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Abstract In ths paper the uniqueness of meramorphic finctions is studied and the bllov ing result is proved Let
p(z) and ¢(z) be wo coprinepolynan ials of degreen, and n, respectively letf(z) andg (z) be o nonconstant tran-
scendentalm exm orphic functons and letn> max/ 11 2n, + 4n,+ 3} be aposiive integer Iff " (z)f ' (z) and
¢ (2)g' () sharep(z) fg(z) M, henf(z)= ¢Q (z) €7, g(z)= ;07 () & 7, where g, ¢, are wo con-
stanty @ (z) is arational fanction, and a(z) & a nonconstant polynan ial satisfying

(o)™ '[%Jr Gl(Zﬂ - [% 2, orf(z)= 1g(z) bra constantt satisfyng £'* '= 1
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0 Introduction

In this paper by am eranorphic functon we alvays mean a function whih is meranorphic in the whole
canp kx plane Letf(z) be anonconstantmeranophic function W e use the follow ing standard notations of vat
ue dstribution theory T(r, f), m(r f), N(r, f),N(r, f) N(5 14), - ( see Hayman[l], Yangm,
Fang[3J ). WedenotebyS(r f) any functon satisfymgS(r, f) = ofT (% f)}, asr + oo, possb ly outside of
a setE with finitemeasure

Leta be a finite canp lex numbers W e denote byNz)[ zf—lj the counting functbn for zews off(z) - a
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w ih multp licity atmost 2 and byNz)[ r,JTI(J the correspond ng one forwhich multp licity is not counted Let

N(z[r,f 1} be the counting finctbn for zeros off(z) — a withmu ltiplicity at least 2 andN({r, f—IJ the cor
—d _

respond ng one forwhich multplicity is not counted Set

A e
Letf(z) andg(z) be womeranorphi functions and letp (z) and g(z) be wo polynamials Iff(z) - l(;—(%%
p(z)
q(z
CM. In addition the skn“p(z)lq(z)” means that there exists a polynam ialr(z) such thatq(z)=r(z)p(z).
The follow ng resulis were poved in [ 4] and [5].

Theoran A Letf(z) andg(z) be wo nonconstantmeranorphic functions and n21l a positive integer
Iff"(z)f/(z) and g’ (z)g/(z) share 1 M, then eitherf(z)=cie, g(z)= e , wherec, ¢ and ¢ are three
constants satisfying (cic; )" P=- orf(z)=tg(z) for a constant ¢t such that/"' = 1

Theoran B Letf(z) and g (z) be wo nonconstant meranorphic( entire) functions n 211 (n >6) a
positive nteger Iff" (z)f/(z) andg"(z)g/(z) share z CM, then eitherf(z) = ¢ eczz, g(z)=ce (zz, where ¢,
¢> and ¢ are three constants satisfyng 4( cic, )" i= - orf(z)=1g(z) fora constant ¢ such that {" =1

In this paper we extend above results as folbws

Proposition 1 Letp(z), g(z) be wo coprin e polynam ials of degree n; and n, respectively, letf(z) and

g(z) be wo nonconstant transcendentalm eram orph ic functions andn}max{ 11 2ni + 4n, + 3} apositve inte-

andg(z)—ﬂ(ii assun e the sam e zeros with the samemultp licities then we say thatf(z) andg(z) share
q(z

ger Uf"(z)f (2)g" (z)g/(z)E[&% , thenf(z) = aiQ(z)e"”, g(z) = &0 '(z)e ", where ¢, s are

q(z)
wo constants and () (z) is aratbnal functbon and @ (z) is a nonconstant polynan ial satisfy ng
n+ 1 !2/ Z) ZE p Z) g

+a'(z)

() 10z a(z)]
Theoren 1 Letp(z) and q(z) be wo coprme polynam ials of degree n; and n, respectively and f(z)
and g (z) be wo nonconstant transcendental m eram oph ic finctions n2max{ 11 2n + 4no+ 3) apositive inte-
ger Iff" (z)f,(z) and g (z)g,(z) sharep (z) /g(z) (M, then eitherf(z)= aQ (z)eam,g(z): czQ_l(z)‘

- (Z . . . . . . .
e """, wherec, ¢ are o constants and () (z) is a rational finction, and a(z) is a po lynam ial satisfy ng

(CIC‘Z)"H[QQ—/((ZE)Z+ a/(z)] 2 = [;L(éﬂ 2, orf(z)=ig(z) for a constant ¢ such that /' = 1

1 Sane Lemm as

In order to prove Theoren 1, we need he follow ing lemm as

Lanma 1'” Let ai, a, ---,a, be finite canp bx numbers @,7Z Q and letf be a nonconstantmewmox
phic functon ThenT (1, a, f "+ an_lf'rl+ et arf)=nT(r f)+S(r f).

