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0 Introduction

W e consider the folbw ing nonlinear least squares problem

m nf(x), (D

x€ Rn
where the ob jective functonf has the follow ng spechl fom

m

flx) = 5 250 (x) (2)

=1
where each r;(x) is a snooth finction fran R" to R W e refer to each r; as a residua] and we assume hroughout
this paper hatm 2n.
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Nonlinear least squares poblems have been a fruitful study area m anly because of the ir applicatbns to va-
rious practical problen s for nstance the solution of nonlnear equatbns and data fitting We can see that the
non Inear least squares problem (1) ~ (2) is aknd of unconstraned optin ization problens However ithas its
special structure So it is ntellgent to exploit the special structure nf and its derivatives form nm izing problem
(1~ (2), )

W e fistdefine zR" ~R" by

P(x) = (ri(x). n(x) e on(x). (3)

Usig this notation we have

g(x) = Vf(x) = J(x) r(x), (4)

m

H(x)=V'f(x)=1J](x)](x)+ ;n(x) v’ r(x), (5

o

where J (v ); i = X We denote S (x) = ];1 r(x) V2rj (x). Inmany app lications it is possble to calculate

J(x) explicitly then the gradientg (x) and the first part of H essian H (x ) can be easily obtaned However
he canputation of the second part S(x ) may cost expensively

In the folbwing paper we denotef, =f(x; ), Ji=J(x1), Si=S(xi), gi=g(x.) andH,=H (x, ).

At the current iterate x;, the Gauss— N ewton method uses the approximation H ;= JiJi, and enp bys the

follow ng quadraticmodel at x;
4(d) = fi + gld+ —d' J].d (6

A ot of numerical experments show that hismodel is effective for zero-residual and analkresidual case
Hovever for laige-resdual cas¢ the model (6) is madequatge because Sy is too significant to be gnored
Thus we can geta secant approximatbn ofS; by usng the quasiNew ton updating fomuh and thenwe geta bet
ter approxination ofH;. W e assume thatatx;, symm etricmatrx A; is the approxmation ofS;, then we can en—

ploy such a quadratic model

g(d) = fi+ gid + —éd’" (T + AL )d (7

h Demisetal'"?, the update fomula forA; is given as follows

(§i— Audy )y, + (90 —Audr) di ($. - Aud )yim
A1 = Ap + T - T 2 5 (8)
yidi (yedy )
where Ag=Q Y= (Jis1 - Jk)Tr(xk+ 1)y V=81 — 86 i=Xi1— X

Since Davilon'” proposed the conicm ethod for he unconstrained optin zatbn, varbus scholars have stud-

ied this topic The conicmodelmethod w ith more degree of freedan can incorporate more infomatbn in itera-
tons and it is more effective Moreover the conicmodel has the rapil convergence property near them inin izer
point as the quadrat model

In the next section, we describe our new alkorithm. W e discuss its global and bcal superlinear convergence

results in secton 2 In section 3 the numerical results are reported. The fnal remarks are given n section 4

1 Our A lgorithm

In this sectbnwe descrbe our new algoritm for nonlinear least squares problans At the k£ h iteraton, the

local conic model for (1) ~ (2) is as follows

gid | dB.d

b.(d) = fi + + = , 9
d) = T 2 (1+ hid) %)
where B, € R" is a horizon vector satisfyng 1+ hid>Q Ttis easy to get
1 hd' B.d
Ve, (d) = I- .+ , 10
H = T e T T (19
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v2¢k (d) = B, - hkgz - gkhz B QBkdh;r + thdTBk ~ hkh: (Qg]:d_,_ ?dTBkd
(1+ hd)’ (1+ hid)’ (1+ hid)’ 1+ hd
Obviousl, wehave that®,(0)=f, V. (0)=g) V2¢k(0)=Bk—hkg}f—gkh}f.

