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Abstract: Th is paperm ain ly p roves thatH (A#B ) 0 is isom orph ic toH A
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th e n ew dual ity of th e gen eral ized sm ash p roductA# B, and H A
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[摘要 ] � 主要证明余代数H (A#B ) 0和余代数H A
0 � HB

0同构, 其中H (A# B ) 0是广义 Sm ash积 A# B

的新对偶,
H
A 0 �

H
B0是广义 Smash余积.
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0� Introduction

In [ 1] , M o lnar introduced the concepts o f sm ash productA#H for modu le algebras and smash coproduct

C � H for comodu le coa lgebras.

In 2003, Zhang and Chen introduced the new dua l concep t o fmodu le a lgebras, and gave the dua l relat ion

betw een modu le a lgebras and comodule coalgebras, that is, there ex ists an isomorph ism of coa lgebras in [ 2] :

(A# H )
0� HA

0 � H
0
.

In [ 3], Kan introduced the concepts of genera lized sm ash productA#B and genera lized smash coproduct

C � D, wh ich ex tend the above smash productA#H and smash coproductC � H .

In [ 4], Zhang and Tong further studied the generalized smash product overH �dimodule algebras and the

genera lized smash coproduct overH �d imodu le coalgebras.

The a im o f th is paper is to study the new dual relation betw een genera lized smash products and generalized

smash coproducts.

1� P relim inaries

W e a lw ays w ork over a fixed f ield k and fo llow Sw eedler s book[ 5] for term ino log ies.
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A k�coalgebra is a k- spaceC togetherw ith tw o k- linearmaps, comu lt iplication �: C∀ C C and coun it

�: C∀ k such that

( � I) �= ( I �)�, (� I )�= I= ( I �) �.

In the seque,l the comu ltiplicat ion structure map � o fC is w ritten as�( c) = # c1  c2 fo r c ∃ C .

For a coalgebraC, a leftC- comodu le is a k�spaceM w ith a linearmap  : M∀ C M such that

( I  )  = ( � I )  , (� I ) = I,

where the comodule structure  o fM is w ritten by  (m ) = # m (- 1)  m ( 0) .

IfH is bo th an a lgebra and a coa lgebra such that comultiplicat ion � and coun it� are a lgebramaps, then w e

callH a b ia lgebra.

In this paper, H is a lw ays considered as a bia lgebra. In the fo llow ing, w e reca ll som e concepts used in th is

paper.

Defin ition 1. 1� ( 1) A leftH - module a lgebra A is both an a lgebra and a leftH - module w ith modu le

structure % & ∋ such that for any h∃ H, a, b ∃ A,

h& ( ab) = # ( h1 & a) ( h2 & b ), h& 1A = �( h ) 1A.

( 2) A le ftH - comodule a lgebraA is both an algebra and a leftH - comodule w ith comodule structurem ap

 such that for any a, b ∃ A,

 ( ab ) =  ( a )  ( b ),  ( 1A ) = 1H  1A.

( 3) A leftH - modu le coalgebra is both a coalgebra and a le ftH - modu lew ithmodu le structure % & ∋ such

that for any h∃ H, c∃ C,

�( h& c) = � ( h )�( c), �( h& c) = �( h )�( c).

( 4) A le ftH - comodule coalgebraC is both a coa lgebra and a le ftH - comodule w ith comodule structure

map  such that fo r any h∃ H, c∃ C,

# c(- 1 )  c( 0 ) 1  c( 0 ) 2 = # c1( - 1) c2( - 1)  c1( 0)  c2( 0) , # c(- 1 ) �( c( 0) ) = �( c) 1H .

Defin ition 1. 2� ( 1) A k- moduleM wh ich is bo th a leftH - module and a leftH - comodule is called a

leftH - dimodule if for anym ∃ M,

 ( h& m ) = # m ( - 1)  h& m ( 0 ) .

( 2) A leftH - dimodule algebraA in [ 3] is a leftH - d imodu lewh ich is bo th a leftH - modu le algebra and

a leftH - comodu le a lgebra.

Defin ition 1. 3� ( 1) LetA be a leftH - modu le a lgebra, andB a leftH - comodule a lgebra. A generalized

smash productA#B is defined as follow s:

A#B = A B as k- modu les, and itsmu ltiplica tion is g iven by

( a# x ) ( b#y ) = # a ( x( - 1) & b )#x( 0) y,

for any a, b∃ A, x, y ∃ B.