Lenma 2" Letfj(z) and g;(z) (j= 1 2 -, n) be wo sets of entire functions satisfy ng

() X fi) & = o:

(11) f;(z) has asn aller order than 74 where 1IS/Sn, ISLESn, and 2k thenfi (z)=0(j= 1
2 .y n).

Lenma 3*°” Letf(z) and g(z) be womeranorphic functbns Iff andg share 1 CM, then one of the
follow ng cases must occur

() T(5 f)+T(x ) <2Ns(5

f)+Nz(rg1)+Nz (5 /) +N2(£g))+S(x [)+S(r g):
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(1) either/=g orfg=1
Lemma 4 Letp(z) and g(z) be wo coprim e polynan ials of degree ny and n,. Suppose thatf(z), g(z)

are Wo nonconstantmeran orphic functions and n 2max{4 2n,+ 4n,+ 3} is a positive nteger If

S (28" (2)8 (z) = [f’—(—% (1)
q(z)
and f(z)g(z)#Q thenh(z):m is a polynan nlof degree at most 2.

1

proof Byh(z)=— and (1) we have

fg
’ 2 N 2 2
[-& ¥ _1% ) _1 [i] - [-E] h’Hl‘ (2)
g 2 h 4 n q
Let
_g 1K
Q= (3)
By (2)

2__1i/2_ : n+ 1

o L B (4
r»l__l_q_zh_,z
3T g

(n+ 1)T(r h) = (n+ Um(ch) <2’n(r,—;L) + Zn(;%’) < 2maxfna— mi, 0) logr+ S( h).

Ifa= Q then by (4) we get that
Snceh is an entirg we have

Thus by n22m+ 4n+ 3 we know thath & a constan!
Now we assume that a#=Q D ifferentatng wo sides of (4), we have

’ _lh_/ hl/ /on+ 1 2:1/
VP TGP TP DY P RN

It bllows fom (4) and (6) that

nt 1 ’ zh/ ZG/__lﬂ hl ii
R O P O B (O A
’ zh’ 2(1/_
{9 v ool 544 50

hen by (7) we deduce that eiherh’ 2A=0or (h'/h)' = (h'a’ ) /(ha)=Q ¥h'/h=Q thenh isa constant
It (k' /h) = (h'a’) /(ha)= Q then we have

If

W' /h = cq (8)
where ¢ is a constant Ifc= 0 henh is a constant If¢Z(Q then we get fran (4) and (8) that

SRElEN e
p 4 Uk
Snceh is an entirg we have

(n+ DT (ch) <2m(5qp)+ (s h'/h)+ 0(1) < 2max{n, — ny, O} logr+ S(r h).
Then by n22n, we know thath is a constant

2 2 o
22 a1 - ==
72 g q) h q) «a
Then by (7), the fist fundanental theorem, and the fact thath is an entire we obtan

1
S 2plg) (p /) + (n+ V)(plg) (k)= 2(plg) a /d

Nextwe assume that

(n+ UT(5 h) =m(r k™) <m

J— 8_
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A3 {4 -5 o

By (4) the poles of d must be the zero points ofh orq. 1Ifn, 2n,, thenwe deduce fram (9) hat
+ )T A h < %[ % + [ 7 1 7 7 1
(e DRSS e ) S da) ip /a) = (ns 1 (W ) — 20773

ARl A _ K a
“”[‘ 2 h[[f] h aﬂw(”
2M+ (n+ 1)——2—]+m[r, 5}2[[&] ’_%%]}0(1)

<(n1+nz)logr+N(nI)+N(zz)+S(r,h)+S(;C(). (10)

Ifni< np, thenwe deduce fm (9) that

n I < 1
h
n

N

hoa

<2(n2—n1)10§f+T[r, 2M+(n+ 1)£—2i
P/q h
Ao
< (3n- m ) log+ N (r 1)+N(r—)+S(r h)+S(r a). (11)
By Lanma 1 and (4) we have
T(ra)=T(ra)+S(ra) :T[r,—i[i}jz—[-ﬂ 2h’”ﬂ+5(; a). (12)
Ifn 2ny, thenwe deduce fran (12) that
A(ra)<2log+ (n+ 1T (x h)+2N(r,71)+S(;h)+S(r, a). (13)
Ifn < ny thenwe deduce fm (12) that
T(ra)<2mlog+ (n+ UT(1 h) + QZV(r,Il)JrS(r, h)+ S(r a). (14)