A ssume thatwe get the next iteration pointx;,; = X, + d; (how to getd, willbe given later), and the conic

). (11)

model atx;, | is

g id | dB..d

¢k+1(d)=fk+1+ 1+h£+1d+_2(1+hz+1d)2' (12)
A's the analysis n [ 4], wewant the above conicmodel to satisfy the folbw ng conditions
D1 (0) = fisr, VPui(0) = g, (13)
buri(—di) = fi, VOur(—di) = g (14)
Vi1 (0) = JirJio + Aps (15)

W e can find that ( 13) obvbusly hods It is easy to show that (14) are satisfied by choosing ¥,> Q k.1 and
B, to satisly

hiod, = 1- v, (16)
(gde)Yf+ 2(fi = frr) Vi + g:ndk =0 (17)
Bi.d, = Vg1 - Ykzgk+ Ykzhhldligl.- (18)
Let
Di= (fi—fir) - gidigids, (19)
ifD; >Q set@ = E and Y; =w Once Y, 5 detemn ned note that
— 8 a;
(1= % )b
hk+l - deA (20)
for any b, € R" such hatd, b, Z0 will satisfy ( 16). In particulag sicegid, < Q we can use by, = g, so that
1- Y.)g:
By, = (1208 (21)
grd,

Since V>, (0) =By, 1 — his 1giv 1 — us 1Biv1, frm (15) we have that

(JL. WJe1 + Ak+1)dk = Bk+1dk - hk+|g€+ldk - gk+lh£+]dk-
Then according to (16) and ( 18), we get that

(Jirdior + Ao Jdi = (2% = 1)gir — Vigi + iy (Vidigi — digi ). (22)
Fran (22), weknow thatA;, needs to satisfy the bllow ng generalized quas+lN ewton equation
Ak+1dk = J’Nk, (23)

whereﬂ = (2% - 1)gis1 - Ykzgk + hy. 1(YidAT-gk— dAT-g;H 1) - J:+1Jk+ d,.

Renark L 1 IfD,< Q we set ¥,= 1, and thenwe geth,, 1= 0 andy, =gi.1 — & ~Jio1Jiod,. The
conic model is reduced to the quadratic one

To detem neA ,, | uniquely we mpose the add itbnal conditon that anong all synm etricm atrices satisfy ng

the secant equatbn (23), A, is 0 sane sensg cbsest to the currentmatrx A;. In other words A, is the

solution to the follow ng problan
minl|lA - A; | (24)
st A=A, Ad, = y. (25)
M any matrix noms can be used in (24), and each nom gives rise to a different quasi—- N ewton method Now,
we use he weighted Frobenius nom to produce a quasi— New ton updating fomula of A, 1
Theoran 1 2 Assume that v, € R" satisfies vid, > Q@ and WER"™ is the nonsgular symm etric matri
satisfying the relation Wy, =W ldk, then the updating
(i = Avdi) JTr A TRET. Y - (i = ?kdkz)Tdkvk Vi (26)
vidy (Vk dk)

A = Ap +
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is the unique solitbn to the m nin izing problen
minflla - Al Ade =y A = A,
where ||A ”WF = lwaw]..
Proof SeeTheoren 3 1 7 n[5].
In particular ifwe setv,=d;, we get PSB analogue update

T
- ——d,d,, 27
dld, (dd,)> (27

and ifwe setvi=y,= g 1— g, thenwe get the DFP anabgue update

A1 = Ay +

T
= — - 'y Vi (28
v, (wdi )" )
A ccording to the differentvalies of v;, we can get other different updates

A1 = Ay +

OnceAy. is detem ned we get the update of By, 1,
B\ = j£+le+l + Apr + hk+1g2~‘+1 + g;mhL s
W e know thatB) is synm etric butwe cannot keep he positve definiteness of B, for these updates Sice the
trust regbn approach does notneed B to be positive defn ite to obtain global convergenceg we construct an ake-

ribm with trust region strategy
In the follw ng paper the notation [|* || denotes the Euclidean nom onR". At the k th iteration we add a

consiraint Tthd ‘<AA to the local conicmodel (9), thatis we can getd; by solving he follow ng subprob-
k
len
. .
.d d B.d
min b, (d) = fi + gAT +_1—]:rz
1+ h.d 2 (1+ hkd) (29)
d__I<
t e
S (F h{d‘\ .
Ifwe setw = | th(i then the trust regon subpwblem w ith a conic model (29) is transfomed to the Dllow ng
+
general tust regbn subpoblem w ith a quadraticmodel
mh‘bk(W):ﬁ£+gzw+_éWTBkW (30)
st lwlS A

