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Abstract：In this p印er，a V-cycle multigrid method is pr℃sented fbr the Mortar—type rotated Q1 nonconfb册ing element．

The unifo咖conVe。gence rate is pmVen，which is independent 0f mesh size aIld mesh level． Numerical experiments are

presented to confim our theoreticaI results．
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Mortar型旋转Q。元的V循环多重网格
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[摘要] 展现了一种Mo呦r类型的旋转Q，有限元的多重网格方法．通过定义一些算子证明了这

种V循环的多重网格是一致收敛的，它的收敛率不依赖于网格的尺寸和层数，并通过数值实验验

证了理论分析的正确性．
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0 IIltroduction

’Ihe mortar finite element method is a noncoⅢ．o瑚ing domain decomposition technique tailored to handle

problems posed on domains that are partitioned into independendy subdomains．The meshes on dif陷rent subdo—

mains need not align across subdomains inted'aces． Adequate weak continuity conditions replace the pointwise

continuity at the inte血ces．711his ofI．ers the advantages of h℃ely choosing highly VaIying mesh sizes on difkrent

subdomains and is very promising to approximate the problems with ablllpny changing difE．usion coemcients or lo—

cal anisotmpy．

The rotated Q1 element is an imponant nonconfo瑚ing element． It was first pmposed and analyzed in[1]for

numerically s01Ving the Stokes problem．7rhe mtated Ql element pmvides the simplest example of discretely diver-

gence—fke nonconfo珊ing element on quadrilaterals． Due to its simplicity，the rotated Ql element is used to sim-

ulate the defo瑚ation of martensitic crystals wit}l microstmcture in[2]． Independentlv，it also was derived with—
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in the framework of mixed element method(see[3])． Recently，chen and Xu pmposed a mortar element
Ver。

sion for rotated QI element in[4]．

In this paper，we focus our attention on studying multi咖d method for the mortar finite element method{or

the mt砒ed p1 element． Since the Mortar—type mt砒ed Q1 element space can’t consist ot any
bllmear element

space，a special inte剃d transfer opemtor is presented for tlle nonnested spaces· Based on this operator，we 91Ve
a V—cycle multigrid alg撕thm and ppDve that the V—cycle multi咖d is un岛咖conVe薯gence，J．e·，the

conVer-

gence Hne is independent of mesh size and level． We use
the rotated Ql mortar element only on the last 1eVel L'

and use t}le confo咖ing bilineaur element spaces as tlle coarse—grid con-ection spaces on址l coarse leVels· n 1s

shown tllat this V．cycle multigrid requires only one smoothing step
on aⅡcoarse leVels Z<L，while on the last

1evel三a sumciently large number of smoothing steps is needed．

The oudine of this p印er is oI售anized as foⅡows． In section 2，we introduce model problem，the
mtated Q1

monar element method，and some notations． In section 3，we constmct an inte蜡rid trans±er operaLtor
and propose

our multi加d algoIithm．In section 4，We give t11e proof of unifom conVergence f缸the V。cycle multi萌d·Nu—

medc越expe矗ments is presented in the last section．

1 Prel蛐a-ries
For simplicity，we consider the following rnodel problem

{：呈乞-^兰幺， ㈧1，

wheI℃the bilinear fb珊

口(M，移)=U，凹)， V∥∈风1(力)， (】·2)

口(M，秽)=I V“·V钞以， V u，移∈日1(n)．
m

From[5]we kn。w for any，∈r(n)，there is a s。luti。n of(1．1)：u∈日2(n)，such
that

Mll：≤c州。． (1．3)

Divide n int0 ge。metrically c。山珊ing rectangular substructures，i．e．，面=§l砬with珐n弦being empty
set or a vertex or an edge for矗≠Z．Witll each亿we associate a quasi—unifom triangulation髹亿)made of ele—

ments that are rectandes wh。8e edges a11e parallel t。z—a)【is。r y-a)(is．Den。te the global
mesh u^珂(n)by琢

rnle mesh p锄meter^^is the diameter。f the largest element in。巧(砬)．Let厂埘den。te the。pen edge that is

common to亿and Q．Denote by r the set。f all inte妇es be附een the subd。mains，i·e·，，=u a绣＼an·
Each edge inherits two triangulations made of segments

