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Abstract: In th is paper, the un iqueness of m erom orph ic fun ct ion s is stud ied and the follow ing resu lt is proved: Let

p ( z) and q( z) b e tw o cop rim e polynom ials of degreen1 and n2 respectively, let f ( z) andg ( z) be tw o nonconstan t tran-

scendentalm erom orph ic functions, and let n\ m ax{ 11, 2n1 + 4n2 + 3 } b e a pos it ive in teger. If f n ( z ) f c( z ) and

gn ( z )gc( z ) share p( z ) /q( z ) CM, th en f ( z ) = c1Q ( z ) eA( z) , g ( z ) = c2Q
- 1 ( z) e- A( z) , wh ere c1, c2 are tw o con-

s tan ts, Q ( z) is a rat ional fun ct ion, and A( z ) is a nonconstan t polynom ial satisfying

( c1 c2 )
n+ 1 Qc( z)

Q ( z)
+ Ac( z )

2

S -
p ( z)

q( z)

2

, orf ( z) S tg ( z ) for a constan t t satisfying tn+ 1 = 1.
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分担有理函数的亚纯函数

仇惠玲

(南京审计学院应用数学系,江苏南京 210029)

[摘要 ]  研究亚纯函数的惟一性,证明如下结果: 设 p ( z )和 q ( z )分别为 n1和 n2次多项式且互素,

f ( z )和 g ( z ) 是两个超越亚纯函数, n \ m ax{ 11, 2n
1
+ 4n

2
+ 3}是一个正整数, 如果 f n ( z ) f c( z ),

gn ( z ) gc( z )分担有理函数 p ( z )

q ( z )
CM, 则 f ( z ) = c1Q ( z ) eA( z) , g ( z ) = c2Q

- 1 ( z ) e-A(z) , 这里 c1, c2是两

个常数, Q ( z )是一个有理函数, A( z ) 是一个非常数多项式, 满足 ( c1 c2 )
n+ 1 Qc( z )

Q ( z )
+ Ac( z )

2

S -

p ( z )
q ( z )

2

;或者 f ( z ) S tg ( z ), 其中 t是满足 tn+ 1 = 1的常数.
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0 Introduction

In this paper, by a m eromorph ic function w e a lw ays mean a function w h ich is meromorphic in the w ho le

comp lex plane. Let f ( z) be a nonconstantmeromorphic function. W e use the fo llow ing standard notations of va-l

ue d istribution theory, T ( r, f ), m ( r, f ), N ( r, f ), �N ( r, f ), N ( r, 1 /f ), , ( see H ayman
[ 1]
, Y ang

[ 2 ]
,

Fang
[ 3 ]
) . W e deno te byS ( r, f ) any function satisfy ingS ( r, f ) = o{T ( r, f ) }, as ry + ] , possib ly outside of

a setE w ith finitemeasure.

Leta be a finite comp lex numbers. W e denote byN 2 ) r,
1

f - a
the coun ting funct ion for zeros of f ( z ) - a
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w ith multip licity atmost 2, and by�N 2) r,
1

f - a
the correspond ing one forwh ichmultip licity is not counted. Let

N ( 2 r,
1

f - a
be the count ing funct ion fo r zeros of f ( z ) - a w ithmu ltiplic ity at least 2 and �N ( 2 r,

1

f- a
the co r-

respond ing one forwh ich mu lt iplic ity is not counted. Set

N 2 r,
1

f - a
= �N r,

1

f - a
+ �N ( 2 r,

1

f - a
.

Let f ( z ) and g ( z) be two meromorph ic functions, and letp ( z ) and q ( z ) be tw o po lynom ia ls. If f ( z ) -
p ( z )

q ( z )

and g ( z ) -
p ( z )

q ( z )
assum e the same zeros w ith the samemultip licit ies, then w e say thatf ( z ) and g ( z) share

p ( z )

q ( z )

CM. In add ition, the sign / p ( z ) |q ( z )0 means that there ex ists a po lynom ia l r ( z ) such that q ( z ) = r( z ) p ( z ).