The choice of the twust region radius is mporiant to the efficiency of the trust regon method so we use the adap-
tive trust region method gven by Zhang et al'™ 1o mplement our akoritm. That s n (30), A =

dlgelle B 'L where 0< e< 1, and p is a nonnegatie integer B, is a safely positve definitematrik based on

W,
Schnabel and Eskow modified Cho lesky factorizaton . W e getw, and set the trial step d; = ﬁ Then the
- hwy
actual reducton of f(x) is defined by
aredk =fk—f(xk+dk) (31)
and the predictive reducton off(x ) is defined by
pred, = b (0) = b (d,) = b(0) = d(wy) =— giwi - —;winwk. (32)

Furthey we defne r,= aral; /pred, to be ameasure of he mproven ent If heared; is satsfactory canpared w ith
pred;, the trial step d;, is accepted and x4, 1 =X, + di. O thew is¢ we reduce the tust regon radus ( ncreasing
p by one) to sole the subproblem (30) agamn until a satisfactory trial step is obtaned

Ranark 1 3 Wewillnot solve the subproblen ( 30) exactly to getw;, mnstead we can use sane inexact

methods to sobe it Nomatterwhich inexactm ethod is used we wantw, to satisfy the follw ng cond ition
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prede > Bl | m-{ mH (33
k

where BE (Q 1].
Now we descrbe our new algorittm as folbws
Algoritm 1. 4
Step @ Givenxo, ho Ay, €>Q 0<N< 1 Setk=Q p=0.
Step L Canputer(x; ), Jir and setg; =J r(x.). Ifllgi <€ then stop

1
Step 2 Setfi= —zr(xk)Tr(xk), B.=JiJ.+ A+ higi + gi .

Step 3 Solve the subpwblem (30) to getw;, and setd; = W—AT
1- hw,
Step 4 Campute ared,, pred; andr,.
Step & Ifr, 21 setXp.: =X+ d, generate Iy, 1, Arr1, setk=k+ 1 p=Q go tostep 1l O thew ise set
p=p+ 1, gotostep 3
Ranark 1 5 Genernally we setho= 0 andAo= 0 that is we use Gauss-New ton iteration to getx,.

Renark 1 6 In order to keep 1+ hd,> Q0 we just need to keep 1- hiw,> 0. Sowe need 1o keep

A lla < 1 If the tust regbn radus A, satisfies lh I 21 wewill set & =7, where O< a< 1

a
= Ml

2 Convergence Property

In this sectbn, we discuss the gbbal and local superlinear convergence properties of our akorithm. F st of
all wewoul like to make the folbwing assunptons
Assaption 2 1 (i) The levelsetL (x0) = (x| f(x)< f(x0)) isbounded forany givenxo€ R"; ri(x)
(i=1 2 .., m) is wice contnuously differentiable nL (x,) and bounded ( i IB, |l and ||k || are both un+
Hbmly bounded that is there existK;> 0 andK,> 0 such that B, ||<K| and || A, ”<Kz for allk .
Ranark 2 2 IfA ssumption 3 1 hoHs andB, is invertble, since B, lllllBk I >l, we know that there ex
ists a positve numberK;> 0 such that for all &
1B, ' 2K (34)
Lemma 2 3 Suppose that A ssumpton 2. 1 hols and thatw, is an inexact solution of the subproblem
(30) such that (33) holds Then A koritm 1 4 cannot cycle infnitely bewween Step 3 and Step 3
Proof Suppose thatA lgorithm 1 4 cycles nfnitely between Step 3 and Step 5 at iteration & W e define the
cycling ndex at iteraton k by k£ (i), then we have
ey < Toi=12 .. (35)
and Ay = ci'”gk””B;; ! ||_> 0asi ©0. On the other hand when Ak(,)_} Q we havewxf(i)_’ 0. Thenwhen [lw, |l
is sufficiently cbse to zerg snce 7, || is bounded we have 1/(1- hkT wy) = 1+0( lw, ||) Sincer; (x)(i=
1 2 ...m) is wice continuously differentiable n L(x, ), then here exitsK4> 0 such that 74 (x) 1<K, holds
for allx€ L (x,). Then fran the boundedness of IB, |l and I (x) | we obtain