Thus by (10) ~ (14) we obtain
(n=3)T(rh) <220+ n)logr+ S(r h), (ifm >n2),
(n=3)T(rh) < 8 bgr+ S(sh), (ifni < m). (15)
Then by (15), Lenma 4 is proved
Lemma 5 Letp(z) andg(z) be wo coprine polynan ials of degree ny and n,, f(z) and g (z) be wo

transcendental m eran orphic( entire) functions and n 211 (n >6) be a positive integer Iff " (z)f (z) and
2

g"(z)g,(z) share%%% CM, ten eitherf” (z)f/(z)g"(z)g/(z)E %(%ﬂ orf(z)=tg(z) fora constant such

hat /7 '= 1

LLZf_LZ g (z)g(z) n / " ’ plz)
Proof LetF(z)= 0 (2)/a(z)° G(z)= 0 (z) Ja(z) Then by f " (z)f (z) andg (z)g (z) shareq(z)

(M, weknov thatF (z) andG(z) share 1 CM. By the fist findamental theoran andm (1 14)<m (r, 14 )
+S(r, f) we have

N[r’f_q <N[r,71]+/\f(r, f)+ S5 f)

Hencewe obtan
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Nz[r’%] <sz[;f] +N[gﬂ+ mlog + S(r f)
<A G orleA)- D= Fol oA e mresie s
Bt (e e
+[1-72]n+lkar,f—l]+nzlogr+5(rf)

N e O R O L

AN

I/V[r, 1, LN (£ f) + mlogr+ S(r f). (16)

Nz[r,%]uvz(r, f) <=2 [ ff} N (5 f) 4 N (5 )+ (mtna) g+ S(x f)

Thus we have

3 1
<n+ N ffJ fV(rf)+ (ni+ m) logr+ S(r f)
3n 3nn2
n+ 1N{ ] lg’ (n+1)(n+2)w‘f) (n+ 1)(n+ 2)
+ (ni+ m) logr+ S(5 f). (17)

On the other hand by Lemma 1 we have
nl (5 f) =T(x f7)+S(5 f) <T[r,%’;—q] + 21 (5 f)+ (m + m)log+ S(r f),

hat is
(n=2)T(t f) ST (5 f)+ (m+n2)log+S(t f) (18)
Thus by (17) and (18) we have
N[ ]+N (r f) < —6T( f) 4 (ot ) o+~ g
3nn,
Y nt )(n+ 2) gt S 1) (19)
Smilarl, we have
6 3n
Nz[ G]+N (r G) < —T(rG)+(n1+ nz)logf+ 1logr
My s S(rG) (20)

Tt U(n+ 2)
Suppose that

T(r f)+T(r,G) <{N2[571]+N2(r, f)+N2[r,El]+Nz(r, G)}+S(r, f)+S(5G). (21)

Then by (19) ~ (21) and n2 11 we get that

4(n+ 2) 3 12nn
T(r f)+T(r6)< n”_ 10[”‘*””,13]1 logr +

;logr+ S(r f)+ S(r G). (22)

Smnce both f andg are transcendentalm eran orphic function, then both F' and G also are transcendentalm e
anowphic functbn Therefore by (22) we get a contradiction.
By Lemm a 3 we get that either ' (2)G(z)=1 orF (z)=G (z), that is eitherf " (z)f ,(z)g" (z)g’(z)E

2
[‘](i)} orf(z)=1g(z) for a constant such that /"' = L The proof of the Lanm a 5 is canp kte
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2 Pwofs of Proposition 1 and Theoran 1

Proof of Proposition 1 By
2
[ (2)8 (8 () = [LU} , (23)
q(z)
we first pove thatf(z)g(z)ZQ
In fact suppose thatf(z) has a zero zo w ith multp licitym. Then by (23) andn Zmax{ 11 20, + 4n, + 3}
we know thatz is a pole ofg(z) (sayw ith multp licity 1> 1). W e fist prove thatm = [
Suppose on the contrary thatm Z [ Then
m=-1(n+1)<2(nm+ 1), (ifm> 1), (24)
(I-m)(n+1)<2(nm- 1) (ifm < 1), (25)
which is mpossbleg shcen 22n + 4y + 3
Hencewe get thatm= [ that & af(z)g(z)Z0Q
Set
N
f(2)g(z)

Then h(z) is an entire functbn By Lenma 4we know thath(z

h(z) = (26)

