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0 Introduction

In [ 1], Mohar ntroduced the concepts of an ash productA#H for module algebras and smash coproduct
C xH for canodule coakebras

In 2003 Zhang and Chen ntroduced the new dual conceptofmodule akebras and gave the dual relaton
betw een modu le akebras and canodule coalgebras that is there exists an isanophisn of coakebras in [ 2]:

(At H )'=,A° x H".

In [ 3], Kan ntroduced the concepts of generalized sn ash productA#B and generalized snash coproduct
C x D, which extend the above snash productA#{ and smash coproductC x H.

In [ 4], Zhang and Tong furher sudied the generalized smash pwduct overH -dmodule algebras and the
generalized smash coproduct overH -d modu le coalgebras

The am of this paper is to study the new dual relation beween generalized anash products and generalized
snash coproducts

1 Prelm naries

W e alvays work over a fied field & and follw Sweedler’ s book ™ for tem inobgies
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A k-coalgebra is ak— spaceC togetherw ih wok— linearmaps camuliplication A ¢~ COC and counit

& C k such that
(AQI) A= (IOQA)A (EQI)A=I= (IOE) A
In the seque] the canultiplicatbn structure map A of C is written as A(c¢) = Zc. @, forc€ C.
For a coalgebraC, a leftC- canodule is ak-spaceM with a lnearmap PM~ COM such that
(I©P)P= (AP (edI)P=1

where the camodule stucture P ofM iswritten by P(m ) = Z mey Om .

IfH is boh an akebra and a coakebra such that canultiplicatbn A and counit € are albebramaps thenwe
callH abnakebra

In this paper H is alvays consilered as a biakebra In the follw ing we recall sam e concepts used in this
paper

Definition L 1 (1) A leftH - module akebraA is both an akebra and a leftH — module w ith module
structure “* 7 such that for any h€E H, a b€ A,

he (ab) = D (hi* a)(ha* b), h* L = €h)1L.

(2) A lefiH — canodule akebraAd is both an akebra and a leftH — canodule w ith can odule structure m ap

P such that for any ¢, b €A
Plab)=P(a)P(b), P(L)= 1, Ol.

(3) A leftH — module coalgebra isboth a coalgebra and a EfiH — module w ith modu le stmicture “* 7 such

that for any h€H, £ C
A(h® ¢)= A (h)A(c), €h* ¢)=¢€(h)€(c)

(4) A lefiH — canodule coalgebraC is both a coakebra and a kfiH — canodule w ith canodule stmicture

map P such that for any h€ H, € C,

ZC(-U O co1 O co2 = ch(— por-y ©c O ey, ZC(—U €(co) = &(c) I

Definition 1 2 (1) A k- moduleM which is both a leftH — module and a leftH — canodule is called a

leftH — dinodule if for anym € M,
O(hs m) = Zm(—u O h* m o).

(2) A leftH — dmodule algebraA n [3] is a leftH — dmodulewhich & both a lefiH — module algebra and
a leftH — canodule akebra

Definitionl 3 (1) Letd be a lefiH — module akebra and B a leftH — canodule akebra A generalized
snash productA#B is defined as follows

AB=A® B ask- modules and itsmultiplicaton is given by

() (bty) = Z a(xi-1y* b)#xy,

for any q bE A« yE B.

(2) LetC be a leftH — canodu k coalgebra and D a EftH — module coalgebra A generalized smash cop-
roductC X D is defined as follows

CXD=CQ®D ask- modules and its canu ltiplicatbn and counit are given by

Mexd) = Y5 (er X ey di) ©(exy xds), €(cxd) = €c)e(d),

for any ¢€ C, d€ D.

By [3], A#B is an akebrawith unit i# 1z, and C XD is a coalgebraw ith counit E@E&

2 The New Duality Betw een ; (A# B)O and ;A" % , B’

LetA be an alkkebra Then by [5],
A= {a €A Ithere is a cofnite ileall such hat< a I> = 0)
is a coalgebra HA is also a leftH — module then, by [ 4],
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nA° = {a€ A" | there is a cofnite ileall such thatH* IS [ and <o [> =0)
is a coalgebra
In thispaper ourmain am is to prove that the new dualy (A#B)0 of the generalized smash productd# B is
ismophic to the generalized sm ash coproductHAo x, B,
Lenma 2 1 LetB be a lefiH — canodule akebra w ith canodule structure map @ Then
(D B’ is a leftH * - module coalgebra
(2) ifB ® also a leftH — dinoduleg theny B’ & a leftH " — module coakebra
Proof (1) It is straight forward
(2) To show thaty B” is a leftH’ — module coalgebrawe only have to show #B” is a leftH "= modu k
As amatter of fact for any a€ HO, pE HBO, then there exist cofnite Hdeals/ andJ such that
<aq I>=Q H+*JcJ] <BJ>=0
Sice the canodule structure map P of B is an akebram ap and I®@ B +H @ ] is a cofnite ideal nH @ B,
T=P'"(I®B+H®J) is a cofnite leal ofB.
One can check hat
QH*T)C DTy OH* Ty C IOH*B+H OH* JC IOB+H O,
soH* TCT andT is a leftH - submodule ideal nH ®B.
Snce
<a* B T>=<P (a®B), T>=<a®BP(T)><<a®B IGB+H ®J> =0
4B’ is a leftH "= modu k.
Lenma 2 2 LetA be an algebrawhich is a leftH — module and B an algebra and a€ (A @B ) .
(1) If here exist cofnite deals/ andJ ofA and B such that
He* ICI <o I®B+A®]> =(
then CIEHAO@BO.
(2) Ifalso
HeJCJ <a IOB+AQ]>=0Q thena€yd’ @B
Proof (1) LetT:A~ A/l and Ty: B~ B/J. Then here exists a unique m ap
a: A/IGB/A k
such thata= a’'(T,@,),
Because din (A /1)< + 00, dm(B /]) < + o0,
«EANOBY) =(A/N) OB/ .
Leta' = Y. a, @B € a/) ®@B/), a=d M, B ="~ 7, Then<a,I>=0Q <B J>
=Q
ByH* IC I weknow thata = D,a, @B, €,4° ®@B".
(2) Inasinilarway we can show it
Lenmma 2 3 LetA be a leftH - module akebra and B a leftH — canoduk akebra and a leftH — mod-
ule Then
JA'@B°c, (A#B)",
and s0yA° x B’ isa subcoakebra ofy (A#B)O.
Proof For any ClEHAO, SIS BO, there exist cofinite ideals / and J such that
<oqgl>=QH<*IC[ and<B J>=0
It is easy to verify that #B & a cofinite leftH — submodule ideal of A#B, and
<a®B BB> =0
Sq a® BE, (4# B)".
Here the leftH -action ofA#B is given by
— 12—
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he (a#tb) = Dyhie athye b
By Pwposition 1. 6 given n [ 2], we know thatyA" is a leftH *— canodule coalgebrg sowe have the gen-

