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0� Introduction

The stretch m otions o f a symm etric triatom ic mo lecular system w ith sm allm ass rat io, betw een the light atom

and the heavy central atom, can be w ell approx im a ted by tw o k inetically coup led M orse oscillato rs w ith the fo-l

low ing H am iltonian

H =
�p2
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2m
+ D ( 1 - e

-��x
1 )
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2 )
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+ ��p1 �p2, ( 1)

w hich can be scaled into the follow ing form

� =
p 1
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-x1 )
2

+
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by the transform ations

� =
H

D
, � p i =

1

mD
�pi, � xi = ��x i, � � = D�t,

w here �= m�=
m

M
cos� is the coupling constant tha t re lates the finite m assM o f the cen tra l atom. m is the re-

duced m ass of the light atom and the heavy central atom. � is the ang lem ade by the tw o bonds of them olecu le.
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D is the dissociation energy of aM o rse osc illato r, � isM orse param e ter of the system, �= �0 / 2D is a system

dependent constant w ith �0 = 2�
2
D /m being the sm a ll oscillation frequency of theM orse oscillator. For sm a ll

coupling param eter �, phase space can be classified into localm ode and norm alm ode reg ions. C lassica lm o tions

in phase space can be to ri ( regu lar m otion) , period ic orb its, and chao tic tra jectories ( irregular m o tion). A s �

becom es b igger, the area o f resonances w ill grow by eating up m ore and m ore loca lm ode tor.i Th is system w as

first stud ied w ith simp lifications by Jaff� and B rum er
[ 1]

, and then by S ibert�, H ynes and Reinhardt
[ 2]

, c lass-i

ca lly. Recent ly, w e stud ied th is system by construct ing sem iclassicalw ave functions for quant izing torus for un-

coupled system torus
[ 3]

, coupled system torus
[ 4]

in regu lar reg ion and cantorus
[ 5]

in chaot ic reg ion. A t h igher

energy and strong coupling, th is system has m any strong resonances in phase space, to com pletely determ ine the

correspondence betw een quantum states and phase space structures, one needs to do sem ic lassica l quant izat ion

num erically.

Th is paper reports in deta il them ethod and the results of sem ic lassica l quan tization for energy e igenva lue for

tori in localm ode reg ion for a system of two k inetically coup ledM orse oscillators.

1� Torus Quantization in Regular LocalM ode Region

1. 1� The EBK quantization cond it ions

If a torus corresponds to a quantum state, then it satisfies the EBK quantization cond it ions

I1 =
1

2��C1

( p1 dx 1 + p2 dx2 ) = �� n1 +
1

2
, ( 3)

I2 =
1

2��C2

( p1 dx 1 + p2 dx2 ) = �� n2 +
1

2
, ( 4)

w here C1 and C2 are tw o topo log ica lly independent c ircu its around the torus in phase space. � is system depend-

ent constan,t for the two kinetically coup led M orse oscillators, it is g iven by �= �0 / 2D.

1. 2� Them ethod o f torus quantization in loca lm ode reg ion

To com pletely spec ify a tra jectory in phase space, one usually needs four variab les, w hich can be taken as

the coordinates and m om enta of a tra jectory. It is necessary to have three independent variables to specify a torus

for an energy conservat ive system. The num ber o f independent variab les can be further reduced by inspecting the

phase space structures because a torus consists of inf in ite num ber o f trajectories. SOS provides a good w ay to

identify a torus, espec ially the localm ode torus o f this tw o kinetically coupledM o rse osc illators system, since in

a SOS at x1 = 0, p1 > 0, all the loca lm ode tori have intersection po int on the line x 2 = 0. So, if one starts to

search localm ode torus a long the line ofx 2 = 0 in the SOS atx1 = 0, p1 > 0, the rem aining independent variab le

is p2 fo r a g iven energy �. To find a quantizing torus, one needs to change system energy �, so that a quantizing

torus ex ists in that energy. Th is energy is called sem iclassical energy of the system. Therefore, one needs tw o in-

dependent variab les to specify a quantizing torus, wh ich can be chosen as ( p1, p 2 ) o r ( �, p1 ) or ( �, p2 ) .

The circu itsC1 and C2 in equations ( 3~ 4) are taken to be the intersections of the torus w ith SOS atx2 = 0,

p 2 > 0 and SOS a tx1 = 0, p1 > 0. The quan tization cond itions becom e

I1 ( �, f ) =
1

2��C 1

p1 dx 1 = n1 +
1
2
��, ( 5)

I2 ( �, f ) =
1

2��C 2

p2 dx 2 = n2 +
1

2
��, ( 6)

w here f is a funct ion ofp 1 or p 2 o f the quantizing torus, and � is the sem ic lassica l eigenenergy co rresponding to

th is torus.

