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Some Improvement to One Normal Criteria
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Abstract ; This paper obtain some normality of families of meromorphic functions allowing the functions to have zerces

but to give additional conditions ,which generalize and improve some results of Lin Weichuan and Xu Yan’s work. We
obtain; if f(z)f"(2) —a(f(2))? %0 (a%1,1 i*ln—) and f(2)f"(z) - a(f(z))? =0 implies £ (z) =0 then f has

forms ;f(z) =exp(az +B) or f(z) =(az+ B) *"(a#0). And F be a family of meromorphic functions in domain D,
if each f € % has only zeroes of multiplicity at least k=3 and satisfies: /¥ (2) =a(z) (a(z) #0), implies |f(z) | =
A and f(z) =0 implies 0 < lj“‘) (z)1 <K. Then ¥ is normal in D. Here A, K are positive constants.
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0 Introduction
In 1995, Bergweiler[ 1] obtained the following result;
Theorem A Let f be a transcendental meromorphic function of finite order,and a#1,1 + % if f(2)f"(z)
—a(f(z))*# 0,then f(z) =exp(a z+B) , where a ,8€ C. Recently, Lin Wei Chuan [2]and Yi Hong Xun
excluded the additional order restriction as follows;
Theorem B Let f be a meromorphic function in the complex plane and let a 1,1 * o where n e N,
and if f(z)f'(z) —a(f(z))*#% 0 , then f has one of the following forms;

i) f(z) =exp(a z+B)
ii) f(z) =(az+ B)
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1
ili) f=———

= B
where n e N,a#0, Be C.

More over they obtain a normal family analogue of Theorem B:

Theorem C Let % be a family of meromorphic functions in the unit disk A and a#1,1 + —:?, where n e

N, if for every fe.%, and f(2)f'(z) —a(f(z))*#0 in A,then {‘?.f 6.7} is normal in A.

we note that the result ii) and iii) in Theorem B may be combined by (az + 8) *" if we weaken the condi-
tion f(z)f'(z) —a(f(z))*# 0 and so we have Theorem 2.

To obtain Theorem 2, we need the following theorem which generalizes Theorem C accordingly :

Theorem 1 Let % be a family of meromorphic functions in the unit disk A and a%1,1 + —1n— where n €
N, if for every fe %, and f(2)f'(z) —a(f(2))* %0 and f(2)f"(z) —a(f (z))* =0 implies £ (z) =0, then
{%J ey} is normal in A.

And based on this Theorem, the Theorem 2 can be obtained as follows:

Theorem 2 Let f be a meromorphic function in the complex plane and let a#1,1 + %, where n e N,

F(2)f'(2) —a(f (2))?*#0 and f(2)f'(z) —a(f (z))* =0 implies £ (z) =0, then f has one of the following
forms

1) f(z) =exp(az +B)

2) f(z) =(az+ B)*",where ne N,a#0, BeC.

In 1979, Gu[3] proved a conjecture of Hayman as follows

Theorem D Let & be a family of meromorphic functions in domain D, k be a positive integer, if for ever-
yfeF, f#0,and f¥ # 1 , then F is normal in D.

Recently, Xu[4] improved and generalized it and obtained:

Theorem E Let k be positive integer such that k=3 and K be positive number % be a family of meromor-
phic functions in domain D and a(z) be non-vanishing analytic function in D suppose that for every fe %, and f
has only zeroes of multiplicity at least & and satisfies following condition:

a) ¥ (z) # a(z). b) f(z) =0 implies 0 < |f* (z) | <K. then & is normal in D.

The condition £’ (z) #a(z) also may be generalized by allowing f® (z) =a(z) at some dots but restrict
the values of f at these dots. And we have:

Theorem 3 Let k be positive integer such that k=3 and A, K be positive number, % be a family of mero-
morphic functions in domain D and a(z) be non — vanishing analytic function in D suppose that for every f € %,
f has only zeroes of multiplicity at least & and satisfies following condition

a) f* (z) =a(z) implies If(z) 1 =A.

b) f(z) =0 implies 0 < [/¥ (z) | <K.

then % is normal in D.