The follow ing results w ere proved in [ 4] and [ 5] .

Theorem A Let f ( z) and g ( z ) be two nonconstantmeromorphic functions and n\11 a positive integer.

If f
n

( z ) f c( z) and g
n

( z )g c( z ) share 1 CM, then e itherf ( z ) = c1 e
cz

, g ( z ) = c2 e
- cz

, where c1, c2 and c are three

constants satisfying ( c1c2 )
n+ 1

c
2
= - 1, or f ( z )S tg ( z) for a constant t such that t

n + 1
= 1.

Theorem B Let f ( z ) and g ( z ) be tw o nonconstant meromorphic ( en tire) functions, n\ 11 ( n\ 6) a

positive integer. If f
n

( z )f c( z) and g
n

( z) gc( z) share z CM, then e itherf ( z ) = c1 e
c z2

, g ( z ) = c2 e
- cz2

, w here c1,

c2 and c are three constants satisfy ing 4( c1c2 )
n+ 1

c
2
= - 1, o r f ( z) S tg ( z) for a constant t such that t

n+ 1
= 1.

In this paper, w e ex tend above resu lts as fo llow s.

Proposition 1 Letp ( z ), q ( z ) be two coprim e polynom ials o f degree n1 and n2 respective ly; let f ( z ) and

g ( z) be two nonconstant transcendenta lm eromorph ic functions, and n\max{ 11, 2n1 + 4n2 + 3} a positive inte-

ger. If f
n
( z ) f c( z) gn

( z ) gc( z ) S p ( z )
q ( z )

2

, then f ( z) = c1Q ( z ) e
A( z )

, g ( z ) = c2Q
- 1

( z ) e
- A( z )

, where c1, c2 are

tw o constants, andQ ( z) is a rat iona l function, and A ( z ) is a nonconstant po lynom ia l sat isfy ing

( c1c2 )
n+ 1 Q c( z )

Q ( z )
+ Ac( z )

2

S p ( z )
q ( z )

2

.

Theorem 1 Letp ( z) and q ( z ) be tw o coprime po lynom ials of degree n1 and n2 respectively, and f ( z )

and g ( z ) be tw o nonconstant transcendentalmeromorph ic functions, n\max{ 11, 2n1 + 4n2 + 3} a positive inte-

ger. If f
n
( z )f c( z ) and g

n
( z )g c( z ) sharep ( z ) /q ( z ) CM, then e ither f ( z ) = c1Q ( z ) e

A( z )
, g ( z ) = c2Q

- 1
( z )#

e
- A( z )

, where c1, c2 are two constants, andQ ( z ) is a rational function, and A( z ) is a po lynom ia l satisfy ing

( c1 c2 )
n+ 1 Q c( z )

Q ( z )
+ Ac( z )

2

S p ( z )

q ( z )

2

, or f ( z ) S tg ( z ) for a constant t such that t
n+ 1

= 1.

1 Some Lemm as

In order to prove Theorem 1, we need the fo llow ing lemm as.

Lemma 1
[ 6]  Let a1, a2, , , an be finite comp lex numbers, an X 0, and let f be a nonconstan tmeromo r-

phic function. ThenT ( r, an f
n
+ an- 1 f

n- 1
+ , + a1 f ) = nT ( r, f ) + S ( r, f ).

Lemma 2
[ 7]  Let f j ( z ) and g j ( z) ( j= 1, 2, ,, n ) be tw o sets of entire functions satisfy ing:

( i) E
n

j= 1
f j ( z ) e

gj ( z ) S 0;

( ii) f j ( z) has a sm aller order than e
g
l
( z ) - g

k
( z)
, where 1[ j[ n, 1[ l, k[ n, and lX k, then fj ( z ) S 0( j= 1,

2, ,, n).

