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[摘要 ] 针对非线性最小二乘问题, 利用锥模型算法思想, 给出了海赛矩阵中二阶信息项的割线

近似的不同校正公式,并利用自适应信赖域技术给出了求解非线性最小二乘问题的自适应锥模型

信赖域算法.算法中我们允许使用非精确方法近似求解信赖域子问题. 文中给出了新算法的全局

收敛性和超线性收敛性分析以及数值试验结果.
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0 Introduction

W e consider the fo llow ing nonlinear least squares problem

m in
x Rn

f (x), ( 1)

w here the ob jective funct ion f has the fo llow ing spec ia l form

f (x) =
1
2

m

j= 1
r
2
j (x ), ( 2)

w here each rj (x ) is a smooth function from R
n

to R. W e refer to each rj as a residua,l and w e assum e throughout

th is paper thatm n.
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Nonlinear least squares problem s have been a fru itful study area, m ain ly because o f the ir applications to va-

rious practica l prob lem s, for instance, the so lution of nonlinear equat ions and data fitting. W e can see that the

non linear least squares prob lem ( 1) ~ ( 2) is a k ind o f unconstra ined optim ization problem s. H ow ever, it has its

special structure. So it is in telligen t to explo it the specia l structure in f and its derivatives form in im izing problem

( 1) ~ ( 2) .

W e first define r: R
n

R
m

by

r(x ) = ( r1 (x), r2 (x ), , rm (x ) )
T
. ( 3)

U sing th is no tation, w e have

g (x ) = f (x ) = J (x)
T
r (x), ( 4)

H (x ) =
2

f (x ) = J (x)
T
J (x) +

m

j= 1
rj (x )

2
rj (x ), ( 5)

w here J (x ) j, i =
rj

x i

. W e denote S ( x ) =
m

j= 1
rj ( x )

2
rj ( x ). In m any app lications, it is possib le to ca lculate

J (x) explic itly, then the gradient g (x) and the first part ofH essianH (x ) can be easily obta ined. H ow ever,

the compu tation o f the second part S (x ) m ay cost expensively.

In the fo llow ing paper, w e denote fk = f (xk ), Jk = J (xk ), Sk = S (xk ), gk = g (xk ) andH k = H (xk ).

A t the current iterate xk, the Gauss- N ew ton m ethod uses the approx im at ionH k J
T
k Jk, and em p loys the

follow ing quadraticm ode l at xk

q (d ) = fk + g
T
k d +

1

2
d

T
J

T
kJkd. ( 6)

A lot o f num erical exper im ents show that th is m ode l is effective for zero-residual and sm al-l residual case.

H ow ever, for large-residual case, the m odel ( 6) is inadequate, because Sk is too sign ificant to be ignored.

Thus, w e can get a secant approx im at ion o fSk by using the quas-iNew ton updat ing form u la and then w e get a be-t

ter approx im ation ofH k. W e assum e that a txk, symm etricm atrix Ak is the approx im ation ofSk, then we can em-

ploy such a quadratic m odel

q (d) = f k + g
T
k d +

1

2
d

T
(J

T
kJk + A k )d. ( 7)

In Denn is e t a.l
[ 1, 2]

, the update formu la forAk is g iven as fo llow s:

A k+ 1 = A k +
( ŷk - A kdk ) y

T

k + yk ( ŷk - A kdk )
T

y
T
k dk

-
d

T

k ( ŷk - A kdk ) yky
T

k

( y
T
k dk )

2 , ( 8)

w here A0 = 0, ŷk = (Jk + 1 - Jk )
T
r(xk+ 1 ), yk = gk + 1 - gk, dk = xk+ 1 - xk.

S ince Dav idon
[ 3]

proposed the conicm ethod for the unconstrained optim izat ion, var ious scho lars have stud-

ied this topic. The con icm ode lm ethod w ith m ore degree of freedom can incorporate m ore inform at ion in itera-

t ions and it is m ore effective. M oreover, the con icm ode l has the rap id convergence property near them inim izer

po int as the quadrat ic m ode.l

In the nex t section, w e describe our new a lgorithm. W e discuss its g lobal and local superlinear convergence

resu lts in section 2. In section 3, the num erical resu lts are reported. The final rem arks are g iven in section 4.

