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Some ImproVement to one Normal Criteria

Zhang Jie，Xu Yan

(School of Mathematics aIld Computer Science，Nanjing No珊al university，Nanjing 210097，China)

Abstmct：Tllis p印er obtain some no咖ality of f赫lies 0f memmoIphic functions allowing t11e functions t0 have zeroes
but t0 give additional conditions，which gen耐ize alld improve some results of Un WeichuaIl aIld Xu Y粕’s work．We

obtain：if以z)厂(=)一口(，(z))2事o(口≠1，1±÷)aIld“z)厂(：)一D(厂(；))2=o implies厂(=)=o then，h∞

f0珊s以：)=exp(嗽+卢)0r“z)=(凹+卢)蜘(a≠0)．And矿be a胁由of meromo讪ic functions in d鲫ain D，
if each，E矿h聃only zeroes ofmultiplicity atle船t后≥3蚰d靼tisfies：，‘’(彳)=口(z)(口(：)≠o)，implies叭石)I≥

A and^二)=o implies o<∥”(。)I≤尼nen少‘js nomlal in D．Here A，丘are positive cons￡an￡s．

Key wDrds：transcendental meromorphic function，no册al f抽ily，reside
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一类正规定则的改进

张杰，徐焱

(南京师范大学数学与计算机科学学院，江苏南京210097)

[摘要] 采用改函数不取零值为可取零值加限制的方法改进了林伟川，徐焱等人的结果．得到：
1

若八z矿(z)一Ⅱ(厂(z))2≠o(口≠1，1±÷)及，(z矿(：)一口旷(z))2=o蕴含厂(z)=o，则，有
J‘

形式八z)=exp(a z+犀)或以：)=(a z+卢)“(a≠o)．少是区域D上的亚纯族，若每个，∈矿

的零点重数至少是七(_j}≥3)并满足∥”(z)=o(z)(o(z)≠o)蕴含l八z)l≥A和以z)=o蕴含

o<|．f”(。)l≤足则少在区域D上正规．其中A，K为正常数．

[关键词] 超越亚纯函数，正规族，留数

O IntrOdllCtion

In 1995，Bergweiler[1]obtained t}le following result：
1

Theorem A kt，be a transcendental meromorphic fhcti。n of6nite。rder，and o≠l，1+音·if八z矿(z)
一口(尸(。))2≠0，then以z)=exp(理z+卢)，wheI．e理，卢∈C．Recently，Lin百矿ei chuan[2]and Yi Hong xun

excluded the additional order Iestriction as foUows：

1

Theorem B kt，be a merom。rphic functi。n in tlle c。mplex plane and let o≠1，1±音，where n∈N，
aIld if八z扩7(彳)一n(厂(z))2≠o，then厂has one of the following f0啪s：

i)，(z)=exp(a z+届)

ii)，(z)=(似+卢)
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iii)厂=南
where n∈N，0[≠0，口∈C．

More oVer they obtain a no瑚al触nily analogue of Theorem B：

Theorem C Let少be a family。f merom。rphic functi。ns in the unit disk△and。≠1，1±上，where，l∈
n

N，if for every厂∈g and八z)厂(z)一o(厂(z))2≠o in△，then

we note that the resuh ii)and iii)in Theorem B may be

tion以z沙7(z)一口(尸(z))2≠0 and so we have Theorem 2．

{手， ∈刁is n—al in△．
combined by(o盔+届)+“if we weaken the condi—

To obtain 7Iheorem 2，we need the following theorem which genemIizes Theorem C accordindy：

Theorem 1 Let矿be a family of merom。叩hic functi。ns in the unit disk△and n≠1，1±上，where n∈
n

N，if for eVery，∈只and八z沙’(z)一口扩(z))2事0 and，(彳)，’(彳)一o(厂(彳))2=0 implies厂(z)=0，then

{乡∥∈啊 is nonnal in△．
And based 0n this Theorem，the Theorem 2 can be obtained as“lows：