S ince each act ion is a function o f system energy � and the param eter f of the torus in phase space, search ing

a quant ized torus is to search a torus in phase space by varying � and f so that the quantization cond itions ( 5) and

( 6) are satisfied sim ultaneously. Num erically, this is to first set a guessed energy �
*

and a guessed param eter f
*
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of the torus in phase-space, and then to useN ew ton-Raphson m ethod to converge to the true eigenenergy and the

true quantizing torus. According to New ton-Raphson a lgorithm, the first co rrection to the guessed energy �
*

and

the guessed param eter f
*

of the torus is g iven by the so lut ion of the fo llow ing linear equations:

�I1 (�
*

, f
*

)

��
�I1 (�

*
, f

*
)

�f
�I2 (�

*
, f

*
)

��
�I2 (�

*
, f

*
)

�f

� �

� f
= -

I1 (�
*

, f
*

) - n1 +
1

2
��

I2 (�
*

, f
*

) - n2 +
1
2
��

, ( 7)

and the new energy and the new param eter of the torus are g iven by

�
* � �* + � �, ( 8)

f
* � f

*
+ � f . ( 9)

The second correct ion to the energy � and the param eter f of the torus com es from the solution of the sam e linear

equation ( 7) but w ith a new guessed energy and a new guessed param eter g iven by ( 8) and ( 9) . Th is process

w ill be repeated for m any tim es un til the requ ired precision in the follow ing

err f = I1 - n1 +
1
2
�� + I2 - n2 +

1
2
�� < �1 ( 10)

or

err x = | �
*

- � |+ | f
*

- f | < �2 ( 11)

has been ob tained. The part ia l differentiations in them atrix elem ents in equat ion ( 7) are ca lculated num erically

by 3-po int m ethod. Fo r a good precision onem ay use 5-po int m ethod, but it w ill use mo re CPU tim e.

1. 3� The action calcu lation for localm ode torus

The actions I1 and I2 correspond to areas enc losed by the c losed c ircu itsC 1 andC 2 m ade by the intersections

of a trajectory w ith SOS at x2 = 0, p2 > 0 and SOS at x1 = 0, p1 > 0 respective ly. To num erica lly calcu late the

areaw e start from Lagrange po lynom ia l interpo lation form u la
[ 6]

�
b

a
g ( x ) dx � �

b

a
Pn ( x ) dx = �

b

a
�

n

k = 0

��
(x - xk ) ���( xk )

g( xk ) dx, ( 12)

w here

�� (x ) = (x - x0 ) (x - x 1 )� ( x - xn )

���( xk ) = ( xk - x0 ) ( xk - x1 )� (xk - xk- 1 ) (xk - xk+1 )� ( xk - xn ) .

Pn (x ) is a n
th

order Lagrange po lynom ia;l a, b are integration lim its, and usually ( b- a ) is very sm a ll to keep

the num erica l value ca lculated approx im ate ly at the right hand side o f ( 12) c loser to the exact integral at the left

hand side of ( 12). For n= 2, Pn (x ) can be w ritten as the fo llow ing

P2 ( x ) = �
2

k= 0

�� ( x )
( x - xk )���( xk )

g ( xk )

=
(x - x1 ) (x - x2 )

(x0 - x1 ) (x 0 - x2 )
g ( x0 ) +

(x - x0 ) ( x - x2 )

(x 1 - x0 ) ( x1 - x2 )
g (x1 ) +

( x - x0 ) (x - x1 )

( x2 - x0 ) ( x2 - x1 )
g (x 2 ),

and the resu lt of the integra l in ( 12) is

� � �
x

2

x0

P 2 ( x ) dx =
g (x0 )

( x0 - x1 ) (x0 - x2 )
( x

3
2 - x

3
0 )

3
-

(x1 + x2 ) (x
2
2 - x

2
0 )

2
+ x1x 2 (x 2 - x 0 )

+
g ( x1 )

(x 1 - x 0 ) ( x1 - x2 )
(x

3
2 - x

3
0 )

3
-

( x0 + x2 ) ( x
2
2 - x

2
0 )

2
+ x0x2 ( x2 - x0 )

+
g ( x2 )

(x 2 - x 0 ) ( x2 - x1 )
(x

3
2 - x

3
0 )

3
-

( x0 + x1 ) (x
2
2 - x

2
0 )

2
+ x0x 1 (x 2 - x 0 ) , ( 13)

w here x0 and x2 are the tw o nearest neighbors ofx1, then the tota l area o f the c losed curve is the sum o f a ll sm a ll

areas like the one g iven in ( 13) w ith the care o f d irections of the line integra ls in ( 5) and ( 6).