1 Our A lgorithm

In this sect ion w e describe our new algorithm for nonlinear least squares prob lem s. A t the k th iterat ion, the

local conic m odel for ( 1) ~ ( 2) is as follow s

k (d ) = f k +
g

T
k d

1 + h
T
kd

+
1
2

d
T
B kd

( 1 + h
T
k d)

2, ( 9)

w here hk R
n

is a horizon vector sa tisfy ing 1+ h
T

k d> 0. It is easy to ge t

k (d) =
1

1 + h
T
k d

( I -
hkd

T

1 + h
T
k d

) (gk +
B kd

1 + h
T
k d

), ( 10)
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2
k (d) =

Bk - hkg
T
k - gkh

T
k

( 1 + h
T
k d )

2 -
2B kdh

T
k + 2hkd

T
B k

( 1 + h
T
kd )

3 -
hkh

T
k

( 1 + h
T
k d )

3 ( 2g
T
k d +

3d
T
B kd

1 + h
T
k d

). ( 11)

Obviously, w e have that k ( 0) = fk, k (0) = gk,
2

k ( 0) = B k - hkg
T
k - gk h

T
k.

A ssum e that w e get the nex t iteration po intxk + 1 = xk + dk ( how to ge tdk w ill be g iven later) , and the con ic

m ode l at xk+ 1 is

k+ 1 (d ) = fk+ 1 +
g

T
k+ 1d

1 + h
T
k+ 1d

+
1

2

d
T
Bk+ 1d

( 1 + h
T
k+1d )

2. ( 12)

A s the ana lysis in [ 4], w e w ant the above con icm odel to sat isfy the fo llow ing conditions

k+ 1 (0) = fk+ 1, k+ 1 (0) = gk+ 1, ( 13)

k+ 1 ( - dk ) = fk, k+ 1 ( - dk ) = gk, ( 14)
2

k+ 1 ( 0) = J
T
k+ 1Jk+1 + Ak+ 1. ( 15)

W e can find that ( 13) obv iously ho lds. It is easy to show that ( 14) are satisfied by choosing k > 0, hk + 1 and

Bk + 1 to sa tisfy

h
T
k+ 1dk = 1 - k, ( 16)

(g
T
k dk )

2
k + 2(f k - f k+ 1 ) k + g

T
k+1dk = 0, ( 17)

Bk+1dk = kgk+ 1 -
2

kgk +
2

k hk+ 1d
T

kgk. ( 18)

Let

D k = (f k - f k+ 1 )
2

- g
T
k+ 1dkg

T
k dk, ( 19)

ifD k 0, set k = D k and k =
fk - fk+ 1 + k

- g
T
k dk

. Once k is determ ined, no te that

hk+ 1 =
( 1 - k )bk

d
T
k bk

( 20)

for any bk R
n

such that d
T
k bk 0 w ill satisfy ( 16) . In part icular, since g

T
kdk < 0, w e can use bk = gk, so that

hk+ 1 =
( 1 - k )gk

g
T
kdk

. ( 21)

S ince
2

k+ 1 ( 0) = B k+ 1 - hk+ 1g
T
k+ 1 - gk+ 1h

T
k + 1, from ( 15) w e have that

(J
T
k+ 1Jk+ 1 + Ak+ 1 )dk = B k+ 1dk - hk+ 1g

T
k+ 1dk - gk+ 1h

T
k+ 1dk.

Then, according to ( 16) and ( 18) , w e get that

(J
T
k+ 1Jk+1 + Ak+ 1 )dk = ( 2 k - 1)gk+ 1 -

2
kgk + hk+ 1 (

2
kd

T
k gk - d

T
kgk+ 1 ). ( 22)

From ( 22) , w e know thatAk + 1 needs to sat isfy the fo llow ing genera lized quas-iN ew ton equation

Ak+ 1dk = yk, ( 23)

w here yk = ( 2 k - 1)gk + 1 -
2
k gk + hk+ 1 (

2
kd

T
k gk - d

T
kgk+ 1 ) - J

T
k + 1Jk+ 1dk.