Lemma 3
[ 4, 8, 9 ]  Le t f ( z) and g ( z ) be two meromorphic funct ions. If f and g share 1 CM, then one of the

follow ing cases must occur:

( i) T ( r, f ) + T ( r, g ) [ 2{N 2 ( r,
1

f
) +N 2 ( r,

1

g
) + N 2 ( r, f ) +N 2 ( r, g ) } + S ( r, f ) + S ( r, g );

)7)
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( ii) either fS g or fgS 1.

Lemma 4 Letp ( z) and q ( z) be two coprim e polynom ials o f degree n1 and n2. Suppose that f ( z ), g ( z)

are tw o nonconstantmeromorphic functions, and n\max {4, 2n1 + 4n2 + 3} is a positive in teger. If

f
n
( z) f c( z) gn

( z ) gc( z ) S p ( z )
q ( z )

2

( 1)

and f ( z )g ( z ) X 0, then h ( z) =
1

f ( z ) g ( z )
is a po lynom ia l o f degree at most 2 .

proof By h ( z ) =
1

fg
and ( 1) w e have

gc
g

+
1

2

hc
h

2

=
1
4

hc
h

2

-
p

q

2

h
n+ 1

. ( 2)

Let

A=
g c
g

+
1
2

hc
h
. ( 3)

By ( 2)

A
2
=

1

4
hc
h

2

-
p
q

2

h
n+ 1

. ( 4)

IfAS 0, then by ( 4) w e get that

h
n+ 1

=
1

4
q

p

2
hc
h

2

. ( 5)

S ince h is an entire, we have

( n + 1)T ( r, h) = ( n + 1)m ( r, h ) [ 2m ( r,
q

p
) + 2m ( r,

hc
h
) [ 2m ax{ n2 - n1, 0} logr + S ( r, h ).

Thus by n\2n1 + 4n2 + 3, w e know tha th is a constan.t

Now w e assume that A¢ 0. D ifferent iat ing tw o sides o f ( 4) , w e have

2AAc=
1
2

hc
h

hc
h

c- 2 p
q

p
q

chn+ 1
+ ( n + 1) p

q

2

h
n
hc . ( 6)

It fo llow s from ( 4) and ( 6) that

h
n+ 1

2 p

q

p

q
c+ ( n + 1) p

q

2
hc
h

- 2 p

q

2 Ac
A

=
1

2

hc
h

h c
h

c- hc
h

Ac
A

. ( 7)

If

2 p
q

p
q

c+ ( n + 1) p
q

2
hc
h

- 2 p
q

2 Ac
A

S 0,

then by ( 7) w e deduce that eitherhc/hS 0 or ( hc/h )c- ( hcAc) / ( hA) S 0. If hc/hS 0, then h is a constan.t

If ( hc/h )c- ( hcAc) / ( hA)S 0, then we have

hc/h = cA, ( 8)

where c is a constan.t If c= 0 then h is a constan.t If cX 0, then w e get from ( 4) and ( 8) that

h
n+1

=
q

p

2
1
4
-

1

c
2

hc
h

2

.

S ince h is an entire, w e have

( n + 1)T ( r, h ) [ 2m ( r, q /p ) + 2m ( r, hc/h ) + O ( 1) [ 2max{ n2 - n1, 0} logr + S ( r, h) .

Then by n\ 2n2 we know that h is a constan.t

N ext w e assume that

2 p
q

p
q

c+ ( n + 1) p
q

2
hc
h

- 2 p
q

2 Ac
A

¢ 0.