Theorem 2 kt，be a meromorphic funetion in the complex plane and let o≠1，1±三，where n∈N，
凡

八彳)，7(彳)一n(厂(z))2≠0 and八彳)／7(彳)一n(厂(z))2=0 implies厂(彳)=0，
f-o瑚s：

1)八彳)=exp(似+届)

tllen，has one of the following

2)八z)=(a。+卢)“，where n∈N，仅≠0，口∈C．

In 1979，Gu[3]proved a conjecture of Hayman as follows：

Theorem D Let少be a family of meromorphic functions in domain D，后be a positive integer，if for ever-

y，∈矿，，≠o，and，”≠l，then矿is nornlal in D．

Recently，xu[4]improVed and generalized it and obtained：

Theorem E Let后be positive integer such that后≥3 and K be positive number矿be a family of meromor．
phic functions in domain D and口(z)be non-Vanishing analytic function in D suppose that for every，∈只and，
has only zemes“multiplicity at least后and satisfies following condition：

a)，”(三)≠o(z)．b)八名)=o implies o<I／”(z)I≤K．then少is nomlal in D．
The condition，”(。)≠o(z)also may be generalized by allowing，”(z)=o(z)at some(10ts but restrict

the values of，at these dots． And we have：

Theorem 3 kt后be positive integer such that后≥3 and A，K be positive number，夕飞e a family of mer0一

mo叩hic functions in domain D and口(z)be non—Vanishing analytic function in D suppose山at for every，∈只

，has only zemes of multiplieity at 1east尼and satisfies following condition：

a)厂¨(z)=口(z)implies l八彳)l≥A．

b)灭z)=o implies o<l，”(z)I≤K．
then．刍矿is nonllal in，)．

1 Some Lemmas

Lemma 1[5]Let A，曰and占be positive numbers．Let．乡毛{，}be a family of meromo叩hic functions in

domain D which satisify the following condition：

1)厂(z)≠1

2)if八z)=0，then o<垆(名)I≤B

3)if△is a disk in D and if厂has m≥2 zems名1，z2⋯，彳。∈△，then I，蚤厂(弓)．。一1 I≥s
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Le舢a 2[6] Let，(z)：哪‰¨名川+．．．+0。+糍，where吣¨芦n剐on吼ant8
wlm‰≠U。

p㈤，q(彳)are two c。一prime polynomials with deg p(z)<deg
q(z)，let柚e a p。sitive integer-i‘厂”≠1’‘hen

㈣塑羔意=：==二==二一一小一k?柏?}篡￡：=：烹：：：舞1：L：篇焉1慧=赢一o，岫h e础¨≤
Dlieitv(at least)忌，and 1etA be positiVe

real number·lt u Lz’1圣，1 w儿口⋯～J u叫
’

Le舢a4[2] kt⋯bean integersequence and0≠1，1+吉，where n∈N，‘heneXlsts
a posltlve

nu曲er s suc21at≮：ac}：：：’。!￡三：三二1a等：。．罗be a枷。y d扎眦“邮memm。印№in a d。main D，
～a．se k；南芸黑黧黧；：。：i箸etl：兰1善，=1茹三：iat山：托exists捌such
such．th警蹴攀氅，鬟：：50主荔奠=：：=篡。1雾，K二=掣纛苫：c：酰龇⋯ist⋯一曲t哆引．k加h：e竺幻急：三i嚣罴：拦劣1篡=：：淼ons工∈娟础
quence of points彳。∈D，彳。—嘞，a sequence

d posltlVe nunlDels P“一尹u’Ⅲlu㈣。P

thatg舢)_．啦竽刊⋯ocally unifo彻咖th respect totheSphe血如et水，where gisa
nonconstant

meromo咖func急onC，洲whosezeros have删plicity atlea舶，such
that g#(。≤g弋∞瑚“·

Moreover，g has order
at most 2·

L锄ma 6[4]Let厂be memmo印hic in C and
offinite order，let七≥3 be a

tive number，supp。se that／has。nly
zer。s of multiplicity

，”(z)≠1 Then

1)八z)=0c(z一卢)‘，仅，卢Ec，础!≠1

2)八z)

at least知，l，”(z)