that a弛edges of

蜴respectively． In this way each厂肼is pmVided with
two independent

which are denotedby砍(^)and或(^1)respect㈨y．

elements of the triangulations of珐and

and different one dimensional meshes，

For each triaIlgulation少：(绣)，tlle mtated Q1 element space is de6ned by

瓦(亿)={掣∈￡2(亿) 秽I E=。：+口知+。；y+口：(搿2一，，2)，。；∈舅，J：㈣n"I m ds=o，

v E∈∥飘q)；f。r E。，E：∈乡飘砬)，if aE。n aE：=e，thenj：移I。z。ds=J：钞I a＆ds
with the so caUed broken no咖肌d the bmken seminom

㈦螂一。。赢，⋯矧÷， ⋯HI(㈨一。。‰，㈩‰)}
NeXt the global space瓦(亿)is define as foUow：

2
  万方数据



—— ’I、柏Beiyi，et al：A V—cycle Multi酣d Method for Monar．type Rotated Q1 Element

瓦(以)=兀瓦(珐)，
with the f0Uowing nom and semino瑚：

㈨苟(伉))争，
Ⅳ

秽‰=(∑I秽f毛(伉))÷．
七=】

D，n气。ne 0f‘he sides。f^z as m。rtar den。ted by 7。(砷and the。ther as n。nm。rtar de矗。ted by醣(f)．As—
sume that the mortar for ym(^)=6m(f)=^z is chosen by the condition k≤^f，i。e．，the fine sjde is chosen as
m。nar·Based。n‘his assumpti。n，the tw。elements of tlle slaVe t矗angulation．玩(艿删1)that t。uch the ends of

．，

(Qm”，埘)L2(6训2(秽，训)L2‰))，V加∈∥2(6。(1))． (1。4)
Now we define rotated Q1 mortar element space

K={移∈瓦(n)l Q。％=Q。％，V6。(D=y。(＆)∈，}，
where钞^=秽I

y。(t)and％2移l妨(z)．The c。nditi。n of the equ址ty of the三2一。nh。gonal pmjecti。n。f traces。nt。the
test space for each inted．ace is called the mortar condition．

T11e rotated Q1 m。Itar element印proximati。n。f problem(1．2)is：find‰∈％，such that

o^(配^，秽^)=(厂，秽^)， V移^∈％，
wheI．e

吼(M^，％)= ％．I(‰，％)=

Define operator A^：K—}K as follows：

(A^M，口)=口^(Ⅱ，秽)
then(1．5)can be repI-esented as：

where以∈K，(五，z，) =(厂，口)，V移∈K．

2 Multigrid Algori恤l

A^M^2

∑f。V“^·V％批
EE圻伍)。E

V u．秽∈ K，

(1．5)

(1．6)

ln‘hls sec‘ion an d．fectiVe V—cycle multig而d al鲥tllm is presented for the mortar—type rotated Q】element．
Le‘彤be‘he coarsest t打angulation of以with mesh size^1，which is made of rectangles．We r面ne tIle tri—

angula‘jon彳一1‘o produce巧by joining the opposite mid—points of the edge of the rectandes in咒】，with mesh
slze^f，Z=2，3，⋯，￡一l·ObViously we have^产^f_1／2(2≤Z≤￡一1)．We use the co山瑚ing bilinear ele—
ment spaces as‘he coarse一鲥d correction spaces on all coarse levels Z=1，⋯，工一1． In order to constmct a咖l一
‘1蜊d aIgoritIlm for(1·6)，we define the conf0啪ing bilinear finite element spaces 5z c砩(力)on the grid彳：
f<L·It is obVious that．sl c S2 c⋯c Js¨旺K．
Because 5¨旺％we must d舒ne a suitable inte唱rid transfer operator厶：|s¨一K．On the last level￡．for

each triangulati。n玩(螅)，we define爰by t}le c。nfoming bilinear 6nite spaces．kt．s￡：
=％and assume^工=^．

Ⅳ

n或．we take巧
f=I

． ，‘，警：s㈧-÷s山e the usual n。dal Value inte叩。lati。n。perator(see[6．Lemma 2．1])．rnle。perat。r G
has the f-oUowing propeny．