Then by ( 7) , the first fundamental theorem, and the fact thath is an entire, w e obta in

( n + 1)T ( r, h) = m ( r, h
n+ 1

) [ m r,
1

2( p /q ) ( p /q )c+ ( n + 1) ( p /q )
2
( hc/h ) - 2( p /q )

2
Ac/A

)8)
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+ m r,
1
2

hc
h

hc
h

c- hc
h

Ac
A

+ O ( 1). ( 9)

By ( 4) the po les o fAmust be the zero po ints o fh o r q. If n1 \n2, then w e deduce from ( 9) that

( n + 1)T ( r, h) [ 2m r,
q
p

+ m r,
1

2(p /q )c/ (p /q ) + ( n + 1) ( hc/h ) - 2Ac/A

+ m r,
1
2

hc
h

hc
h

c- hc
h

Ac
A

+ O ( 1)

[ T r, 2
( p /q) c
p /q

+ ( n + 1)
hc
h

- 2
Ac
A

+ m r,
1
2

hc
h

hc
h

c- hc
h

Ac
A

+ O ( 1)

[ ( n1 + n2 ) logr + �N ( r,
1
h
) + �N ( r,

1
A
) + S ( r, h) + S ( r, A). ( 10)

If n1 < n2, then w e deduce from ( 9) tha t

( n + 1)T ( r, h ) [ 2m r,
q
p

+ m r,
1

2(p /q )c/ (p /q ) + ( n + 1) ( hc/h ) - 2Ac/A

+ m r,
1

2

hc
h

hc
h

c- hc
h
Ac
A

+ O ( 1)

[ 2( n2 - n1 ) logr + T r, 2
( p /q )c
p /q

+ ( n + 1)
hc
h

- 2
Ac
A

+ m r,
1

2

hc
h

hc
h

c- hc
h

Ac
A

+ O ( 1)

[ ( 3n2 - n1 ) logr + �N ( r,
1

h
) + �N ( r,

1

A
) + S ( r, h ) + S ( r, A). ( 11)

By Lemm a 1 and ( 4) w e have

2T ( r, A) = T ( r, A
2
) + S ( r, A) = T r,

1
4

hc
h

2

-
p

q

2

h
n+ 1

+ S ( r, A). ( 12)

If n1 \n2, then w e deduce from ( 12) that

2T ( r, A) [ 2n1 logr + ( n + 1)T ( r, h) + 2�N ( r,
1

h
) + S ( r, h ) + S ( r, A). ( 13)

If n1 < n2, then w e deduce from ( 12) that

2T ( r, A) [ 2n2 logr + ( n + 1)T ( r, h) + 2�N ( r,
1

h
) + S ( r, h ) + S ( r, A) . ( 14)

Thus by ( 10) ~ ( 14) w e obtain

( n - 3)T ( r, h ) [ 2( 2n1 + n2 ) logr + S ( r, h), ( if n1 \ n2 ),

( n - 3)T ( r, h ) [ 8n2 logr + S ( r, h ), ( if n1 < n2 ). ( 15)

Then by ( 15) , Lemma 4 is proved.

Lemma 5 Letp ( z ) and q ( z ) be tw o coprim e po lynom ia ls o f degree n1 and n2, f ( z ) and g ( z ) be two

transcendentalmeromorphic( ent ire) functions, and n\ 11 ( n\ 6 ) be a posit ive integer. If f
n
( z ) f c( z ) and

g
n
( z) g c( z ) share p ( z )

q ( z )
CM, then e ither f

n
( z )f c( z) gn

( z ) gc( z ) S p ( z )
q ( z )

2

or f ( z )S tg ( z ) fo r a constant such

that t
n+ 1

= 1.

Proof LetF ( z) =
f

n
( z )f c( z )

p ( z ) /q ( z )
, G ( z ) =

g
n
( z ) gc( z )

p ( z) /q ( z)
. Then by f

n
( z )f c( z ) and g

n
( z )g c( z ) share

p ( z )
q ( z )

CM, w e know thatF ( z) andG ( z ) share 1 CM. By the first fundamenta l theorem andm ( r, 1 /f ) [ m ( r, 1 /f c)

+ S ( r, f ) we have

N r,
1

f c
[ N r,

1

f
+ �N ( r, f ) + S ( r, f ).