1一!!二!1 2 where c．c，are tw。distinct complex numbers．=三壁!!三L，where c，c1 are two distinct complex numbers‘
矗! 彳一c

2 Proof of Theorems

Proofof The。rem 1 D出n州扎=拦‘志，，移
Then we。nly need t。prove

the family劈：={危{，e矿is n。瑚al in△·

Fmm the de6nhi。n。‘h，we haVe2，。：，：旦￡jjP三拶+t．h 7(z)=卫弓≯—弋j芦r十J‘
At first，if危(f)=o，then以f)=o。r∞·we c。n8ider啪衄8es：，
case 1．1 Ⅱf is a zero 0f／with multiplicity n，then^7(f)2而i。

case 1．2 Iff is a p。1e。f，with muhiplicity m，then^’(f)。ij言‘

Hence，o<⋯(驯≤I击1 when毗)：0·

positive integer
and K be posi‘

<K whenever，(z)=0，and

sec。ndly we clai?，?’：f’：1’．． ；，，，、1一旦￡(f2：二丛主)￡5主)：。from ca。e1．2，we h。Ⅳe八f)≠。。，
If jf。uch that h，(f)=1，then矗’(f)一1=g￡j?；乞=-三胖20舶m ca8e1·2，we h8Ⅳe，。‘’严∞’

s。矿(f)z一八f)厂(f)：o，it implies厂(f)=o
by c。nditi。n and thus八f)，7(f)=o·

We eonsider two cases：
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c黜2．1 If八f)：o，then from ca。e 1．1，we have厂(f)=击专 。thus口：1一上，tIlis is a c。ntra．
n

diction．

case 2．2 If八f)≠o，then尸(f)=o and矗(f)=∞thus^7(f)=∞≠1，this
is a c。ntradic‘i。n·

Thirdly，supp。se that△1 c△is a disk
and^has zeroes彳1，z2⋯，％∈△l·As

ab。Ve we haVe：I荟^’(弓)_1
—1 I：I(1一。)口。一1 I，here口。is an integer number．By lemma 4，there

exists a p。sitiVe number 8 such

that for each h∈』衫， ∑九7(弓)～一1I≥8．and影is noHnal in△by le咖a 1
J=l

nis complete the proof耐’Iheorem l·

Proof of Tt地orem 2 A meromorphic function厂is called Yosida function if its sphericaLl deriVatiVe／(z)=

I．厂(彳)I／(1+l八z)I 2)is unif．onnly bounded on C．

Asabove we描ne坼)：=倦志．
We claim that^is a Yosida function．

If not，there exists a sequence z。such that^#(石。)—}∞，write危。(石)=危(z。+三)then{危。}is
not noⅡIlal at

孙=0 by marty criterion． However theorem 1 implies{九。}is no唧al at％，which is
a con舰dictiom

Thus^is a Yosida function，and A(危)≤2．

As to the proof of Theorem 1，we have也at九is
not a transeental function

fhnction and矗’(z)≠1．Then矗has f0瑚危(z)=口oz+6 or h(z)=z+卢+

届，6，c are constants．

Suppose that，玉(z)=彳+卢+

let z1，z2⋯，彳m be the zeroes

have：

6

(z+c)”

of九(三)，

by

6

lemma 3．Thus^is a mtional

(彳+c)。
by lemma 2，where ao≠1，

then者万=÷+。(≥)，as z-÷∞，and s。Res(}，∞)=一··
here m=Z+1．We note that^(三)has only simple zeroes and so we