Remark 1. 1 IfD k < 0, w e set k = 1, and then w e get hk+ 1 = 0 and yk = gk + 1 - gk - J
T
k+ 1Jk+ 1dk. The

conic m odel is reduced to the quadrat ic one.

To determ ineA k+ 1 unique ly, w e im pose the add it iona l condit ion that am ong a ll symm etricm atrices sat isfy ing

the secan t equat ion ( 23) , Ak + 1 is, in som e sense, c losest to the curren tm atrix Ak. In other words, A k+ 1 is the

solution to the follow ing problem

m in A - Ak ( 24)

s. t. A = A
T
, Adk = yk. ( 25)

M any m a trix norm s can be used in ( 24) , and each norm gives rise to a different quasi- N ew ton m ethod. Now,

w e use the w eighted Frobenius norm to produce a quasi- New ton updating form u la ofA k+ 1.

Theorem 1. 2 A ssum e that vk R
n

satisfies v
T
k dk > 0, and W R

n n
is the nonsingular symm etric m atrix

satisfy ing the re lationWvk = W
- 1
dk, then the updating

Ak+ 1 = Ak +
( yk - Ak dk ) v

T
k + vk ( yk - A kdk )

T

v
T
k dk

-
( yk - A kdk )

T
dk

( v
T
k dk )

2 vk v
T
k ( 26)
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is the un ique so lut ion to the m in im izing problem

m in{ A - Ak W, F: Adk = yk, A
T

= A },

w here A W, F = WAW F .

Proof See Theo rem 5. 1. 7 in [ 5].

In particu lar, ifw e se t vk = dk, w e get PSB analogue update

A k+ 1 = A k +
( yk - A kdk )d

T
k + dk ( yk - Akdk )

T

d
T
k dk

-
( yk - A kdk )

T
dk

(d
T
kdk )

2 dkd
T
k , ( 27)

and ifw e set vk = yk = gk+ 1 - gk, then w e get the DFP ana logue update

A k+ 1 = A k +
( yk - A kdk ) y

T
k + yk ( yk - Akdk )

T

y
T
k dk

-
( yk - A kdk )

T
dk

( y
T
k dk )

2 yky
T
k . ( 28)

A ccording to the d ifferen t va lues of vk, w e can get other different updates.

Once Ak + 1 is determ ined, w e ge t the update ofB k+ 1,

Bk+ 1 = J
T
k+ 1Jk+ 1 + A k+ 1 + hk+ 1g

T
k+ 1 + gk+1h

T
k+ 1.

W e know thatB k is symm etric, bu tw e cannot keep the positive definiteness of Bk for these updates. S ince the

trust reg ion approach does no t needB k to be positive defin ite to ob tain g lobal convergence, w e construct an a lgo-

rithm w ith trust region strategy.

In the fo llow ing paper, the notation deno tes theEuclidean norm onR
n
. A t the k th iteration, w e add a

constra int
d

1+ h
T
kd

k to the loca l con icm odel ( 9) , that is, w e can get dk by so lv ing the follow ing subprob-

lem

m in k (d ) = f k +
g

T
k d

1 + h
T
kd

+
1

2

d
T
Bkd

( 1 + h
T
k d )

2

s. t. d

1 + h
T
k d

k.

( 29)

Ifw e setw =
d

1+ h
T
k d

, then the trust reg ion subproblem w ith a conic m odel ( 29) is transform ed to the fo llow ing

genera l trust reg ion subproblem w ith a quadraticm ode l

m in k (w) = fk + g
T
k w +

1

2
w

T
B kw

s. t. w k.