Hencew e obta in

)9)
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  N 2 r,
1
F

[ 2�N r,
1
f

+ N r,
1
f c

+ n2 logr + S ( r, f )

=
2
n

n�N r,
1
f

+ N r,
1
f c

+ 1 -
2
n

N r,
1
f c

+ n2 logr + S ( r, f )

[ 2
n
N r,

1

f
n
f c

+ 1-
2
n

n
n + 1

N r,
1
f

+ �N ( r, f )

+ 1 -
2

n

1

n + 1
N r,

1

f c
+ n2 logr + S ( r, f )

[ 2

n
N r,

1

f
n
f c

+ 1-
2

n

1

n + 1
N r,

1

f
n
f c

+ 1 -
2

n

n

n + 1
�N ( r, f ) + n2 logr + S ( r, f )

=
3

n + 1
N r,

1

f
n
f c

+
n - 2
n + 1

�N ( r, f ) + n2 logr + S ( r, f ). ( 16)

Thus w e have

N 2 r,
1
F

+ N 2 ( r, f ) [ 3

n + 1
N r,

1

f
n
f c

+
n - 2

n + 1
�N ( r, f ) + 2�N ( r, f ) + ( n1 + n2 ) logr + S ( r, f )

[ 3
n + 1

N r,
1

f
n
f c

+
3n

n + 1
�N ( r, f ) + ( n1 + n2 ) logr + S ( r, f )

[ 3
n + 1

N r,
1

F
+

3n1

n + 1
logr + 3n

( n + 1) ( n + 2)
N ( r, f ) +

3nn2

( n + 1) ( n + 2)
logr

+ ( n1 + n2 ) logr + S ( r, f ). ( 17)

On the other hand, by Lemma 1 w e have

nT ( r, f ) = T ( r, f
n
) + S ( r, f ) [ T r,

f
n
f c

p /q
+ 2T ( r, f ) + ( n1 + n2 ) logr + S ( r, f ),

that is

( n - 2)T ( r, f ) [ T ( r, f ) + ( n1 + n2 ) logr + S ( r, f ). ( 18)

Thus by ( 17) and ( 18) w e have

N 2 r,
1

F
+ N 2 ( r, f ) [ 6

n + 2
T ( r, f ) + ( n1 + n2 ) logr +

3n1

n + 1
logr

+
3nn2

( n + 1) ( n + 2)
logr + S ( r, f ). ( 19)

S im ilarly, w e have

N 2 r,
1

G
+ N 2 ( r, G ) [ 6

n + 2
T ( r, G ) + ( n1 + n2 ) logr +

3n1

n + 1
logr

+
3nn2

( n + 1) ( n + 2)
logr + S ( r, G ). ( 20)

Suppose that

T ( r, f ) + T ( r, G ) [ 2 N 2 r,
1
F

+ N 2 ( r, f ) + N 2 r,
1
G

+ N 2 ( r, G ) + S ( r, f ) + S ( r, G ). ( 21)

Then by ( 19) ~ ( 21) and n\ 11 w e get that

T ( r, f ) + T ( r, G ) [ 4( n + 2)

n - 10 n1 + n2 +
3n1

n + 1
logr +

12nn2

n + 1
logr + S ( r, f ) + S ( r, G ). ( 22)

S ince both f and g are transcendenta lmeromorphic function, then bo thF andG a lso are transcendentalm er-

omorph ic funct ion. Therefore by ( 22) w e get a contradiction.

By Lemm a 3 w e get that e itherF ( z )G ( z ) S 1 orF ( z ) S G ( z ), that is e ither f
n
( z )f c( z ) gn

( z )g c( z )S

p ( z )
q ( z )

2

or f ( z )S tg ( z ) for a constan t such that t
n+ 1

= 1. The proof of the Lemm a 5 is comp lete.