The errors in troduced by the polynom ial approx im ation to the unknown function g (x ) can be analysized fur-
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ther from the residue error funct ion. A s an approx im ate est im ate, one can take the case of equa l step size, the

residue ( or truncat ion) error funct ion is g iven by

Res[ g ] = �
b

a
g (x )dx - �

b

a
P n ( x ) dx = �

b

a

g
( n+ 1)

(�)
( n + 1)!

�� ( x ) dx.

For n = 2

R es[g ] = -
( b- a )

5

2 880
g

( 4)
(�), for a < � < b.

Suppose g
( 4)

( x ) does not change verym uch in [ a, b ], then the im proved integral value is g iven by

I = I2N +
1

2
5

- 1
( I2N - IN ),

w here I2N and IN are integra l va lues gotten by partitioning the interva l [ a, b ] into 2N equal parts and N equal

parts. So the error is about ( I2N - IN ), if it is very sm a ll one w ill say that the ca lculat ion is accurate enough.

1. 4� The considerat ion on the in itial input to the search program

S ince the convergence of New ton� s m ethod is strong ly depend ing on how c lose are the guessed energy and

the guessed param eter o f the torus to the true eigenenergy and the param eter of the quantizing to rus, a reasonab le

in it ia l input to the search prog ram is very importan.t Th is search program searches an in itia l action vector wh ich

is quantized according to ( 5) and ( 6). For w eak coup ling system, a zeroth order energy co rrespond ing to the

action vector to be searched shou ld be a good cho ice, because the defo rm ation from the zero th order to rus is very

sm a l.l Search ing a quantized torus o f strong ly coupled system is usua lly slow as the quantized torus o fw eak cou-

pling system has to be found f irst and as an input to the search prog ram of strong ly coupled system. A ccord ing to

the ana lysis g iven in section 1. 2, one can chose independent variables ( �, p1 ) or ( �, p2 ). Once the energy of

the system has been chosen, the param eter f of the torus can be determ ined from the fu llH am iltonian o f the sys-

tem. In the search follow ing, I chose f ano ther w ay to represent p1 to be the rat io of kinetic energy of the first

M orse oscillator to the tota l energy of the system, .i e.

f =
p

2
1

2�
, ( 14)

w hich is related to the posit ion of the to rusw ith the aid o f SOS atx 1 = 0, p1 > 0. The in itial inputs to the search

program then are

x1 = 0, (15)

x2 = 0, (16)

p1 = 2f�, (17)

p2 = - �p1 + 2�- (1 - �
2
)p

2
1, (18)

w here

� =
2

�
n1 +

1
2

-
1

2�
n1 +

1
2

2

+ n2 +
1
2

-
1

2�
n2 +

1
2

2

,

f =

2
� n1 +

1
2

-
1

2�
n1 +

1
2

2

�
,

�=
2D

��0

,

� is the zero th order energy for the system. I choose here themom entum m ax im a as the set of inpu ts to the search

program. One could a lso choose turning points of the twoM orse oscillators as an alternat ive inpu,t it show s that

the fina l results are sam e for bo th m ethods of inpu.t

No te that the in itia l input ( 15) ~ ( 18) alw ays g ives loca lm ode torus as energy and the param eter of the

torus change a little b it because each of the loca lm ode tra jectories has an intersection pointw ith linex2 = 0 in the

SOS atx 1 = 0, p 1 > 0.
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1. 5� Result and d iscussion of torus quant izat ion in the regu lar loca lm ode reg ion

In this subsect ion w e w ill show sem iclassical results of tw o k inetically coupled M orse osc illato rs w ith cou-

pling param eters�= - 0. 014 in Table 1. O ther param eters used in the sem ic lassica l calcu lation and quantum

calcu la tion are g iven by

D = 8. 84 � 10
- 19

J = 44 505. 216 cm
- 1

,

� = 2. 175 � 10
8

cm
- 1

,

�0 = 7. 291 6 � 10
14

s
- 1

.
Table 1� The sem icla ssical results in loca lm ode region for two kinetica lly coup led m orse o scil lators a t�= - 0. 014