( 30)

The cho ice o f the trust reg ion radius is im po rtant to the efficiency of the trust reg ion m ethod, so w e use the adap-

t ive trust reg ion m ethod g iven by Zhang et a.l
[ 6]

to im p lem ent our a lgorithm. That is, in ( 30 ) , k =

c
p
gk B̂

- 1
k , w here 0< c< 1, and p is a nonnega tive integer. B̂k is a safe ly posit ive definitem atrix based on

Schnabel and Eskow m odified Cho lesky factoriza tion
[ 7]

. W e getw k and set the trial step dk =
wk

1- h
T
kwk

. Then the

actua l reduction of f ( x ) is defined by

aredk = f k - f (xk + dk ) ( 31)

and the predictive reduct ion of f (x ) is def ined by

predk = k ( 0) - k (dk ) = (0) - (w k ) = - g
T
kwk -

1

2
w

T
kBkwk. ( 32)

Further, w e define rk = aredk /predk to be am easure o f the im provem en.t If thearedk is sat isfactory com pared w ith

p redk, the tria l step dk is accepted and xk+ 1 = xk + dk. O therw ise, w e reduce the trust reg ion radius ( increasing

p by one) to so lve the subproblem ( 30) aga in until a satisfactory tria l step is obtained.

Remark 1. 3 W ew ill no t so lve the subproblem ( 30) exactly to get wk, instead w e can use som e inexact

m ethods to so lve i.t No m atter w hich inexactm ethod is used, w e w antw k to satisfy the follow ing cond ition
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predk gk m in k,
gk

Bk

, ( 33)

w here ( 0, 1] .

Now w e describe our new algorithm as fo llow s.

Algorithm 1. 4

S tep 0. G iven x0, h0, A0, > 0, 0< < 1. Set k= 0, p = 0.

S tep 1. Com pute r (xk ), Jk and set gk = J
T
k r(xk ). If gk , then stop.

S tep 2. Set fk =
1

2
r(xk )

T
r (xk ), B k = J

T
k Jk + Ak + hkg

T
k + g

T
k hk.

S tep 3. So lve the subproblem ( 30) to getwk, and set dk =
wk

1- h
T
kwk

.

S tep 4. Com pute aredk, predk and rk.

S tep 5. If rk , setxk + 1 = xk + dk, generate hk + 1, Ak + 1, set k= k+ 1, p = 0, go to step 1. O therw ise set

p = p + 1, go to step 3.

Remark 1. 5 Generally, w e set h0 = 0 andA 0 = 0, that is, w e use Gauss-New ton iteration to get x1.

Remark 1. 6 In order to keep 1 + h
T
k dk > 0, w e just need to keep 1- h

T
kw k > 0. So w e need to keep

hk k < 1. If the trust reg ion rad ius k sa tisfies hk k 1, w ew ill set k =
hk

, where 0< < 1.

2 Convergence Property

In this sect ion, w e d iscuss the g loba l and loca l superlinear convergence properties o f our a lgorithm. F irst of

al,l w ew ou ld like to m ake the fo llow ing assum pt ions.

Assumption 2. 1 ( i) The leve l setL (x0 ) = {x | f (x ) f (x0 ) } is bounded fo r any g iven x0 R
n
; r i (x)

( i= 1, 2, , m ) is tw ice continuously differentiable in L (x0 ) and bounded. ( ii) B k and hk are both un-i

fo rm ly bounded, that is, there ex istK 1 > 0 andK 2 > 0 such that B k K 1 and hk K 2 for a ll k .

Remark 2. 2 IfA ssum ption 3. 1 ho lds andB k is invert ible, since B
- 1

k B k 1, w e know that there ex-

ists a posit ive num berK 3 > 0 such that for all k

B
- 1
k K 3. ( 34)

Lemma 2. 3 Suppose that A ssumpt ion 2. 1 ho lds and that wk is an inexact solution o f the subproblem

( 30) such that ( 33) ho lds. Then A lgorithm 1. 4 cannot cycle infin itely betw een Step 3 and S tep 5.

