

k n+m

EY
Siw = 2,
k m
n=1 W}m Wk n+m Wk n+2m

©

n.= 3 :
km —
n=1 W/rn Wk n+m Wk n+2m Wk n+3m

9

In 23  Melham gave the formulas for S, , and T, , in the special case ¢ = —1 and 2 1k. In this paper we

generalize Melham$ results under the conditions that p and ¢ are nonzero real numbers and k is a positive inte-

ger.

1 Preliminary Results

We require the following in which k& and m are taken to be integers.

A k
glrn BA n+m Aq "ukm

Wy, Wi pim Wiy Wi yym

_ _ AB kn
Wi nem Wi ni2m Wi Wi na3m = q Uy, Uy,

k
wn+k - q wn—k =w uk

n

n
BB =Wy — W,

Identities 10 and 11 are readily proved using 2 and 5 . Identity 12

while 13 can be obtained from 6 .
We will also make use of the following lemma

Lemma 1 Let & and m be positive integers then

* qkn 1

=l Wi Wi i ABu’lzm

[ - Wi _
=1 Wiy
Proof If summing both sides of 10  we obtain

T T S

=l Wi Wi s = Auy,

and 14 follows from 13 .

Wiy Wi oy =t Ay, wy,,

10

11
12
13

can be obtained from 4

14

Remark 1 Theorem 3 of 7 is essentially our 14 in the special case m =1.

2 Main Results

Our main results can now be given in two theorems.

Theorem 1 Let k£ and m be positive integers then
1 m kn

Skmzi 1

Uy n=1 Wiy Wi i

— 26 —
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Proof Let & and m be positive integers. Setting

kn k n+m k on+2m
=B _B LB 16

Wiy, Wi nam Wi ns2m

and using 10 we get

k
Aq n Uy, +Bk n+2m

I= 17

WinWi pvm W ysom

and

kn k Ik 2 kn k n+m
I i B B n+m ~ B n+2m _ & B Aq U, . 18

w/ru

From 17 and 18 we have
kn k n+2m kn k n+m
2 = & + B + Aq Uy _ A(] Upm

Wy, n+m wk n+2m w/ru wk n+m wk n+2m

. 19
Wy, Wi niom Wi Wi m Wi nsm Wi niom
Now by 12 we have
kn k n+m kn km kn_ 2 —
Aq Wi Aq U _ Aq Uiy Wi nsom — 4 Wy, a Aq WinWk nim 20
Wi Wi nm Wi nem Wi niom WinWi nsm Wk ni2m WinWi nsm Wk neam
Thus
kn Bk n+2m Aqk"ui &)k
tm ¢ n+m
21 = B + +
Wiy Wy wi2m Wi Wi pem Wi niom

SO

A" ug, 0y [@ g ] _ [B"" gt 21

Wiy Wi wim

Wi Wi pem Wi ne2m wk n+m wk n+2m

Finally summing both sides of 21  we obtain

m kn k n+m
2 g g
Au k/n,S km = 2 -

n=1 wkn n=1 wk n+m

m

and 15 follows from 10

If we take m =1 and put w, =u, and w, =v, respectively then 15 becomes

n

Corollary 1 Let & be a positive integer then

3 qlmv k
k on+l
=4 22
n=l WU par Up i U, v,
and
® kn k
z q u’k n+l — q 23
n=1 vkuvk n+l vk n+2 A u’4k
If weput k=1 22 and 23 become
0 nv
Corollary 2 A 24
n=1 un u“n,+] un+2 p
and
- qnun+l
= 2 g 3 : 25
n=1UVns1Vns2 p -4 p -2pq
If we putu, =F, and v, =L, 24 and 25 become
Corollary 3 g 1 L 1 26
orollary —_— =-
n=1 F/JF/L+1F/L+2
and
v 1 "F _ _ L 27
n=1 LnLn+an+2 - 15 ’

Remark 2 3.7 and 3.8 of Melham ® are essentially our 22 and 23 in the special case u, =
F, v,=L,and k =2.
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Theorem 2 Let k and m be positive integers then

1 1 3m w 1 m w
_ = kn+1 kn+1
ABulzm Usj, Tk m AB[ 2 - = T km 2 . ]
Uz n=1 Wy, q Up, n=1 W,
m k n-m
mal 1 1
+ 1 +—— - 28
n=l Wi Wi o AB q Uy, Usin
Proof From 11  we see that
ABqan Wi Wojim _ qkn _ qk"
WinWi nam Wi nszm Wi na3m Wi Wk n43m Wi nim Wi neom
Summing both sides we obtain with the aid of 14
el kn 1 el k n+m
- 9 _q9
ABukm Uk Tk m 2 T km Z
=1 W, Wi i3, q =1 Wi nem Wi niom
B 1 [ 3m wk,,+1 3 ] 1 [ m wk'Hl ] : m qk n-m
= —= =3mal|- 75 — - na
ABu}k,” w1l Wy, ABq " (27 n=l Wi, n=l Wiy Wi i
which is 28
If we take k=1 and m=1 and put w, =F, and w, =L, respectively then 28 becomes
o
1 12 -5./5
Corollary 4 = 5 29
n=1 FnFn+1 n+2Fn+3 4
and
c 1 _5-2/5 30
n=1 LnLn+1Ln+2Ln+3 40

Remark 3 3.10 and 3.11 of Melham 3 are essentially our 28 in the special case u, =F, v, =
L, m=1 and k=2.
Remark 4 Theorems 1 and 2 of Melham 3 are essentially our 15 and 28 in the special case g =

—1 and £ is taken to be even integers.
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