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AbStract：A chamcterization of dis啊butive lattices，Heyting algebr船肌d BooleaIl algebr船w船giVen by means of an e．

quivalence relation de6ned on them．Funhe珊ore，80me interesting propenies of Heyting algeb瑚噶and B00le锄algebras

were obtained．
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[摘要] 通过在格上定义等价关系，给出了分配格，Heyting代数，Boolean代数的一致等价刻画。

由此得到了He”ing代数与BooleaIl代数分解定理．
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0 Introduction

B001ean algebra is an important notion of order algebIa and logic，which was studied firstly by
Boole in

[1]．The definition of Heyting algebra was introduced by Heyting in connection with his fo瑚ilization of intu。

itionistic propositional calculus in[2]． It is weu known that the class of Heyting algebra contains the class of

Boolean algebra，and is contained in the class of distributive lattice， but it is not so obvious because they are

presented f而m difkrent views． In this p印er we give a unifo瑚characterization of them by means of an equiVa—

lence relation de6ned on them． Furt}le珊ore，we get a decomposition t}leorem for He”ing algebras and Boolean

algebms．

RecaU that a lattice￡is a Boolean algebm if it is distributive in the sense that，

戈八()，V z)=(菇^)，)V(戈八z)，f矗all elements咒，)，，z∈L

and every element菇has a complement y in the sense that

戈八)，=0 and石V)，=1．

A Heyting algebm is a lattice￡satisfying the following conditions：

for every element口，the function戈卜+ o八算：L—÷￡has an upper a由oint．

By an interval[p，g]we mean the set{菇Ip≤戈≤g}． For a general background on distributiVe lattice and set

tlleory，we refer to[3]and[4]．
。
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1 Main Resllll：s

Lec 4 be a k石ce．F0r any element口∈A，we de矗ne a two—element relation R on 4 as follows：

獬。67，iffor any z∈A，口^z≤6{=争口^搿≤6’．
It is obVious that尺。is an equiValence relation，and each equivalence class[6]of 6 has the fbllowing propenies：

(1)[6]is an ordered convex set ofA：

(2)For any戈∈[6]，o^戈=口^6，and口^6∈[6]；

(3)[6]n l口={o^6}；

(4)[6]is closed under arbitrary meets in 4 if they exist，moreoverⅡ^6 is the minimal element in[6]；
(5)For each 6，6’∈A，we have 6R。6’iff o八6=Ⅱ八6’．

Lemma l IfA is a distributiVe 1attice，then R。is closed under joins for any口∈A，i．e．for any石1∈

[尼1]，石2∈[后2]，w℃have石1 V石2∈[七1 V七2]．
1’roof Ⅱ戈1∈[矗1]，菇2∈[后2]，then we have口八后l=o^戈l，口^后2=n八戈2，moreover口^(戈1 V戈2)：

(口^石1)V(口^石2)=(口^七1)V(Ⅱ^后2)=n^(后1 V后2)，i．e．石1 V石2∈[后l V后2]．
L咖ma 2 If4 js a Heytjng algebra，6∈4，￡hen we have：
(1)勰。(口_6)，moreover，we have解。6’，for aIly 6，6’∈A iff(口斗6)=(o一6’)

(2)(o—}6)is the maximal element in[6]，moreover，[6]=[口八6，Ⅱ—}6]．

Proof (1)If o^菇≤6，then o^名≤(口_6)since 6≤(口_6)．Conversely，if口^并≤(口一6)，then

口^戈≤o^(o—}6)，i．e．o八石≤o八6≤6，by the definition of the relation，6R。(。—}6)．

(2)For any element 60∈[6]，since o八60≤60 and 6尺。60，we have口八60≤6，so 60≤(o一6)．By(1)，
口—’6∈[6]，so(o—}6)is the maximal element in『61．

In locale theory[5]，the map凸—+(一)：A—斗A is a nucleus on locale A，the corTesponding sublocale is

harder to describe．Denote 4佃。={[6]16∈A}ordered by the inducing order in A，we have：
corouary 3 ⅡA is a Hetying aLlgebra，then 4馏。是0口兰{口—}6I 6∈A}
lkmark Note that the isomorphic maps between、L o and{口—÷6 6∈4}are／：戈卜-} (。—斗菇)，f．or any石

∈^口and g：y一 口^，，，fbr any，，∈{。-÷6I 6∈4}，fDr that口八(口川)=o^戈=z，。一(口^，，)=口—}，，=
)，·

DenIlition 4 We say an equiValence relation尺。on A with property Pd in sense that，fbr any 6∈A，we

have：

(1)[6]is a order convex set in A；

(2)I[6]n 0 n l=1；

(3)尺。is closed under joins．
If condition(1)is replaced by(1’)：[6]is an interval in 4，we cau that the relation satisfies pIDpeIty P^．

Furthe瑚ore，R。has pmperty P6 if o V m=l for the maximal element m in[6]．
DistributiVe lattices，Heyting algebras and B001ean algebras have the pmperty Pd，Ph，and尸6 respectively．

The question whether the conVellse is t11le is raised natumlly． In the f01lowing we舀ve a positive answer for it．