“

Lemma 2·1 (i)JjG^训j≤c⋯I，V秽∈＆一1；
(ii)怕一G训。≤锄⋯』。，V秽∈5¨．
Proof Please ref．er to[6]．
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Let the opemtor F：：Js：—+x^(Q)be the usual nodal value interpolation opemtor，i．e．，

I砖口ds=J秽出， V秽∈|s：，

where e is an edge ofK∈乡飘Q)．

Based on the opeHnor F：，we d9fine the oper{ltor F^：Js￡———Ⅸ矗(．仃)as follows：

F。(")=(F：秽，砖秽，⋯，F：口)，V矽∈．s。．

According to the estimate of the interpolation operator锄d the inverse inequality，we can obtain the follow．

ing 1emma．

La珈ma 2．2 怕一F^秽f|o≤c毳I秽ll，i瓦口II，^≤cI移11，V移∈s￡。
It is necessary to define the operator’，^：．，^=F^。G^：S工一l—÷X^(力)．
Next define the operator E^：X^(力)—斗X^(n)by

秽k。)出， e∈6^，m(z)，
otherwise．

钉4=秽+∑玩(秽)，

we ean check that秽‘∈坎。工n f如t，for any∞∈冉矿‘(颤f1))，We have

上。。，，钉+I a。c z，∞ds 2上。。。，移I。。c z，∞ds+上。。。，(En(口))I s。。：，。-ds=上。。。，"I a。。。，c。ds+正。“，Q。(秽I，。。。，一口I。。。：，)∞ds
2上。。。，口I s。c z，c。ds+上。。。，(秽l，。c。，一口I s。。。，)c。ds 2正。“，口I，。。。，∞ds
2上训，口_M，洲豇

After the above preparation，we call define an inter咖d tmnsfer operator，^：Js，一1—斗K as follows：

厶秽=^秽+∑邑(^秽)， V秒∈s川．
占m(J)8，

De6ne the叩erators 4&：S_÷S and Qs，：S¨_Sz，z=1，⋯，￡～1 by

(A西“，秽)=n(M，”)，V u，秽∈-sz，(Q却u，勘)=(u，秽)，u∈&一】，V秽∈Sf．
De6ne the projection叩erators仇一1，R一1：K_Js¨by

(Q￡一lM，秽)=(u，，^秽)，M∈K，V口∈．s￡一1，口(P工一lu，秽)=口^(M，厶t7)，u∈K，V秽∈

Using the similar technique in[7]，we can constmct certain smoothing叩erator R^：K—}K

c÷(秽，秽)≤(R。秽，秽)，V口∈K，

where A^is the largest

SimiIarJy，on the

such that

．s¨．(2．

such that

(2．2)

o^(R^A^秽，口)≤p口^(秽，秽)，V秽∈K， (2．3)

eigenValue ofA^and p∈(0，2)．

coarSe spaces&(Z=1，⋯，￡一】)，we can eonstruct the smoothing opera￡orS怒；：S—}薯

(1)c砉(叩)≤(如咖)，V秽∈sz；
(2)n(RsfAsf口，z))≤弛(钉，秽)，Vt)∈|sf，

wheI．e A z is the la唱est eigenvalue of4s，and口∈(0，2)．
Now we introduce our V—cycle multigrid aLlgorithm as follows．

GiVen g∈K de矗ne曰￡g by

(1)Set石o=0，戈”=戈8—1+R^(g一4^石”一1)，n=1，⋯，m；

(2)Define戈m+1=戈聃+毛譬，where g=J7I乱一1QL一1(g—A^菇m)；

(3)Set yo=戈m+1 and y“=)，“一1+尺^(g—A^y“一1)，n=l，⋯，，n；

——4——

r2．

f2．

4)

5)
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(4)珧血e絮5，k h洲删thm isd efjnedas follows．
冀盯=M：竺竺f燕：≥冀嚣了≥淼舢y．Let M．：A主1，for a given gf∈Sf，M2(Z=2，⋯，L—1)18

demleo Dy

黑兰耋1 2鬻；_，+n where p∈s，1is咖n by p：虬。‰(g{_锄)．㈤，Dm竺确+．?：二寰：融冀嚣黧三(：篡尝嘉羞乞isea刚砌诎她t
We cansee that on e≯：瓮e矍嚣：主Z：：y?Z。；1二瓮葛j主!l蔷．“