)10)
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2 P roofs of Propos ition 1 and Theorem 1

Proof of Proposition 1 By

f
n
( z )f c( z ) gn

( z) gc( z ) S p ( z)

q ( z)

2

, ( 23)

we first prove that f ( z ) g ( z )X 0.

In fac,t suppose that f ( z) has a zero z0 w ithmultip licitym. Then by ( 23) and n\max{ 11, 2n1 + 4n2 + 3}

we know that z0 is a pole o fg ( z ) ( say w ith multip licity l\ 1). W e first prove thatm = l.

Suppose on the contrary thatm X l. Then

(m - l) ( n + 1) [ 2( n1 + 1), ( ifm > l), ( 24)

( l- m ) ( n + 1) [ 2( n2 - 1), ( ifm < l), ( 25)

which is impossib le, since n\2n1 + 4n2 + 3.

Hencew e get thatm = l, that is a f ( z) g ( z )X 0.

Set

h( z) =
1

f ( z) g ( z )
. ( 26)

Then h ( z) is an ent ire funct ion. By Lemma 4w e know that h ( z ) =
1

f ( z )g ( z )
is a polynom ial of deg ree at

most 2. Then by ( 23) w e have

f c
f

gc
g

=
p
q

2

h
n+ 1

. ( 27)

On the other hand, by d ifferent iating fg =
1

h
we get that

f c
f

+
gc
g

= -
hc
h
. ( 28)

Thus by ( 27) and ( 28) w e get that

f c( z)
f ( z )

=
p2 ( z )

p1 ( z )
,  g c( z )

g ( z )
=

q2 ( z )

q1 ( z )
, ( 29)

where both p 1 ( z ), p2 ( z ) and q1 ( z ), q2 ( z ) are two coprim e po lynom ials.

S ince f ( z ) g ( z) X 0 and ( 29) w e can w rite

f ( z ) =
1

p3 ( z )
Q ( z ) e

A( z )
,  g ( z ) =

1

q3 ( z)
Q

- 1
( z ) e

- A( z )
, ( 30)

whereQ ( z) is a rat iona l function, A( z) is a nonconstant po lynom ia,l p3 and q3 are tw o coprime polynom ials sa-t

isfy ing deg p3 + deg q3 [ 2 and the zeros o fp3 ( z), q3 ( z ) are not the zeros or po les ofQ ( z ).

N ext w e prove that both p3 ( z) and q3 ( z) are constants. By ( 23) and ( 30) w e have

[ (Ac+ Q c
Q

) p3 - p3 c] [ ( Ac+ Q c
Q

) q3 + q3c]

p3
n+ 2

q3
n+ 2 S -

p ( z)

q( z)

2

. ( 31)

By ( 31) w e know that bo th[ (Ac+ Qc
Q

)p3 - p3c] q ( z) and [ ( Ac+ Q c
Q

) q3 + q3 c] q ( z ) are po lynom ials.

Set

p4 ( z ) = [ ( Ac+ Q c
Q

)p 3 - p 3c] q( z),  q4 ( z) = [ (Ac+ Q c
Q

) q3 + q3 c] q ( z ). ( 32)

By ( 31) w e have

p4 ( z ) q4 ( z )

p3
n+ 2

q3
n+ 2 S - p

2
( z ). ( 33)

Suppose that deg p3 =m X 0 or deg q3 = lX 0. W ithout loss o f generality, w e assum e that deg p3 \ deg q3.

)11)
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Then by deg p3 + deg q3[ 2 w e consider three cases:

Case 1 deg p3 = 2 and deg q3 = 0. Then by ( 32) w e deduce deg p4 = deg q4 + 2. By ( 32), ( 33) and

p
n + 2
3 |p 4q4 we havep

n+ 1
3 |q4q, so that deg( q4q ) \2( n+ 1), deg( p4q )\ 2( n+ 1) + 2. Then byn\max{ 11, 2n1

+ 4n2 + 3} we have deg(p 4q4 ) - deg p
n+ 2
3 q

n+ 2
3 \ deg( p4 q4q

2
) - degq

2
- deg p

n+ 2
3 q

n+ 2
3 \ 4( n + 1) + 2 - 2n2

- 2( n + 2) = 2n + 2 - 2n2 > 2n1 = deg p
2
, wh ich is impossib le.