):m is a polynam ial of degree at

most 2 Then by (23) we have

’ / 2
1(745;—:[%] B (27)
On the other hand by differentiatng fg = Il we get that
/ / h/
f? P L= (28)

Thus by (27) and (28) we get that
[(z) _pz) gl(z) _ @(2)
fo) T m e=) (e (2
where bothp(z), p2(z) andqi (z), ¢ (z) are wo coprin e polynam ials
Shcef(z)g(z)Z0 and (29) we can write

_ 1 ) & ) = 1 g
f(z) —p3(z)Q() . g(z) q3(z)Q (z) ; (30)

where ) (z) is a ratbnal function a(z) is anonconstant polynanial p; and ¢; are wo coprine polynam ials sat

isfyng deg ps + deg ¢s <2 and the zeros ofps (z), ¢s (z) are not he zros or poles of Q (z).
Nextwe pwove that both ps(z) and ¢; (z) are constants By (23) and (30) we have

’ Q/ _ / ’ Q/ ’
P34 q(z)
By (31) we know that both[((l/+ %)pg—p3/]q(z) and [((1/+%)q3+ qg/]q(z) are po lynam ials
Set
pa(z) = [(0+ o= piTa(an iz = [+ 500+ ) Ta(z) (32)
By (31) we have
) (33)
pP3 q3

Suppose that degps;=m Z0 or degg; = [ZQ W ithout loss of generality we assum e that deg p; > deg gs.
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Then by degps + deg 3 < 2we consiler three cases
Casel degp3: 2 and deg g3= 0 Then by (32) we deduce degps = deg qu+ 2 By (32) (33) and
P 2|p4114 we haveps' |q4q, so hatdeg(qaq) 2(n+ 1), d&g(p4q)>2(n+ 1)+ 2 Then byn max{ 11 2n,
+ 4dna+ 3} we have deg(paqs) — ded py’q 'Hj > deg(p4q4q ) - degq — degd p° '”3 2 4(n+ 1)+ 2= 2nm,
- 2(n+ 2) = 2n+ 2= 2n,> 2ny = degp, whrh is mpossble
Case2 degps;=1and deggs=1 By (32), (33) andp’fff2 |pags we havep§+2 lgs¢ S ilarly we have
“lpag. Sothatps” Ipsqug g3 1 qapag

’

/
Bypsqag=| (a'+ %)p3%+p3qs ¢ and gspag=| (a'+ %)mqs—ps/tp q" we know (psqaq)

(2 2y)

(2+2n,) . n+ 3= ( 2+ 2ny) (2+ 2112) n+ 3~ ( 2+ 2ny) (2+2ny)
. Sincep; V&

(q3paq) I (psquq) I (¢spaq) . andps, g5 are wo coprime poly-

nanialy we get that (psgs)" """ 1 (psqig) . Thus deg(psqag) = deg(gpag) 22| (n+ 3) - 2-

2n2] + 2+ 202 Byn max{ 11 2n; + 4n, + 3} we have deg(psqs) — degp; q; = deg(p4q4p3q3q2) - 2np-

n+3 n+3

degps "¢z~ = 2deg(psqaq) — 2n2— 2(n+ 3) 202 (n+ 3) - 2-2m ]+ 2+ 202} — 2no—- 2(n+ 3) =
2(n+ 3)- 4= 6nx = 2n+ 2- 6mp > 2ny = degp, which is mpossble

Case3 degps;=1 anddegqg;=Q Usng the sane argument as above Case 2 we can geta contradictbn.
Hence we deduce that both p; (z) and ¢; (z) are constants Fram ( 23) and (30) we get thatf(z) =

aQ(z) e, g(z) = czQ_I (z) ¢"”, wherec; and ¢ are o nonzero constants Q(z) is aratonal fancton,
/ 2 2

and a(z) is a nonconstant polnam ial satisfying (¢ cx)" I{G/(Z) +%(%ﬂ = - {%%ﬂ . The pwof of the

Propositbn 1 is canp lete

Proof of Theoren 1 By Lenma 5 we have
2

[ (2)g" (2)g' (2) _[]J_((_ﬂ orf(z)= g (z) for a constant such that /"' = 1
W' (2)f (2)g" ()8 (2) = ;ﬂ(—f] . then by Proposition 1we get thatf(z) = aQ ()€,  g(z) =

cfol (z) ¢, where ¢ and ¢, are wo nonzero constants () (z) is a rational function and a(z) is a noncon-

’ 2 2
stant polynam ial satisfying (cic2)" { a'(z)+ %_((fﬂ = [% . Thus he proof of the Theorem 1 is can—
plete
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