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Abstmct：A subset口of a叩ace x is stron对y star一“ndel廿f(star-Lindel6f)if fbr every cover彩of B by open subsets of

x，there exists a countable 8ubsetF∈B(respectively，，∈u{≯)sucht}lat口∈＆(F，圣汐)．Inthis paper，we studytlle

star．Lindel撕1ess of sub鸵ts of st盯一Lindel甜spaces，moreover investigate the relationship between star—Lindel缸subset

蛐d r℃lative star．Undel6f subset．
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星林德洛夫空间的子集

李丕余，宋延奎

(南京师范大学数学与计算机科学学院，江苏南京210097)

[摘要]一个空间盖的子集曰称为强星林德洛夫(星林德洛夫)如果对于由z的开子集构成的占

的任意开覆盖彩，存在一个可数子集F∈曰(F∈u彩)使得曰∈＆(F，彩)．本文研究星林德洛夫

空间的子集星林德洛夫性，进而研究了星林德洛夫的子集和相对星林德洛夫的子集的关系．

[关键词] 星林德洛夫的子集，相对星林德洛夫的子集

0 Introduction

By a space，we mean a topological space．Recall f如m[1，2，3]that a subspace l，of a space x is Lindel6f

in X if for every open coVer老汐of X，there exists a countable subfamily coVering y． A space X is sta卜IJindel6f

(by di伍erent n锄es，see[4，5，6])iffor every open cover秀汐ofx，there exists a countable subset F ofx such

that＆(F，毫汐)=石，where＆(，，乏汐)=u{U∈乞汐：∥n，≠彩}．7111ese de矗nitions motivate us to introduce the

following concepts．

DefiIlition 0．1 ([7])A subset召of a space x is called star—Lindel6f(strongly star-“ndel6f)in x if for

every open cover复汐ofX，there exists a countable subset F∈x(respectively，F∈B)such that B∈＆(F，秀衫)．

DefiIlition 0．2 A subset B of a space X is called star一“ndel6f(stmngly star一“ndel6f)if for every cover彩

of B by open subsets ofX，there exists a countable subset F∈u彩(respectively，F∈B)such that曰∈S￡(F，

彩、．

From the above definitions，it is clear that if B is a strongly sta卜Lindel甜subset of X，then B is strongly

star一“ndel6f in X；if曰is a star—Lindel6f subset of X，then B is sta卜Lindel6f in X；if B is a strongly star—Lindel6f

subset of x，then B is a star—Lindel甜subset of x；if曰is strongly star—Lindel甜in x，then B is star—Lindel6f in

X． Bl】t the conveIses do not h01d．

The pu印ose of this paper is to study the star一“ndel6fness of subsets of star—Lindel6f spaces，moreoVer inVes—
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tigate the relationship between star-Lindel6f subset and relative star-Lindel6f subset by constmcting some exam-

ples．

Moreover，the cardinality of a set A is denoted by A I．Let 6D denote the first infinite cardinal and c the car-

dinality of the continuum．As usual，a cardinal is the initial ordinal and an ordinal is the set 0f smaller ordinals．

When viewed as a space，every cardinal has the usual o羽er topology．Fbr each pair of o耐inals d，卢with a<卢，

we w“te(a，届)={y：d<y<JB}．Other te瑚s and symbols that we do not define wiu be used as in[8]．

1 The Subsets of Star-Lindel6f Spaces

Fmm the definition of relative star-Lindel缸subset，it is clear that every subset of a star—Lindel缸space is

relative star一“ndel6f．The following example shows it need not be relative strongly star-“ndel6f eVen if a regular·

closed subset． For a

Example 1．1

T，chonoff space x，let卢Ⅸdenote the eech—Stone compactification of X．

There exist a T，chonoff star—Lindel6f space X and a regular—closed subset B of X such that B

is a star—Lindel6f subset of X，but B is not stmn91y star-Lindel6f in X．

Proof Let S1=甜u。缪be the Isbell—Mr6wka space[9]，where。绍is maximal almost disjoint family of in6一

nite subsets of n，with l舅I=c．Then，|s1 is star一“ndel6f，since 6u is a dense subset of Jsl．

Let D be山e discrete space of cardin“ty c and let

S2=(届D×(ccJ+1))×((届D＼D)×{∞})．

We assume that Sl nS2=囝．Since I舅I=c and I D×{∞}I=c，we can enumerate弱and D×{∞}as{r。：仅

<c}and{(d。，co)：a<c}respectiVely．

Let

p：舅_D×{甜}

be a bijection by

妒(k)=(d。，∞)for a<c．

Let彳be the quotient space obtained f．rom the discrete sum S1 oJs2 by identifying r。with妒(r。)for each“<c．

Let仃：Slo．s2—}x be the quotient map and B=7r(52)．

First，we show that X is sta卜“ndel6f．For this end，let毫万be an open coVer of x． Since 7r(S1)is homeo—

mo印hic to．sl，then 7r(S1)∈S￡(7r(∞)，秀彩)，since∞is a dense subset of S1．On the other hand，since 7r(矽
x{n})is compact for each尼∈血J，then there exists a finite subset，-∈刀。(／BD x{n})such that

7r(印×{n})∈Jsf(F。，彩)for each凡∈(cJ．
If we put F 2 7r(∞)u u F。，then F is a countable subset of X and X=＆(F，彩7)，which shows that X is star_