( n1, n2 ) � �s err f err x dn1 dn2 ��q |�s - ��q |

( 1, 0 ) 0. 169 00 0. 1E - 05 0. 8E - 05 0. 3E- 05 0. 8E - 06 0. 169 24 2. 44E- 04

( 2, 0 ) 0. 248 53 0. 9E - 06 0. 4E - 05 0. 1E- 05 0. 1E - 05 0. 248 51 1. 50E- 05

( 3, 0 ) 0. 324 19 0. 7E - 06 0. 1E - 05 0. 1E- 05 0. 1E - 06 0. 324 18 8. 92E- 06

( 4, 0 ) 0. 396 06 0. 1E - 04 0. 6E - 04 0. 4E- 04 0. 6E - 06 0. 396 06 3. 60E- 06

( 3, 1 ) 0. 407 23 0. 8E - 06 0. 5E - 05 0. 8E- 06 0. 1E - 05 0. 407 24 1. 22E- 05

( 5, 0 ) 0. 464 14 0. 4E - 05 0. 6E - 05 0. 8E- 05 0. 2E - 05 0. 464 14 1. 00E- 06

( 4, 1 ) 0. 479 18 0. 4E - 06 0. 1E - 04 0. 6E- 06 0. 5E - 06 0. 479 16 1. 77E- 05

( 5, 1 ) 0. 547 29 0. 3E - 04 0. 7E - 05 0. 4E- 05 0. 4E - 05 0. 547 28 5. 92E- 06

( 6, 0 ) 0. 528 44 0. 3E - 06 0. 1E - 05 0. 6E- 06 0. 7E - 07 0. 528 44 1. 95E- 07

( 7, 0 ) 0. 588 95 0. 5E - 05 0. 2E - 05 0. 2E- 04 0. 2E - 05 0. 588 95 1. 17E- 06

( 6, 1 ) 0. 611 60 0. 1E - 05 0. 3E - 06 0. 9E- 05 0. 3E - 06 0. 611 60 2. 74E- 06

( 5, 2 ) * 0. 626 57 0. 4E - 02 0. 8E - 03 0. 8E- 02 0. 4E - 02 0. 626 57 5. 18E- 07

( 8, 0 ) 0. 645 67 0. 9E - 06 0. 5E - 06 0. 2E- 05 0. 1E - 06 0. 645 68 2. 58E- 06

( 7, 1 ) 0. 672 12 0. 6E - 05 0. 9E - 06 0. 8E- 05 0. 2E - 04 0. 672 12 7. 23E- 07

( 6, 2 ) 0. 690 95 0. 1E - 05 0. 1E - 04 0. 2E- 05 0. 2E - 05 0. 690 94 1. 01E- 05

( 5, 3 ) 0. 701 76 0. 5E - 05 0. 9E - 08 0. 4E- 04 0. 4E - 05 0. 702 05 2. 94E- 04

( 7, 2 ) 0. 751 49 0. 2E - 05 0. 1E - 05 0. 1E- 05 0. 3E - 05 0. 751 49 1. 17E- 06

( 6, 3 ) 0. 766 44 0. 4E - 06 0. 5E - 05 0. 2E- 06 0. 9E - 06 0. 766 41 3. 03E- 05

( 10, 0 ) 0. 747 75 0. 1E - 03 0. 8E - 06 0. 3E- 03 0. 5E - 05 0. 747 79 4. 14E- 05

( 9, 1 ) 0. 781 78 0. 5E - 04 0. 9E - 05 0. 3E- 04 0. 9E - 05 0. 781 78 2. 22E- 06

( 8, 2 ) 0. 808 22 0. 3E - 04 0. 6E - 04 0. 4E- 04 0. 3E - 04 0. 808 23 6. 99E- 06

( 7, 3 ) 0. 827 05 0. 2E - 05 0. 1E - 04 0. 3E- 05 0. 3E - 05 0. 827 03 1. 46E- 05

( 10, 1 ) 0. 830 91 0. 6E - 05 0. 1E - 04 0. 1E- 04 0. 1E - 05 0. 830 88 3. 47E- 05

( 9, 2 ) * 0. 861 21 0. 8E - 01 0. 2E - 03 0. 4E- 01 0. 7E - 01 0. 861 17 4. 57E- 05

( 8, 3 ) 0. 883 81 0. 8E - 06 0. 4E - 06 0. 2E- 05 0. 4E - 06 0. 883 81 4. 37E- 06

( 7, 4 ) 0. 898 72 0. 5E - 05 0. 1E - 05 0. 1E- 05 0. 1E - 04 0. 898 69 2. 78E- 05

( 10, 2 ) 0. 910 30 0. 2E - 05 0. 1E - 04 0. 4E- 05 0. 5E - 06 0. 910 29 1. 09E- 05

( 9, 3 ) * 0. 936 75 0. 1E - 04 0. 5E - 05 0. 2E- 04 0. 8E - 05 0. 936 77 1. 53E- 05

( 8, 4 ) 0. 955 55 0. 1E - 03 0. 3E - 05 0. 2E- 03 0. 5E - 03 0. 955 56 1. 38E- 05

( 10, 3 ) * 0. 985 90 0. 3E - 02 0. 8E - 05 0. 2E- 02 0. 5E - 02 0. 985 86 3. 56E- 05

( 9, 4 ) 1. 008 58 0. 2E - 03 0. 5E - 06 0. 2E- 04 0. 2E - 03 1. 008 57 1. 06E- 05

( 8, 5 ) 1. 023 43 0. 7E - 04 0. 1E - 04 0. 2E- 04 0. 1E - 03 1. 023 42 8. 54E- 06

( 9, 5 ) * 1. 076 34 0. 1E - 02 0. 1E - 03 0. 3E- 01 0. 2E - 01 1. 076 53 1. 96E- 04

( 10, 6 ) 1. 189 95 0. 6E - 05 0. 1E - 04 0. 2E- 05 0. 1E - 04 1. 189 93 1. 49E- 05

� � W e a lso go t sem ic lassica l resu lts calcu lated num erically for d ifferent coupling param eter �, and the resu lts

are no t repo rted here. In Table 1, �s is sem iclassical eigenenergy found num erically w hich is the sam e for ( n1,

n2 ) and ( n2, n1 ) states in the prim itive sem iclasssical quantization ( 5) and ( 6); err f is the prec ision reached