T
8k Wi

gid, = = giwi+ O(llw,. I ). (36)
1- hk Wi
T
T w.H (x) w, T
d.H (x)d, = % = wiH (x) wi+ o ||, IF)s (37)
(1— hkwk)
| aredy — predi | = | f(xi) — f(xi+ di) + guwi + —;wIBk wi |
= |- g: dk - —édZH(xk + ek dk)dk + g{ Wi + —éwz Bk Wi |
= |- —2w,!H (xi + Od, )w, + —2w;:Bkwk +0 (|w. )|
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1
S S K+ K llwilP + 0 (lw,lP) = 0(llwi 1) (38)
Then we have
| ney — 1= '“rwikﬁ);il”eldw l ¢ O (oo I”) “ (39)
Dredy (;
predy i Bllg, ||m|.{ llws, ) | Hikh}

Snce ”wk(i) 7 0asi o, then fran (39) we have Iy ;) — 11”7 0asi oo, which mples that 7. 21 holds
for sufficently laige i This is a contrad iction to ( 35).

Lenma 2 4 IfB, is unifomm ly bounded there exist o positive scalars¢; and ¢, such hate,; < ||B; I
o

Proof In the sense of modified Cholesky factorization we have B, = B, + E; is safely positive defnite
SnceB; is unifom ly bounded there exist o positive scalars by Uy, such that

O< W SNB)SH k=12 ..
Then o <||IB; '€ & fork= 1 2 .., whereg= —1, o :—1.
L) B,

Theoran 2 5 Suppose that the conditions of Lenma 2 3 hold If €= Q A korithm 1 4 either stops in

finitelym any steps or generates an nfinite sequence {x;} such that
linllg.ll= 0 (40)

Proof Suppose that (40) is not trug then there exists a positive scalar € and an nfnite set7, such that
VEET ”gAH 2>e Shce by Lanma2 3 and Lemma 2 4 we have ¢ and B, "Il are both bounded away fran
zerq then we have A, is bounded avay fran zero VA€ T. On the other hand we have

F(x) = f(xer) 2 T* prad, > Be ||gk||m;{m ||||;’i||| >ne B amin L) (41)

Snce {f(x; )} ismonotonically decreasng and bounded below, then fran (41) we have Jm A= Q This is a

AE T
contradiction

Next we establish the local superlnear convergence for our algo rithm

Theoren 2 6 Suppose that Assumption 2 1 holds and the sequence {x; /] generated by Algorithm 1 4
convemes 1o x , whereH (x ) is positve defnite IfB; is positive defnite fork sufficiently large and the fo+
bw ng conditbn

Il(B,-H(x ))wl

i =0 42
A8 T 42
hods where w,= - B,~ lgk, then x; converges tox superlnearly
Proof Fram the assunption we know thatB, =B when k is sufficiently large Moreover W,= — B, ‘g is
he solitbn of the follw ng subprob lan
. T |
mn‘bk(W):fk+ng+_2WBkW (43)
st lwlIs< Nl B
Fist of al] we show that for k& sufficiently large we have
f(xi) = f(x + di)
> 44
¢(0)- ¢(d,) W (44)
Wi
Wheredk:—kTA. It follws fran (42) that
— Wy

g +H(x )w = of|lw, )

}f)k :—H(x* )_lgk+ 0(”wkll)’
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then

. lg. | o( . )
I 1< )™ I gl o hoelly o > g+ T

ShceH (x ) is positive definite we have hat [, I= 0 (llg. II).
Fran Theorem 2 5, we know thatgkﬁ Q sowe have W 0,

.
W
f(xk+ dk) - d)(d;f) = l_gkh{l‘ﬁ}k +_§ (1_ ;ZWA)ZWATMka — gZW;L - _éwZBkwk
- —lgk Wl W, + lw;ff (H(X ) - B, )W,
1- bW
1 1 0
— WM, -H(x )W+ —(————— - L )wM,w, 45
2(1» ())AQ'((l_hAA) )M W (45)
O
whereMsz(xk+W) for sme0€ (Q 1). Snceh, is unifom ly bounded we have
) W
1
—— = 1+ O(||w.|)- 46
= 10l (46
M oreover from g;r_) Q %, 0 and (42), we know that
lf(xi+ d.) — P(d,) | o =
f(= AA) 3 (4:) 0ask oo (47)
[,