。

c2．6，
，一B￡，A^=K：(，一，^P￡一l+』h(』一。坦￡一lAsL一1，1‘一1

7““‘

3 Convergence Analysis

In this secti。n，the c。nvergence analysis
0f th e v—cycle multi西d meth。d is gi、ren．Let¨：G(砼)。JsL

the bilinear interp。lati。n。perat。r．First，we proVe
s。me Lemmas·

Lemma 3．1 F0r the operators以，￡L一1，we
have

(i)㈣～秽II。≤c五⋯，帅‰≤c㈨，V钉∈s叫
(ii)慨一。亭一，。￡L_l刨，≤现吲：，V孝∈∥(n)n或(Q)‘
Proof By the definition of，h，we get

咖一秽110：㈣一一。暑rE
o叽(J)5』

Using the definiti。n of^and
IJem眦s 2·

慨口一秽忆=11 FnGn秽一G一

。(咖)1lo≤帅础+0。磊rEn(咖)Ilo．
1．2．2。we obtain

By trace the。rem and‘3·2’’n f011。ws出菱：≤c酬洲；∥

sow⋯帅eed的烹嚣譬。『I嚣彳揣州厂叱州川毛。蚓硎乱，{f(．，^口)l y。f。)一秽I 6。【力Ilj，7。。||L J^钞，1，m(i)一“’7m‘‘’”o’7“
“⋯“

(3．3)～(3．5)giVes

Proof V口∈K，we have

E。(^圳悟≤c危2(⋯；，i+⋯；，j)，

P。一，秽I。2=口(Pc一·秽，PL一·t))=口^

and then we can obtain

By(2．2)，(2．3)and
a

(3．1)

b。
+K2)．

(3．2)

(3．3)

(3．4)

(3．5)

(3．6)

(秽，，hPL—l秽)≤l秽l I，^l，^PL—l秽I 1，^≤c
I口I 1，h I PL—1秒l 1'

h一⋯。。二篡：篡摸’二5．岫⋯，wehvesimilar argument of
Theorems 3·6 and)·1 1n L。j’wc⋯～

Lemma 3．3 For any钞∈K，it
holds

(3．7)

5

：

ⅦK

，广

6(∽^ll

￡

，

凡

M惦

D

∞_

m

≤

一，“．觫‰∑蛳‰+‰C。曲峪

^

I

州

佗

E。九力．盯r上(水恍∑蛳№㈣

⋯

c

q吼∞

炒

≤

≤

＼n

忸惦

埘

E

Ⅱ

．

W

r

．

胁吼黼％

秽

(

p

e

■

畸愀m帆～淼茹

引

唧砌妇h卜舨一捌儿

1
t

S

L

圳瞰邮{；川

、渺

雠k

∞c

G

他e旧≤

“

№叭们≤

E，0

m

，h暑洫烈∽

II

s

e

m

芝Ⅶ引咖们气

r

11

【

．1

r，

(

a

e

n

e

匝

h．儿h

衄筹=川曙叮烈

B

A

B

L

  万方数据



。峻壁业
A^
≤口。((，一端)群秽，群口)≤

where瓦=，一R^A^，and m is tlle number of smoothing steps．

By a similar argument in[9]，we can prove
Le咖a 3·4 Forthe叩erator，一帆一1A屯-l，we have

wheI．e the constant 60

Let{A』}磐1 and

and

门1 ， 、
L i口^(秽，口)，

oL—l((，一帆一，A＆．，)口，秽)l≤氏oL—l(口，秽)，V口∈S￡一，，
∈(0，1)is independent of the mesh危and the level￡．

{哆}磐1 be the eigenValues and c。n-esponding n。瑚alized eigenfuncti。ns。f A^，i．e．，
4^竹=Aj竹，歹=1，⋯，眠，

wheI℃6f』is Kronecker symb01．

(妒i，野)=盈，，

Nh Nh

For any秽∈K，we wdte口3蚤勺吩·Let Ai移=茎N勺叻，then we define the f011。wing discrete n。m。n the
space K：

㈦h：=(Ai口，秽)言．
It is easy to see that

I|秽JI。，^=o^(口，秽)丁，||秽110．^=||秽|Io．
Lemma 3．5 For the operator P￡一1 defined by(2．1)we have