eralized sn ash copwoductyAd” x B’ with canultp lication as follovs
AMaxB)= Da; Xxayp* B @ ayo xB,
M oreover for any q, bE A, «x yE B, we have
< Aa@B), @dtx Oy > = Z <a®Ba(w-y* bMxoy >
= Z < g a(xi-y®b)>< Bxgy>
= D <O a®(x b ><B OB, xgy Oy>

Z<a1,a><(1zx(,1)'b>< B, x >< By y>

Z < Ay a> < Uy-1), X(-1) > < Qz0), b> < B], Xig) > < Bz,y >

= D <a,a>< Qyy OB, x 1y Oxo) >< Wop b>< Byy>
= Z <A, a>< Ay * Ba>< ayy b>< B y>

= Z <o XAy * B ®ayo xBy dtx O Wy >
=< Ala xB), atx © Wy >.

SoyA’ x B’ & a subcoalgebra ofy (A#B)O.

Theoran 2 4 LetA be a leftH - module akebra andB a leftH — dinodule which is a EfiH — canodule
algebrawith he 1 = €(h )15 Then

u (A# B )°= 44" x 4B’

as coakebras

Proof By Lanma 2 1 we know haty B’ is a leftH’ - canodule coakebra Sq by Lemma 2 3

wA" xyB°CyA” x B°Cy (A# B )".
For any YE , (A# B)O, there exists a cofinite ideal T such that
He TCT, <y T>=0
SiceA” A#B, a " a#ly andB A#B, x " l#x are algebram aps
I= {a€A \# 1,ET), J={bEBIL#DET )
are cofinite ideals nA and B, respectvely and
<Y BB+A#J>C <Y T>=0
Snce for anyae [ h€ H,
he atlyg=2h > ad#€(hy)lz=he (atl)ET,

he a€ [ andl is a leftH — submoduk iealofA.

Smilarl, J isa leftH - submodule ideal of B. Sq by Lemm a2 2 vE A" &BO, and hencey (A# B)O
=4A° & B’.

By Lenma2 3 we know that

u (A# B )" =A° x, B’

as coalebras

* LetH be a bialgebra A bilnear fom 0: H ®H 7k is called a skew pairing n [ 6] if the follow ngs
holt

(L1) O(x hg) = 2,0 (xy g) O (xs h);
(L2) O(xy h) = 2 0(x hi)0(y ha):
(L3) 0(x Iu) = &(x);
(L4) O(ly, h) = €(h).
for any b, g x, y€ H.
s
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* Let 0 be a skav pairng onH. If for any h, x€ H, holls
(LS) Zo(xb h)xs = O(xy h)x, holds

then we call (H, 0) along skew bialgebra n [ 6].
Exanple 2 5 LetH be aH opf algebra Then by [7], H is a leftH — module alebra whose moduk ac-

ton is given byh* x = Zhle(hz). Sa by Remak 1 1 in[2],sH =H".
Let0: HOH ™ k be a skew pairing Defne a leftH — action ofH as follows
—~H OH  H, h®x " Y,0(h x )ar.

Then (H, —, A) isalefiH - dmoduk which & a leftH — canodule akebrawih h— 1, = €(h) 15.
Sq we have the generalized snash productH# H whosemultp lication is given by

(it x) (gh y) = DihwigS (o J# sy
By Theorem 2 4 there exists an isamorphisn of coalgebras as follows
u (H#H ) =" xuH .
Corollary 2 6 LetA be a leftH - module akebra and B a leftH — dinodule algebra Then
u (A# B )" =4A° %y B°
as coalzebras
Proof It is straight foward by Defniton 1 2 and Theorem 2 4.
Exanple 2 7 Let (H, 0) be a long skew bialgebra Define a leftH — action onH as follovs
CH@ T H , hOQf " he f
where < he* f x> =f(xh)
It is easy to check that (H* , * ) isaleftH — module akebra
Define a leftH — action onH as folbws
—~H OH  H, h®x " 2,0(h x a1
By [ 4], Weknow that H, — A) isalefiH - dinodule algebra Sq by Theoran 2 4 there exists an iso-
morphim of coalgebras as follow s
w(H #H)"=H ° xuH"
In Theorem 2 4 ifB=H, thenB is a leftH — dimoduk with the trival action and the canodule stmcture
map A It is obvbus haty B =yH =H" sowe obtan
Corollary 2 8 LetA be a lefiH — module algebra Then there exists an isanoph isn of coalgebras as fot

bws
u (A#H )’ =,A° xH°.
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