1 Some Lemmas

Lemma 1[5] Let A,B and & be positive numbers. Let #= {f} be a family of meromorphic functions in

domain D which satisify the following condition:

1) fi(z) #1
2) if f(z) =0, theno < If'(2) | <B

3) if A is a disk in D and if f has m=2 zeros z,,z,**,z,, € A,then I_irf'(z]-) Tollze.
=
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Then ¥ is normal in D
1 P_(l)

Lemma 2[6] Letf(z) =a,2" +a,_ 5" + +a, +q(z) , where a,,a,+-,a, are constants with a,# 0.
p(z) ,q(z) are two co-prime polynomials with deg p(z) <deg q(z), let k be a positive integer. if /¥ 5% 1,then

f(z) = —z 4+ day + where a( #0) ,b are constants, m is a positive integer.

1
(az+5)™’

Lemma 3[2] Let f be a transcental meromorphic function with finite order. all of those zeros are of multi-
plicity (at least) k, and let A be positive real number. if |f* (z) | <A whenever f(z) =0, then for each I, 1 <

I<k, /" (z) assumes any finite non-zero value infinitely often.

Lemma 4[2] Let {a,_ ] be an integer sequence and a #1,1 + %, where n e N, then exists a positive

number ¢ such that for each a,,, la,(a-1) -1l =¢.

Lemma 5[7] Let k be a positive integer and let % be a family of functions meromorphic in a domain D,
such that each function f €.% has only zeros of multiplicity at least &, and suppose that there exists A=1 such
that 1f* (z) | <A whenever f(z) =0. If #is not normal at z, € D, then, for each 0 <a <k, there exist a se-

quence of points z, e D, z,—z,, a sequence of positive numbers p,—0, and a sequence of functions f, € #such

f (z, p,,() —g({) locally uniformly with respect to the spherical metric, where g is a nonconstant

that g,({) =

meromorphic function on C, all of whose zeros have multiplicity at least k, such that g*(¢) <g*(0) =k4 +1.
Moreover, g has order at most 2.

Lemma 6[4] Let f be meromorphic in C and of finite order, let k=3 be a positive integer and K be posi-
tive number, suppose that f has only zeros of multiplicity at least k, 1£* (z) | < K whenever f(z) =0 ,and
F*® (2) #1 Then

1) f(z) =a(z-B)*,a, Be C,ak! #I1

2) f( ) __kl,_(i__)__

,where c,c, are two distinct complex numbers.
z—

2 Proof of Theorems

Proof of Theorem 1 Define h(z) : =l(f21 f_(lz_) ,fe#F

Then we only need to prove the family % : = {h},_sis normal in A.

From the definition of A, we have:

ey &Y L)
= Car e
At first, if k() =0,then f({) =0 or » . We consider two cases:

case 1.1 If £ is a zero of / with multiplicity n, then A'(¢) =1—1.
case 1.2 If [ is a pole of f with multiplicity m, then h'(¢) = , 1_ ] ;L

Hence, 0 < 1k'(¢) | < laljl when k(¢) =0.

Secondly we claim A’'({) # 1.

If 3¢ such that R'(¢) =1, thenh'({) - af((é;)z ;;(,izvf)"z(f) =0 from casel.2,we have f({) £ ,

so af ({)* -f(O)f'(¢) =0, it implies £ (¢) =0 by condition and thus f(¢)f"(¢) =0.
We consider two cases:
— 16 —
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case 2.1 Iff(¢) =0, then from case 1. 1,we have f({) = %L 1,thusa=1 —%,this is a contra-

diction.

case 2.2 If f({) #0, then f'(¢) =0 and h({) = thus h'({) = #1, this is a contradiction.

Thirdly, suppose that A; CA is a disk and h has zeroes z, ,2z,---,2, € A,. As above we have: | Z h'(z) -
j=1
-11 =1 (1 -a)a, -11, here a, is an integer number . By lemma 4, there exists a positive number & such

that for eachh e #, | Zh'(zj) ' —112¢. and H#is normal in A by lemma 1.
j=1

This complete the proof of Theorem 1.

Proof of Theorem2 A meromorphic function f is called Yosida function if its spherical derivative f*(z) =
£ (2)1/(1 +1f(2) I*) is uniformly bounded on C.

As above we define h(z) L——-
-af (Z)

We claim that % is a Yosida function.

If not, there exists a sequence z, such that h*(z, ) —>o ,write h,(z) =h(z, +z) then {h | is not normal at
z, =0 by marty criterion. However theorem 1 implies {A,} is normal at z,, which is a contradiction.