Proof Suppose thatA lgorithm 1. 4 cycles inf in ite ly be tw een Step 3 and Step 5 at iteration k. W e define the

cyc ling index at iteration k by k ( i), then w e have

rk( i) < , i = 1, 2, ( 35)

and k( i) = c
i
gk B̂

- 1
k 0 as i . On the other hand, w hen k( i) 0, w e havewk ( i) 0. Then when wk

is sufficient ly c lose to zero, since hk is bounded, w e have 1 / ( 1- hk

T
wk ) = 1+ O ( wk ). S ince ri (x ) ( i=

1, 2, , m ) is tw ice continuously differentiab le in L (x0 ), then there ex itsK 4 > 0 such that H (x ) K 4 holds

for allx L (x0 ). Then from the boundedness of B k and H (x ) , w e obta in

g
T
k dk =

g
T
k wk

1 - h
T
k wk

= g
T
k wk + O ( wk

2
), ( 36)

d
T
kH (x )dk =

w
T
k H (x ) wk

( 1 - h
T
k wk )

2 = w
T
kH (x) w k + o ( wk

2 ), ( 37)

| aredk - p redk | = | f (xk ) - f (xk + dk ) + g
T
k w k +

1

2
w

T
kB k wk |

= | - g
T

k dk -
1
2
d

T

k H (xk + k dk )dk + g
T

k wk +
1
2
w

T

k Bk wk |

= | -
1

2
w

T
kH (xk + kdk )wk +

1

2
w

T
kBkwk + O ( w k

2
) |
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1
2

(K 1 + K 4 ) wk

2
+ O ( w k

2
) = O ( w

2
k ). ( 38)

Then w e have

| rk( i) - 1 | =
| aredk( i) - p redk( i) |

| p redk ( i) |

O ( wk ( i)

2
)

gk m in wk( i)
,

gk

Bk

. ( 39)

S ince w k( i) 0 as i , then from ( 39) w e have |rk( i) - 1 | 0 as i , w hich im p lies that rk ( i) holds

for suffic ien tly large i. This is a contrad iction to ( 35).

Lemma 2. 4 IfB k is un iform ly bounded, there ex ist tw o positive sca lars c1 and c2 such that c1 B̂
- 1
k

c2.

Proof In the sense of m od ified Cho lesky factorization, w e have B̂k = B k + Ek is safe ly positive defin ite.

S inceBk is uniform ly bounded, there ex ist tw o posit ive scalars 1 2 such that

0 < 1 i (B̂k ) 2, k = 1, 2,

Then c1 B̂
- 1
k c2 for k= 1, 2, , where c1 =

1

2

, c2 =
1

1

.

Theorem 2. 5 Suppose that the conditions of Lemm a 2. 3 hold. If = 0, A lgorithm 1. 4 e ither stops in

fin ite lym any steps or generates an infinite sequence {xk } such that

l im
k

gk = 0. ( 40)

Proof Suppose that ( 40) is not true, then there ex ists a positive sca lar ^ and an inf in ite setT, such that

k T, gk ^. S ince by Lemm a 2. 3 and Lemm a 2. 4, w e have c
p

and B̂ k

- 1
are both bounded away from

zero, then w e have k is bounded aw ay from zero k T. On the o ther hand, w e have

f (xk ) - f (xk+ 1 ) p redk gk m in
k,

gk

B k

^m in{ k,
^

K 1

}. ( 41)

S ince {f (xk ) } ism onotonically decreasing and bounded below, then from ( 41) w e have lim
k
k T

k = 0. This is a

contradiction.

N ex,t w e establish the local superlinear convergence for our algo rithm.

Theorem 2. 6 Suppose that Assum ption 2. 1 ho lds and the sequence {xk } generated by A lgor ithm 1. 4

converges to x
*

, w hereH (x
*

) is positive defin ite. IfBk is positive defin ite for k suffic iently large and the fo-l

low ing condition

lim
k

(B k - H (x
*

) ) ŵk

ŵk

= 0 ( 42)

ho lds, where ŵk = - B k

- 1
gk, then xk converges to x

*
superlinearly.

Proof From the assum ption we know thatB̂ k = B k when k is sufficient ly large. M oreover, ŵk = - B k

- 1
gk is

the so lut ion of the fo llow ing subprob lem

m in k (w) = fk + g
T
k w +

1

2
w

T
B kw

s. t. w gk B̂k

- 1
.