Fran Ranark 2 2 we know that

A 1 . n - 1 - 1 - 1
b(0)— (d,) =— giw, — —W.Bw, = @B, ‘g - —2gZBk1gk = —2g£Bﬁgk >—2K3||gk . (48)

2
Therefore
L) ~f(xu+ &) e+ d) - ¢(d) ]
A k@) MM T T a0 - da |
<kl,r£ |f(xk+_1?)” |TZ(dk) | _ Tin | f(x + ﬁ;)kll (d, ) | (49)
23118k

The last equation of (49) holls because of W, [|= 0 (llgill). Fran (49) and (47), we know that (44) holds
fork suffciently large soxy. 1=x, + d, when kb & sufficiently laige Sincegi. 1= gw1— g — By, then by the
way to prove (45), we have

||gk+1 ” B ||gk+1 - 8k — Bw, ” — (50)
e I~ A
From d;= Wi, /( 1- ki) and (46) we have
lla, || - -
T lask oo 51
A b
Then fim (50) and (51), we obtain
||gk+1||
T =0 52
P >
Sncef(x) is wice contnuously differentiable and H (x ) is positive defnitg it is easy to show that
e = x|l
M x| >3

Thus x; converges to x superlinearly.
3 Numerical Results

In this sectbn, we test our Algorithm 1 4 on a set of standard nonlinear least-squares problems gven in
[ 8]. In the bllow ng we use cls to stand for our new akorithm. In order to show the perbmance of ¢ls, we
campare cls w ih the quas+New ton trust region akorithm usng the quadraticmodel (7), which is denoted by ¢l
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n the remander All the progran s arew ritten mMATLAB w ith double precision For camparison gls also uses

he adaptive trust regbn strategy.

" 10 solve the quadratic trust re-

gion subproblems ( 30). It can be proved that this nexactm ethod can keep ( 33) hold w ith B= —; For canpar+

In this paper we use the con pgate gradientm ehod proposed by Steihauglg

son cls and gls use the sane subroutine to solve he quadratic trust regon subpwblem.

_3 .
The parameters are chosen as follws N= 0 1 €= 10 , ¢= Table 1 Listof test problens

z
=]

0 25 a=1- & Wedenote the nunber of gradient evalations by ng, Nane of Problam nom
he number of finction evaluatbns by nf. L is the canmon logarithm of ! Rosenbrock fanction 22
2 Helical valley function 3 3

parameter factor lo the standard initial pont accordng to the rule given 3 Poyell singular finction 4 4
n [8]. f & the fnal objective functbn vahe thatwe obtan. Note hay ¢ Freudensien and Roh finction 22
. . . . o . 5 Band functon 3 15
n the follow ng tables / denotes the optinal objective function value ¢ K gvak and Osbome function 4 11
Fran the nun erical results we have the follow ng conclusions 7 Waston functon 6 3

. . 8  Waston function 9 31

L Fran the num erical results in Table 2 and Table 3 we can see 9  Waston function 12 31

hat formost of the problan's cls perfom s better than gls, and for same 10 Box threexdinensinal fincton 310
L. . 11 Jemirich and Sam pson function 2 10

problans ¢ls reaches the m nmun, butqgls fails 12 Bown and Denni functon 4 20
2 Fran the numerical results about cls n Table 2 and Table 3 we 13 Bmown alostInear functin 40 40

14  Osome 1 functon 5 33

can see that the numbers nf and ng for the update ( 28) are sanaller than
those required for the update (27) formost of he problens consiered

3 Alsg we have canpared our results about ¢ls in Table 2 with the results in [ 4], we find that our ake-
ritm perfom s better