Proposition 5 Lattice三is distributiVe iff for any口∈A，theI．e exists an equivalence R。on￡with the prop—

e啊心．
Proof From the remarks aboVe we only need to giVe the suf|lciency．Let[6]be an equivalence class of R。

and 6’∈[6]，by the condition I[6]n j o I=1，we have口八6=o^6 7∈[6]．For any two elements 6，c∈L，

suppose that 6∈[南1]，c∈[后2]，we haveⅡ八6=o^蠡l∈[七1]，o^c=口^矗2∈[矗2]．By the condition(3)of

property Pd，(口八6)V(口八c)∈[后。V七2]and 6 V c∈[庇，V矗2]，then o八[(o八6)V(o八c)]=(o八6)V

(o八c)=口八(6V c)，

Similarly，for Heyting algebra we have：

Proposition 6 Lattice￡is a Heyting algebra ifr for eaeh口∈A，there exists an equivalence R。on￡with
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the pIDpeIty P^．

Proof(弓)：啊vially

(乍)：By the de矗njtion of Heyting akebra，we only力eed to show that there e妇sts a maximal element in

{并lo八菇≤6}，for any elements o，6∈A．Llet[后]be an equivalence elass ofR。，the maximal element denoted

by m，the minimal element denoted by凡．From the proof of proposition 5，we have：

f．or any z∈[忌]，口八，n=口^菇=n∈[七]，
￡is distributiVe．suppose th砒6∈[后1]and the maximal element in[后1]is ml，then o八ml=o^6≤6≤m1．If
there exists an element菇∈A such that口八戈≤6，but戈≤m】，then石V m1>ml，so石V ml is not in[七】]．sup—

pose戈Vm1∈[k]，then。^(戈V mI)=(o八石)V(口八m1)≤6≤m1<戈V m1，so 6∈[‰]and[‰]n[矗1]

≠g，it is impossible，so m1 is the maximal element in{名I口^戈≤6}．

Proposition 7 Lattice￡is a Boolean lattice iff for any o∈A，there exists an equivalence relation R。on￡

with the property P6．

Proof(专)％vially．

({=)By Proposition 6，￡is a He”ing algebra．Suppose 0∈[6]and the maximal element is m，then o Vm

=1，then we have m=口—幻，i．e．口has a complement element m．

Fmm the equiValence relation characterization of Heyting algebm and Boolean algebra，we can get the fol—

lowing interesting properties，which give a liVely description of them．

Proposi臼Dn 8 If lattice三js a Heyting algebra，then for any element n∈L，there is a I．踟ily 0f intervals

{[pi，qi]}i。，such that for any i，，∈，，[pi，9i]n[pf，gj]=囝，I[pi，q。]n j口I=1，and L=u{[pi，qi]}i。，．

Proposition 9 If lattice￡is a Boolean algebra，then for any element o∈￡，there is a family of intervals

{[pi，gi]}i。，such that for au i，-，∈，，[p；，gi]n[pi，gf]=⑦，[pi，gi]呈[pi，qi]，|[p。，qi]n、L o I=1，qi V口

=1 and￡=u{[pi，gi]}i；，．
Proof By Proposition 7，there exists an equiValence尺。on L with pmperty P6．The proof of Proposition 6

implies tha上for any 6∈[pi，qi]，pi=Ⅱ^6，9i=口—+6，and[o]=[o，1]，we only need to show that the equiva—

lence class[6] is isomorphism to the equivalence class[o]． Now suppose we have two elements茁，y with x∈

[o]，y∈[6]，define厂：[6]—，[o]，provided that八y)=oVy；g：[口]—，[6]，provided that g(戈)=(口—，6)

^)，．It is obVious that厂and g are order presendng，then we have g(以y))=(口—+6)^(口Vy)=[(o—}6)八

口]V[(口_6)八y]=(口^6)V y=y；，(g(戈))=口V((o—，6)八搿)=[口V(o一6)]八(口V戈)=戈，i．e．

g·／=1⋯，厂·g=1『。1，so[o]兰[6]．
Remark If￡is a distributiVe 1attice，then the condition is sumcient． We only need to define the relation

R。on￡as follows：

6～6’，iffor some i∈，，p∈[pi，gi]and g∈[pi，qi]．

It is easy to Vedfy that R。has the property P6．

Assume￡be a Boolean algebra，o∈￡，then t口and、L口are Boolean algebras，moreover， T o×I o is a

Boolean algebm． By the proof of Proposition 9，we know that an element戈of￡is uniquely dete咖ined by口V石

∈T o and口八z∈j o．conversely，for any(戈，)，)∈T o×l口detennined an element(o—+y)八菇of￡．so
we have：

Corouary 10 Let￡be a B001ean algeba．For any口∈L，￡兰T o×j口，moDeover，I￡I=I、L n l·l T口I．

CoroHary 11 Let￡be a Boolean algebm．If f￡f<移o，then for some set x，￡兰2五．

Remark In the theory of continu叫s lattices[6]，B001ean algebra￡is isomorphic to the algebm of au

subsets of some set if and only if it is continuous． Since a 6nite distributive lattice is continuous，we ean obtain

the coroUary． However，by the Corollary 10 and 6nite inducing，it is obvious．

In[7]and[8]，the category of Boolean algebras is isomorphic to the category of Boolean rings．The partial
order on Boolean rings is de6ned byⅡ≤6 iff o·6=Ⅱ．By the Comllary 10，we have：

Corouary 12 If R is a Boolean ring，for any。∈R，A={石∈尺I o·戈=戈}，B={戈∈RI o·戈=o}，we
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have LI=IA l·I曰J．
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