( 43)

F irst of a l,l w e show that for k su ff iciently large, w e have

f (xk ) - f (xk + d̂k )

(0) - ( d̂k )
> , ( 44)

w here d̂k =
ŵk

1- h
T
k ŵk

. It follow s from ( 42) that

gk + H (x
*

) ŵk = o ( ŵk
),

.i e.

ŵk = - H (x
*

)
- 1
gk + o ( ŵk ),
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then

ŵk H (x
*

)
- 1

gk + o ( ŵk ),
gk

ŵk

1

H (x
*

)
- 1 +

o ( ŵk
)

ŵ k

.

S inceH (x
*

) is positive def in ite, w e have that ŵk = O ( gk ).

F rom Theorem 2. 5, w e know thatgk 0, so w e have ŵk 0.

f (xk + d̂k ) - ( d̂k ) =
g

T
k ŵ k

1 - h
T
k ŵk

+
1
2

1

( 1 - h
T
k ŵk )

2ŵ
T
kM kŵ k - g

T
k ŵk -

1
2
ŵ

T
kBk ŵk

=
1

1 - h
T
k ŵk

g
T
k ŵkh

T
k ŵk +

1
2
ŵ

T
k (H (x

*
) - Bk )ŵk

+
1

2
ŵ

T
k (M k - H (x

*
) )ŵ k +

1

2
(

1

( 1 - h
T
k ŵk )

2 - 1)ŵ
T
kM k ŵk, ( 45)

w hereM k = H (xk +
ŵk

1- h
T
k ŵk

) for som e ( 0, 1). S ince hk is un ifo rm ly bounded, w e have

1

1 - h
T
k ŵk

= 1 + O ( ŵk ). ( 46)

M oreover, from gk 0, ŵ k 0 and ( 42) , we know that

| f (xk + d̂k ) - ( d̂k ) |

ŵk

2 0 as k . ( 47)

From R em ark 2. 2, w e know that

( 0) - ( d̂k ) = - g
T
k ŵk -

1

2
ŵ

T
kBk ŵk = g

T
kBk

- 1
gk -

1

2
g

T
kB

- 1
k gk =

1

2
g

T
kB

- 1
k gk

1

2
K 3 gk

2
. ( 48)

Therefore

lim
k

|
f (xk ) - f (xk + d̂k )

( 0) - (d̂k )
- 1 | = l im

k

| f (xk + d̂k ) - ( d̂k ) |

| ( 0) - ( d̂k ) |

lim
k

| f (xk + d̂k ) - ( d̂k ) |

1
2

K 3 gk

2

= l im
k

| f (xk + d̂k ) - ( d̂k ) |

wk

2 . ( 49)

The last equation o f ( 49) ho lds because of ŵk = O ( gk ). F rom ( 49) and ( 47) , w e know that ( 44) holds

for k su ff ic iently large, so xk+ 1 = xk + d̂k w hen k is suffic iently large. S ince gk+ 1 = gk+ 1 - gk - B kŵ k, then by the

w ay to prove ( 45), w e have

gk+ 1

ŵk

=
gk+ 1 - gk - Bk ŵk

ŵk

0. ( 50)

From d̂k = ŵk / ( 1- h
T
k ŵk ) and ( 46) w e have

d̂k

ŵk

1 as k . ( 51)

Then, from ( 50) and ( 51), w e ob tain

lim
k

gk+ 1

xk+ 1 - xk

= 0. ( 52)

S ince f (x ) is tw ice con tinuously d ifferent iable andH (x
*

) is positive def in ite, it is easy to show that

lim
k

xk+ 1 - x
*

xk - x
* = 0. ( 53)

Thus, xk converges to x
*

superlinearly.