Tablk 2 Num erical results

No(L) P cls qls
Ol
nf  ng S W ong S
1(0) 0 74 44 9.6387e-026 55 15 1 780 8e— 021
1(1) 0 96 58  3.6108e-023 103 27 1 728 9e- 024
2(0) 0 27 15 4 6396e-022 54 18 6 731 le- 021
2(1) 0 30 16 1.3756e—020 77 32 4297 4e- 019
3(0) 0 36 24 3.2330e-013 46 23 40327e- 012
3(1) 0 46 29  1.6360e-013 67 29 6 649 5e- 013
4(0) 22492 1... 38 15 22 4921 23 10 22 4921
4(1) 22492 1... 43 23 22 4921 61 20 22 4921
5(0) 4,107 43...1073 26 15 0 004 1 70 21 1. 1815
5(1) 8 714 3... 501" 490 8 7280 501" 440 8 7225
6(0) 1. 537 52...10" * 36 20 2 1184e-004 54 23 2 1184e- 004
7(0) 1. 143 83...1073 44 19 0 0011 83 21 0 0011
8(0) 6.9988...1077 56 37  6.9988e-007 75 16 6 998 8e— 007
9(0) 2 36119...10° 114 95  6.7949e-009 501" 464 9 8524e— 009
10(0) 0 26 11 2 8298e-015 22 9 2 707 2e- 020
10( 1) 0 83 31 9. 1362e- 018 409 88 7551 8e- 013
1(0)" 62 181... 26 17 62 1811 292 212 62 1811
ey 62. 181... 87 55 62 1811 299 89 129. 790 1
2(0)* 42911 I... 40 21 4.2911e+ 004 62 30 4291 le+ 004
2’ 42911 I... 45 22 4.291le+ 004 66 31 4 291 le+ 004
13(0)" 0 12 8 4.2383e-023 44 32 29228e-010
B 0 158 108 2 4891e- 012 345 235 1 1289e- 011
14(0)" 2 7324...107° 94 70 2 7324e-005 187 48 2 732 4e- 005

*: We stop cls orgls when rf’> 500 t: cls reaches them inmum, butgls fails * : For these poblans

d
we stop cls and quhen#:-””xk”< €
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Tabl 3 Num erical results

cls qls
No(L) f
nf  ng S o ng S
1(0) 0 53 23 1. 777 Oe— 022 86 38 8 196 3e- 023
1(1) 0 129 76 7. 088 5e- 016 200 63 1 009 5e- 023
2(0) 0 61 19 1. 718 2e- 019 74 27 2 168 3e- 018
2(1) 0 24 14 1. 167 7e- 009 52 28 3990 2e- 023
3(0) 0 42 27 4. 166 le- 013 57 30 2 373 8e- 012
3(1) 0 74 38 2. 418 0e—- 014 126 46 1 579 7e- 012
4(0) 22492 1... 72 22 22 492 1 216 37 22 4921
4(1) 22. 492 1... 75 27 22 4921 274 48 22 4921
5(0) 4107 43...1073 25 12 0 0041 47 16 0 004 1
5(1) 8 714 3... 501" 481 8 7617 501" 465 8 7363
6(0) . 537 2...10° 4 41 23 2. 118 4e- 004 86 27 2 118 4e- 004
7(0) 1. 143 83...1073 48 18 0 0011 79 21 0 0011
8(0) 6. 998 8...10 7 64 42 6. 998 8e— 007 54 16 6 998 8e— 007
9(0) 2 36119...10° 1 501" 484 2333 6e- 008 501" 453 3 959 2e- 007
10(0) 0 29 13 4. 572 9e- 024 33 11 3 281 9e- 021
10(1) 0 83 35 1. 016 9e- 017 245 42 3 362 6e- 023
11(0)" 62 181... 29 19 62 1811 35 21 62 1811
ney” 62 181... 95 56 62 1811 346 119 129. 790 1t
12(0) 42911 1... 58 24 4. 291 le+ 004 79 25 4 291 le+ 004
2(n” 42911 1... 39 26 4. 291 le+ 004 82 38 4 291 le+ 004
13(0)" 0 11 6 1. 019 7e- 011 10 7 1 023 9e- 027
B(Y” 0 154 105 3.5613e-011 313 229 0
14(0)" 2 732 4...107° 158 114  2.7324e-005 160 46 2 732 4e- 005

4 Conclisions

An adaptive conic trust regon method for non lnear least— squares prob lans has been presented Under cer
tainm ild conditbns we establish the global and local superlnear convegence resulis for the poposed method
The numerical results show that the conicmodel n connectonw ith the adaptve trust region strategy and appox+

matbn solution of subproblan is canpetitve
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