Thus & is a Yosida function, and A (k) <2.

As to the proof of Theorem 1, we have that h is not a transcental function by lemma 3. Thus & is a rational

function and h'(z) % 1. Then A has form h(z) =ayz+b or h(z) =z+B8 +

s+ ) 7 by lemma 2 ,where a7 1,

B,b,c are constants.

7, then =—1—+0(L2),asz—>cn,andsoRes(]T,oo)=—l.
z

b
(z+¢c) h(z) 2z

let z, ,2,**,z, be the zeroes of h(z), here m =1 +1. We note that h(z) has only simple zeroes and so we

Suppose that h(z) =z +8 +

have:

I zm:h’(zj)'ll = 2 Res(L,z) = ~Res(—]17,oo) =1.

zeh-1(0)

But on other hand h(z) = L‘

from the proof of Theorem 1 there exists a positive number & such

f( )’
that| ijh'(zj) "' ~1l=e. This is a contradiction.
i

Thus h(z) =ayz +b. We consider two cases as follows:

If a, =0 thenj'é((zT)) is non-zero constant since f(z)f"(z) —a(f (2))>#0. Hence f(z) =exp(az +8),

with a# 0.

If ay# O, then Az) =vy(z+c), we note that z= —c is the only zero or pole of f, then y must be +1/n,

f'()

thu sffv(( ) = £n —— and then = (az +B) *" with a#0.

This (,omplete the proof of Theorem 2.

Proof of Theorem 3 If .%is not normal at z, € D, then by lemma 5 take a =k and there exist a sequence
of points z, € D, z,—z,, a sequence of positive numbers p,—0, and a sequence of functions f, € #such that;
g.(0) =f.(z, +p, £)/p,*—g(¢) locally uniformly with respect to the spherical metric, where g is a nonconstant
meromorphic function on C, all of whose zeros have multiplicity at least k, such that g* () <g"(0) =k(K +1)
+1. Moreover, g has order at most 2.

Let £, be a zero of g(¢) and then by Hurwitz’ Theorem there exists a sequence {,, {,—¢,. such that
— 17 —
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8.(L.) =f.(z, +p.Ln)/pt =0 for sufficiently large n. Thus f, (z, +p,¢,) =0,hence 1£* (z, +p,£,) | <K by
condition b) . Since g¥ (£,) = (z, +p.¢.)—&" (¢,), we deduce that 1% (¢,)1<K.

Obviously a(z,) # 0, .

We distinguish two cases:

case 3.1 If there exists {, such that g*’ (¢,) =a(z,), it is obvious that g(£,) # .

First we claim g¥ (¢) -a(z,) #0.

if ¥ (¢) ~a(z,) =0, and since g has only zeroes with multiplicity at least k, we have

g() =a(kz!0)(z—ao)"

and la(z) | = 1g"¥ (a,) | <K from above discussion.

A simple calculation shows that; g*(0) <k/2 if lay| =1 and g*(0) <la(z) | if lay | <1 both contradicts
2 (0) =k(K+1) +1. So g¥ (¢) -a(z) #0.
Near ¢, , we have

g.(0) —alz, +p,0)— gV (1) ~a(z)
by Hurwitz’ Theorem again there exists a sequence ¢,, {,— {,, such that for sufficiently large n:
g.”(¢,) —a(z, +p,¢,) =0.

Hence /¥ (z, +p,.) —a(z, +p.{.) =0.
Form condition a) we have that |f,(z, +p,{,) | ZA.
Hence g,((,) =f.(2, +p.{.)/p'—® , and g({,) = , which is a contradiction.
case 3.2 If g (¢) #a(z,), we may assume a(z,) =1, then by lemma 6 g has form ;
1(z 'Cl)kﬂ
k!

we can exclude the former similarly as in case 3. 1. We just consider the latter case. Since g has only zero ¢,

a(z-B)*,ak! #1 or , cFEcy.

with multiplicity & + 1 this contradicts g, has only zeroes of multiplicity k.
This complete the proof of Theorem 3.
In Theorem 3, it is easy to find out that the condition a). 7Y (2) =a(z) implies 1f(z) | =A can be re-
placed by
B2 +a,(2)f 7V (2) + +a,(2)f(z) =a(z) implies [f(z) | =A.

here a,(z) ,+**,a,(z) are analytic functions in D.
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