Case 2 deg p3 = 1 and deg q3 = 1. By ( 32) , ( 33) and p
n + 2
3 |p4q4 we have p

n + 2
3 |q4q. Sim ilarly w e have

q
n + 2
3 |p 4q . So tha tp

n+ 3
3 | p3q4q,  q

n+ 3
3 | q3p4q.

By p3q4q= (Ac+ Qc
Q

)p3 q3 + p 3q3 c q
2
and q3p4q = ( Ac+ Q c

Q
) p3q3 - p3 cq3 q

2
we know ( p3q4q )

( 2+ 2n 2) =

( q3p4q )
( 2 + 2n2) . Sincep

n+ 3- ( 2+ 2n2)
3 | (p3 q4 q)

( 2+ 2n2) ,  q
n+ 3- ( 2+ 2n2)
3 | ( q3p4 q)

( 2+ 2n2) , and p3, q3 are tw o copr ime po ly-

nom ials, w e get that (p3 q3 )
n+ 3- ( 2+ 2n2) | ( p3 q4q )

( 2+ 2n2) . Thus deg( p3q4q ) = deg( q3p4q ) \ 2 ( n + 3) - 2 -

2n2 + 2+ 2n2. By n\max{ 11, 2n1 + 4n2 + 3} we have deg( p4q4 ) - deg p
n+ 2
3 q

n+ 2
3 = deg( p4q4p 3q3 q

2
) - 2n2 -

deg p
n+ 3
3 q

n+ 3
3 = 2deg( p3q4q ) - 2n2 - 2( n + 3) \ 2 { 2[ ( n + 3) - 2- 2n2 ] + 2 + 2n2 } - 2n2 - 2( n + 3) =

2( n + 3) - 4 - 6n2 = 2n + 2 - 6n2 > 2n1 = deg p
2
, wh ich is impossible.

Case 3 deg p3 = 1 and deg q3 = 0. U sing the same argument as above Case 2, w e can ge t a contradict ion.

Hence w e deduce that both p 3 ( z ) and q3 ( z ) are constants. From ( 23) and ( 30) w e get that f ( z) =

c1Q ( z ) e
A( z)

,  g ( z ) = c2Q
- 1

( z) e
-A( z )

, where c1 and c2 are tw o nonzero constants, Q ( z ) is a rat iona l funct ion,

and A( z ) is a nonconstant po lynom ia l satisfy ing ( c1 c2 )
n+ 1 Ac( z ) + Qc( z)

Q ( z )

2

S -
p ( z )
q ( z )

2

. The proof o f the

Proposit ion 1 is comp lete.

Proof of Theorem 1 By Lemma 5 w e have

f
n
( z) f c( z )gn

( z) gc( z) S p ( z)

q( z)

2

or f ( z ) S tg ( z ) for a constant such that t
n + 1

= 1.

If f
n
( z) f c( z )gn

( z ) gc( z ) S
p ( z )

q ( z )

2

, then by Proposition 1 w e get thatf ( z ) = c1Q ( z ) e
A( z )

,  g ( z ) =

c2Q
- 1

( z) e
- A( z )

, where c1 and c2 are tw o nonzero constan ts, Q ( z ) is a rational function, and A( z ) is a noncon-

stant polynom ial satisfying ( c1c2 )
n+ 1 Ac( z ) + Qc( z)

Q ( z )

2

S -
p ( z )

q ( z )

2

. Thus the proo f of the Theorem 1 is com-

plete.
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