№一R一，秽U≤c钏移忆，V秽∈K．
胁of Consider tlle following auxiliary problem

f一△手=

i孝=o，
移一吃一l秽，in力，

on an

By elliptic I．egularity pI．operty(1．3)we have

㈣：≤c№一R一，秽‰
On the other hand，

}J勘一户2一。z，}居=(一△手，秽一户2一，z，)=口。(f一屯一，f，秒)+口^(屯

+口(t￡一1亭一手，P￡一l耖)+

2

—2dH考，口、)

著cos(n，¨虬“+，2+，3+，4
An applicati。n 0f Lemma 3．1，interpolati。n estimate[10]，and(3．7)，(3．8)，(3．10)yield

l，f i≤c刚口一R一。秽⋯秒fI¨1．
So we get Lemma 3．5．

Lemma 3．6 For all移∈K，we have

I|口一厶P。一。秽忆。≤c危lI秽忆。．
Proof By Lemma 3．1 and Lemma 3．5，we get

fl秽一厶Pc一-秽忆≤If秽一P。一。秽|I。+ff(，一厶)P。一。移||。≤c^ll钞Il。．。+c^IlP。一。秽0。≤
On the other hand．

c圳秽lI。

(3．8)

(3．9)

(3．10)

№一厶R—t秽‰2。。h，s拥。圹。％(秽一厶R∥，埘)=。。h，s拥，舻；口一(秒，彬一，^R一·彬)

≤。。h，s牌m：。⋯J2'^怕一厶R一-甜JI。≤铂⋯b．
7rhe proof is completed．

Finally，we show the main result of this paper．

Theorem 3·l F。r any 6∈(氐，1)，if the sm。。thing number。n the last levelis large en。ugh，then

I口^((，一BLA^)秽，秽)I≤6 o^(秽，秽)，V秽∈K．
——6——
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where the constant 60∈(0，1)is independent of the mesh^and the leVel L．

Proof kt；=群秽，by(2．6)and Lemma 3．4，we get

o^((，一曰LA^)口，秽)J≤I口^((，一，^P￡一1)；，；)l+I口((，一M￡一lAsL一。)P￡一l口，P￡一l移)

≤I o^((，一厶P￡一1)；，；)I+氏I口。(，^PL一。；，；)l

≤(1+6。)I口^((，一厶P￡一。)；，；)I+60 I。^(；，昌)I．

Lemma 3．3 and Lemma 3．6 imply

I。。。((，—．J『。P。一。)；，；)l：≤c^JI；I『：．。II昌Il，，。==c(ji!!警){。II；ll。，。
≤c(口。((，一磁)K?秽，K孑秽))寺||；II。．。≤c了兰口一(秽，∥)．

Then，if m is large e埘Dugh，we haVe

口^((， 一BzA^)口，秽)I ≤(
C(1+占o)

Remark 3．1 The unifoHn conVellgence rate is pmVen，

4 Numerical Experiments

+氏)％(秽，秽) ≤阮^(口，移)．

which is independent of mesh size and mesh leVd．

In this section we present the results of numerical examples to illustrate the theory deVeloped in the
earlier

sections． These numerical examples deal with t}le poisson equation on the unit square． For the pmblem(1．1)，

let力=[0，1]×[0，1]，以l=[0，1]×[0，0．5]is mortaur sub—domain，砬=[0，1]×[o．5，1]is non。mortar

sub—domain．In this test we assume，=2y(1一)，)+2龙(1一省)． Obviously，we haVe the exact solution as fbl-

lows：

u=菇y(1一戈)(1一y)．

Table 1 shows the number of itemtions required to achieve Table 1 Item廿佃numbe璐for也e V‘cyde m山廿grid

the enur reduction 1 0_。，where the starting vector for the itera-

tion is zero．In the f0110wing table，九i is the mesh size of leVel L

in。少l(n)． CG is iteration steps of conjugate gradients method．

拓盯】and i把r2 are tlle numbers of iteration steps for the V—cycle

multigrid at level L， with damp—Jacobi， SOR smoothing opera—

tors，respectively．

[Refe咒nces]

￡ ^r1 矗f1 CG扛盯1 iter2

2 4 2 7 6 5

3 8 4 12 7 6

4 16 8 24 7 6

5 32 16 42 7 6

6 64 32 80 8 6
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