耋^，(弓)一I： ；。Res(}，z)=一Res(丢，∞)=1．1-1 z∈h—l(0)
～

But on other hand^(三) ，from the pmof of Theorem l there exists a positiVe
number s such

thatl砉丘7(巧)～一1 l≥s·Thisis a c。n‘ra执‘ion．
0hus^(彳)：口。石+6．we consider two cases as fbllows：

If％：o tllen雾鲁is n。n．zer0 c。nstant since／(z)／’(z)一。(厂(z))2≠o·Hence，(z)=exp(凹+卢)，
with“≠0．

I‰≠o，then躲=y(彳+c)，we note that z—c isthe only zeroorpole of加hen 7舢st be“屈，

thus供：±n士and then／：(凹+卢)“with仅≠o．
‘，kz， 石1_o

This complete the proof of Theorem
2．

Proof of Theorem 3 Ifj罗1s not no彻al at彳o∈D，then by lemma 5 take d=后and there exist a sequence

。f p。ints彳。∈D，z。—屹。，a sequence。f p。sitive
numbers p。—岫，and a sequence

of functi。ns工∈j穿飞uch‘ha‘：

既(f)=^(彳。+p。f)勿。‘—曙(f)l。cally uniformly
with respect t。the spherical me‘ric，where g

i8 a n。nc。n8‘an‘

memmorDhic function on c，all ofwhose zeros have multiplicity
at 1east七，such thatg。(f)≤矿(o)=南(K+1)

+1．Moreover，g has order at most 2．

Let flbe a zer0。f g(f)and then by HuⅢitz’卟e。rem there exists a sequence fn，fn_fl‘such

一17

志咎

  万方数据
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g。(f。)=工(彳。+p。f。)／p：=o for s啦ciently la玛e n．Thus^(z。+p。f。)=o，hence lZ”(彳。+p。f。)I≤K by
condition b)．since g：‘’(f。)=Z‘’(z。+p。f。)——-g‘‘’(f】)，we deduce that Ig‘‘’(f】)I≤K．
Obviously口(钿)≠0，∞．

We distinguish two cases：

case 3．1 If tllere exists如such that g‘七’(fo)=口(钿)，it is obvious that g(“)≠∞．

First we claim g¨’(f)一口(zo)≠0．

ifg‘”(f)～口(％)三0，and since g has only zeroes with multiplicity at least后，we have

g(f)=掣(z飞)‘
and I口(钿)I=Ig¨’(Qo)I≤K f而m above discussion．

A simple caIculation shows that：g’(0)≤后／2 if 1 0[o I≥1 and g’(0)≤Io(钿)I if IQo I<l both contradicts

94(0)=Jj}(K+1)+1．So g‘‘’(f)一口(％)≠O．

Near如，we haVe

g：(f)一口(z。+p。f)_g¨’(f)一o(彳。)

by Hurwitz’Theorem again tllere exists a sequence f。，f。—+岛，such that for sumciendy large n：

g：”(f。)一o(z。+p。f。)=o．

Hence，”(z。+p。f。)一口(z。+p。f。)=o．
Fonn condition a)we haVe that l^(z。+p。f。)I≥A．

Hence g。(f。)=^(z。+p。f。)和：—+∞，肌d g(fo)=∞，which is a contradiction．

case 3．2 If g¨’(f)≠口(钿)，we may assume a(铂)=1，then by lem眦6 g has fo彻：

比卅‘删≠，or者与娑∥c，
we can exclude the fo瑚er similady as in case 3．1． We just consider the latter case． Since g has only zero cl
with multiplicity后+1 this contmdicts g。has only zeroes of multiplicity后．

7rhis complete the proof of Theorem 3．

In 7rheorem 3，it is easy to find out that the condition a)．，”(z)兰口(z)implies I八彳)l≥A can be re-

placed by

／‘’(彳)+口】(石If‘一1’(z)+⋯+口I(彳l厂(石)=口(z)iⅡlplies l八z)I≥A．
here nl(z)，⋯，口I(彳)are anal)rtic functions in D．
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