3 Num erical Results

In this sect ion, w e test our A lgorithm 1. 4 on a set of standard non linear leas-t squares prob lem s g iven in

[ 8] . In the fo llow ing, w e use cls to stand for our new a lgorithm. In order to show the perfo rm ance of cls, w e

com pare cls w ith the quas-iNew ton trust reg ion a lgorithm using the quadraticm odel ( 7) , wh ich is denoted by q ls
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in the rem a inder. A ll the prog ram s arew ritten inMATLAB w ith doub le precision. For com parison, qls also uses

the adapt ive trust reg ion strategy.

In this paper, w e use the con jugate gradientm ethod proposed by Steihaug
[ 9]

to so lve the quadratic trust re-

gion subproblem s ( 30). It can be proved that this inexactm ethod can keep ( 33) hold w ith =
1

2
. For com par-i

son, cls and qls use the sam e subroutine to solve the quadratic trust reg ion subproblem.

Table 1 L ist o f test problem s

No. Nam e of Problem n m

1 Rosenbrock function 2 2

2 H elical valley function 3 3

3 Pow ell singular fun ct ion 4 4

4 Freud enstein and Roth fun ct ion 2 2

5 Bard function 3 15

6 K ow alk and Osborne function 4 11

7 W aston function 6 31

8 W aston function 9 31

9 W aston function 12 31

10 Box three-d im ens ional fun ct ion 3 10

11 Jenn irich and Sam pson function 2 10

12 B row n and Denn is function 4 20

13 B row n alm ost- linear funct ion 40 40

14 Osborne 1 function 5 33

The param eters are chosen as follow s: = 0. 1, = 10
- 8

, c =

0. 25, = 1- . W e deno te the num ber o f grad ient eva luations by ng,

the number of function evaluat ions by nf. L is the comm on logarithm of

param eter factor to the standard initial po in t acco rd ing to the rule g iven

in [ 8] . f is the f inal ob jective funct ion va lue thatw e obtain. No te tha,t

in the follow ing tab les, f
*

deno tes the optim a l objective function value.

From the num erical results, w e have the fo llow ing conclusions:

1. From the num erical resu lts in Table 2 and Tab le 3, w e can see

that for m ost of the prob lem s, cls perform s better than qls, and for som e

problem s, cls reaches the m in im um, but q ls fails.

2. From the num erical results about cls in Table 2 and Table 3, w e

can see that the numbers nf and ng for the update ( 28) are sm a ller than

those requ ired for the update ( 27) for m ost of the problem s considered.