in the quantization; err x is the precision reached in the search by New ton-Raphson m ethod; dn1 is the abso lute

value in the difference betw een the obta ined quantum num berw hich is not an integer exact ly and the preset quan-

tum num ber n1; s im ilarly fordn2. ��q is the average quantum energy of the localm ode doub le,t and ( |�s - ��q | )

is the abso lute difference betw een the sem iclassical e igenenergy obta ined by prim it ive sem ic lassica l quant izat ion

and the average quantum energy of the localm ode doub letwh ich is the resu lt of dynam ica l tunne ling between lo-

ca lm ode ( n1, n2 ) and localm ode ( n2, n1 ). Under the basis se t of tw o uncoup ledM orse oscillators, the quan-

tum e igenva lues w ere obta ined by d iagona lizing theH am iltonian o f two k inetically coup ledM orse osc illato rs w ith
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the param eters g iven above. Except for a few states, as shown in T able 1, the results o f prim itive sem iclassical

quant ization are in excellent agreem en tw ith the true quantum resu lts. Those sta tes that do not agree w ith quan-

tum results veryw e ll are very close to strong resonances o r loca-l norm a l separatrixw here the localm ode sem iclas-

sica l quantizations have probab ly failed. It should be pointed out that sta te ( 9, 3) and state ( 10, 3) are special

in the sense that there are four quantum leve ls stacked together around each prim itive quantum state. Because of

th is, the quantum states ( w ave functions) show strong chaos. The argum ent here is that it must ex ist another

pr im itive sem iclassical statew hich is very close to the prim itive state found, and the interactions am ong these tori

states g ive chaoticw ave functions. The d ifference betw een state ( 9, 3) and state ( 10, 3) is tha t state ( 9, 3) can

be easily quantized by EBK ru le but not state ( 10, 3) . Th is is because tha t state ( 9, 3) is far from strong reso-

nances, so the EBK quantization conditions can be used. State ( 10, 3) is d ifferen,t th is state is very c lose to

9 /14 resonance wh ich is in turn very close to 2 /3 resonance, and the phase space around the state ( 10, 3) is

chaot ic, it is very d ifficu lt to find th is state by EBK quant iza tion condit ions. Ano ther exam p le is the state ( 5, 3)

w hich is very close to loca-l norm al separatrix, even though the quant izat ion condit ions ( 5) and ( 6) are satisfied

quite we l,l the searched sem ic lassica l e igenenergy still has a~ 13 cm
- 1

difference from the true quantum e igen-

va lue. This is attributed to the nonseparability o f the system around the loca l- norm al separatrix. It has been no-

t iced that som e quantum states can no t be quantized prim it ive ly by torus quantizat ion because strong resonances

in phase space destroyed the tori requ ired to do prim itive sem iclasical quant izat ion. Fo r exam ples, all the states

m arked w ith
*

except the state ( 9, 3) in T able 1 can not be quant ized by the regular EBK m e thod, because the

tori corresponding to these states have been destroyed. The correspond ing classical ob jects of som e o f these states

are cantori in phase space, wh ich can be quant ized by quantizing period ic orb it through BS-EBK ru le
[ 7]

.
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