^∈甜

Lindel6f．

Next，we show that B is a star—Lindel6f subset of X． For this end，let秀侈be a cover of B by open subsets of

x．k F’=订(∞)n(u彩)，then F’is a countabk subset of u彩and订(D×{∞})∈S￡(F’，彩)．0n the
other hand，similar to the above proof，for凡∈∞there exists a finite subset F。∈7r(f；D×{凡})such that

7r(矽×{咒})∈&(F。，彩)．
Ifwe put F=F

7

u F。，then F is a eountable subset of U{彩and B∈|sf(F，彩)，which shows that B is a star_
nE∞

I．jndel拼s1】bset of X．

FinaUy，we show that B is not strongly sta卜“ndel甜in X．Let

u。=7r(胪×{n})for each n∈甜
and

K=7r(({d。}×(∞+1))uk)for d<c．

Let us consider the open cover复绝{以：n∈∞}u{圪：仅<c}u{7r(∞)}ofx．Let F be any countable subset of

B，then there exists a“<c such that K nF=g，hence 7r((d。，∞))圣．s￡(F，刍歹)，since K is the only ele-

ment of∥containing 7r((d口，∞))． This shows that B is not stmndy sta卜“ndel6f in x，which completes the
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proof．

Remark 1 Since every stron出star—Lindel研subset曰of X is strongly star—Lindeltjf in X，

shows that a regular—closed subset JB of a T，chonoff star—Lindel6f space X need not be a stmngly

set of X and a star．“ndel缸subset B of X need not be a stmndy star-“ndel6f subset of X．

Ex锄ple

the Example 1．1

star一“ndel缸sub一

1．2 There exist a compact space x and an open subset B of X such that曰is stmndy sta卜

Lindel6f in X，but B is not a strongly star—Lindel6f subset of x．

Proof Let D be the discrete space of cardinality c and let X=f；D and B=D．Then，B is stmngly star。

Lindel6f in X。since X is compact and D is dense in X． But B is not a stmngly star—Lindel雒subset
of X，since

曰is a discIete open subspace of X with lDl=c．

Remark 2 The Example 1．2 shows there exist a compact space X and a subset B of X such that
B is star—

Lindel6f in X．but B is not a star．Lindel6f subset of X，and an open subset of a compact space need not be
a star。

Lindel6f subset of X．

Remark 3 In[7]，the author constmcted an example shows there exist a T，chonoff space X and a subset

B of X such that曰is sta卜Lindel甜in X，but B is not stron出y star一“ndel6f in x．

onlv

B is

We give two positive results on tlle relatiVe strondy star‘“ndel硪1ess．

TheOrem 1．3 Let X be a space and B a closed subset of X．7Ihen B
is stmn91y sta卜Lindel甜in X if and

if B is stmndy star-Lindel甜of x．

Proof The sumciency is clear．

Necessity．Let彩6e口co钾r旷B妙op饥s酣6se拈矿x．死en够色彩u{X＼B}is an open

stmndy star．Lindel甜in X，there exists a countable subset F∈B such that B∈S￡(F，∥

cover ofX．Since

、．Note that Fn

(X＼B)=西，so B∈&(F，彩)，which complets the proof．

Theorem 1．4 Let X be a star．Ijndel甜space and B an open F盯一subset of X． Then B is stIDngly
star‘

Lindel甜in X．

Proof kt B=u{日。：n∈∞}，where峨is a closed subset of x for each凡∈∞．Let彩be an叩en coVer

of x and彩，：{unB：u∈彩}．F0r each n E cc)，let级=彩’u{x＼也j，then级is an open coVer of x，then

there exists a countable subset B。∈X such that盖=&(B。，秀玩)．Let A。=B nB。for each n∈(cJ．Then，

以∈&(A。，彩’)∈Sf(A。，彩)．

If we put F=u{A。：n E∞}，then F is a countable subset of B and B∈．s￡(F，秀男)，which completes the proof．

Since a cozero—set is open F盯．set，thus we have the following comllary．

CoroⅡary 1．5 Let x be a star一“nde埘space and a cozer0一set B of X．Then，B is strongly star-Lindel甜

in X．

Similar to the proof of Theorem 1．3，we can prove the f01lowing results．

Theorem 1．6 Let X be a sta卜“ndel甜space and an open F盯一subset B of X．Then曰is a strongly sta卜

Lindel6f subset of石．

CoroUary 1．7 Let X be a star—Lindel缸space and a cozem—set B of X．Then
B is a strondy sta卜Lindel6f

subset ofX．

Theorem 1．8 l。et x be a star。Lindel6f space and a F0一subset B of x．Then B is a star—Lindel6f subset of

X．

Proof Let B=u{日。：n∈∞}，where日。is a closed subset of x for each n∈∞．I七t彩be a coVer of
B by

oDen subsets of x．For each n∈∞，let秀玩=色汐u{石＼日。}．Then秀‰is an open coVer of x，and there exists a

countable subset B。∈x such that x=Js￡(B。，{玩)．Let A。=B。n(u彩)for each凡∈∞．Then，

Ⅳ。∈Sf(A。，彩)．

If we put F=u{A。：n∈∞}，then F is a countable subset of秀锣and B∈sf(F，秀彩)，which eompletes
the proof·

Since a closed set is a F，r—set，thus we have the following cor011ary．

CorollaI了1．9 Let X be a star—Lindel6f space and a closed subset曰of X．Then曰is a
star—Lindel6f subset
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of X．
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