3. A lso, w e have com pared our results about cls in Table 2 w ith the results in [ 4] , we f ind that our a lgo-

rithm perform s better.
Table 2 N um erical results

N o( L) f*
cls qls

nf ng f nf ng f

1( 0 ) 0 74 44 9. 638 7e- 026 55 15 1. 780 8e- 021

1( 1 ) 0 96 58 3. 610 8e- 023 103 27 1. 728 9e- 024

2( 0 ) 0 27 15 4. 639 6e- 022 54 18 6. 731 1e- 021

2( 1 ) 0 30 16 1. 375 6e- 020 77 32 4. 297 4e- 019

3( 0 ) 0 36 24 3. 233 0e- 013 46 23 4. 032 7e- 012

3( 1 ) 0 46 29 1. 636 0e- 013 67 29 6. 649 5e- 013

4( 0 ) 22. 492 1 38 15 22. 4921 23 10 22. 492 1

4( 1 ) 22. 492 1 43 23 22. 4921 61 20 22. 492 1

5( 0 ) 4. 107 43 10- 3 26 15 0. 004 1 70 21 1. 181 5

5( 1 ) 8. 714 3 501 490 8. 728 0 501 440 8. 722 5

6( 0 ) 1. 537 52 10- 4 36 20 2. 118 4e- 004 54 23 2. 118 4e- 004

7( 0 ) 1. 143 83 10- 3 44 19 0. 001 1 83 21 0. 001 1

8( 0 ) 6. 998 8 10- 7 56 37 6. 998 8e- 007 75 16 6. 998 8e- 007

9( 0 ) 2. 361 19 10- 10 114 95 6. 794 9e- 009 501 464 9. 852 4e- 009

10( 0 ) 0 26 11 2. 829 8e- 015 22 9 2. 707 2e- 020

10( 1 ) 0 83 31 9. 1362e- 018 409 88 7. 551 8e- 013

11 ( 0) * 62. 181 26 17 62. 1811 292 212 62. 181 1

11 ( 1) * 62. 181 87 55 62. 1811 299 89 129. 790 1

12 ( 0) * 42 911. 1 40 21 4. 2911e+ 004 62 30 4. 291 1e+ 004

12 ( 1) * 42 911. 1 45 22 4. 2911e+ 004 66 31 4. 291 1e+ 004

13 ( 0) * 0 12 8 4. 238 3e- 023 44 32 2. 922 8e- 010

13 ( 1) * 0 158 108 2. 489 1e- 012 345 235 1. 128 9e- 011

14 ( 0) * 2. 732 4 10- 5 94 70 2. 732 4e- 005 187 48 2. 732 4e- 005

: W e stop cls or q ls w hen nf > 500. : cls reaches them inim um, but qls fa ils. * : For these problem s,

w e stop cls and q ls w hen
dk

xk+ 1 + xk

.
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Table 3 N um erical results

N o( L) f*
cls qls

nf ng f nf ng f

1( 0 ) 0 53 23 1. 777 0e- 022 86 38 8. 196 3e- 023

1( 1 ) 0 129 76 7. 088 5e- 016 200 63 1. 009 5e- 023

2( 0 ) 0 61 19 1. 718 2e- 019 74 27 2. 168 3e- 018

2( 1 ) 0 24 14 1. 167 7e- 009 52 28 5. 990 2e- 023

3( 0 ) 0 42 27 4. 166 1e- 013 57 30 2. 373 8e- 012

3( 1 ) 0 74 38 2. 418 0e- 014 126 46 1. 579 7e- 012

4( 0 ) 22. 492 1 72 22 22. 492 1 216 37 22. 492 1

4( 1 ) 22. 492 1 75 27 22. 492 1 274 48 22. 492 1

5( 0 ) 4. 107 43 10- 3 25 12 0. 004 1 47 16 0. 004 1

5( 1 ) 8. 714 3 501 481 8. 761 7 501 465 8. 736 3

6( 0 ) 1. 537 52 10- 4 41 23 2. 118 4e- 004 86 27 2. 118 4e- 004

7( 0 ) 1. 143 83 10- 3 48 18 0. 001 1 79 21 0. 001 1

8( 0 ) 6. 998 8 10- 7 64 42 6. 998 8e- 007 54 16 6. 998 8e- 007

9( 0 ) 2. 361 19 10- 10 501 484 2. 333 6e- 008 501 453 3. 959 2e- 007

10( 0 ) 0 29 13 4. 572 9e- 024 33 11 3. 281 9e- 021

10( 1 ) 0 83 35 1. 016 9e- 017 245 42 3. 362 6e- 023

11 ( 0) * 62. 181 29 19 62. 181 1 35 21 62. 181 1

11 ( 1) * 62. 181 95 56 62. 181 1 346 119 129. 790 1

12 ( 0) * 42 911. 1 58 24 4. 291 1e+ 004 79 25 4. 291 1e+ 004

12 ( 1) * 42 911. 1 39 26 4. 291 1e+ 004 82 38 4. 291 1e+ 004

13 ( 0) * 0 11 6 1. 019 7e- 011 10 7 1. 023 9e- 027

13 ( 1) * 0 154 105 3. 561 3e- 011 313 229 0

14 ( 0) * 2. 732 4 10- 5 158 114 2. 732 4e- 005 160 46 2. 732 4e- 005

4 Conclusions

An adaptive conic trust reg ion m ethod for non linear least- squares prob lem s has been presented. Under cer-

tain m ild conditions, w e estab lish the g lobal and loca l superlinear convergence resu lts for the proposed m ethod.

The num erica l resu lts show that the con icmode l in connect ion w ith the adaptive trust reg ion strategy and approx-i

m at ion solution o f subprob lem is com petit ive.
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