( 2) LetC be a leftH - comodu le coalgebra, andD a le ftH - modu le coalgebra. A generalized smash cop�
roductC � D is defined as follow s:

C �D = C D as k- modu les and its comu ltiplicat ion and counit are g iven by

�( c � d ) = # ( c1 � c2( - 1) & d1 )  ( c2( 0) � d2 ), �( c � d ) = �( c)�(d ),

for any c∃ C, d ∃ D.

By [ 3], A#B is an a lgebra w ith un it 1A# 1B, andC �D is a coalgebraw ith counit� �.

2� The New Duality Betw een H (A# B )
0
and HA

0 � H B
0

LetA be an a lgebra. Then, by [ 5] ,

A
0
= {!∃ A

�
| there is a co fin ite idea l I such that < !, I> = 0}

is a coalgebra. IfA is a lso a leftH - modu le, then, by [ 4],
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H A
0
= {!∃ A

*
| there is a cof in ite idea l I such thatH & I! I and < !, I> = 0}

is a coalgebra.

In th is paper, ourmain aim is to prove that the new dualH (A#B )
0
of the generalized smash productA# B is

isomo rph ic to the generalized sm ash coproductHA
0 �H B

0
.

Lemma 2. 1� LetB be a leftH - comodule a lgebra w ith comodu le structure map  . Then

( 1) B
0
is a leftH

0
- module coalgebra.

( 2) ifB is also a leftH - dimodule, thenH B
0
is a leftH

0
- modu le coa lgebra.

Proof� ( 1) It is straight forw ard.

( 2) To show thatH B
0
is a leftH

0
- module coalgebraw e only have to show H B

0
is a leftH

0
- modu le.

A s a matter of fac,t for any !∃ H
0
, ∀∃ HB

0
, then there ex ist co fin ite idea ls I and J such that

< !, I> = 0, H & J! J, < ∀, J> = 0.

S ince the comodule structure map  ofB is an a lgebram ap and I B +H  J is a cof inite ideal inH B,

T =  
- 1
( I B +H  J ) is a co fin ite ideal o fB.

One can check that

 (H & T ) ∀ # T ( - 1)  H & T ( 0) ∀ I  H & B + H  H & J ∀ I  B + H  J,

soH & T ∀ T and T is a leftH - submodule ideal inH  B.
S ince

< !& ∀, T > = <  
*
(! ∀), T > = < ! ∀,  (T ) > ! < ! ∀, I B +H  J > = 0,

H B
0
is a leftH

0
- modu le.

Lemma 2. 2� LetA be an algebraw hich is a leftH - modu le, andB an algebra, and !∃ (A B )
*
.

( 1) If there ex ist cof in ite idea ls I and J ofA andB such that

H & I∀ I, < !, I B + A J> = 0,

then !∃ H A
0 B 0

.

( 2) If also

H & J∀ J, < !, I B + A J > = 0, then !∃ HA
0
 H B

0
.

Proof� ( 1) Let#1: A ∀ A /I and #2: B∀ B /J. Then there ex ists a unique map

!(: A /I B /J∀ k,

such tha t!= !((#1 #2 ).

Because dim (A /I ) < + ) , dim ( B /J ) < + ) ,

!(∃ (A /I B /J )
*
� (A /I)

*
 (B /J )

*
.

Let!(= # !(i  ∀(i ∃ (A /I)
*  (B /J )

*
, !i = !(i#1, � ∀i = ∀(i#2 . Then < !i, I> = 0, < ∀i, J>

= 0.

ByH & I∀ I, w e know that!= # !i  ∀i ∃ H A
0  B

0
.

( 2) In a sim ilar w ay, w e can show i.t

Lemma 2. 3� LetA be a leftH - modu le a lgebra, andB a leftH - comodu le a lgebra and a leftH - mod�
u le. Then

HA
0 B

0∀ H (A#B )
0
,

and so HA
0 � B

0
is a subcoa lgebra o fH (A#B )

0
.

Proof� For any !∃ H A
0
, ∀∃ B

0
, there ex ist cofinite ideals I and J such that

< !, I> = 0, H & I∀ I, and < ∀, J> = 0.

It is easy to verify that I#B is a cofinite leftH - submodu le ideal ofA#B, and

< ! ∀, I#B > = 0.

So, ! ∀∃ H (A# B )
0
.

Here the leftH �action o fA#B is g iven by
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h& ( a# b) = # h1 & a#h2& b.

By Proposition 1. 6 g iven in [ 2], w e know thatHA
0
is a leftH

0
- comodu le coalgebra, so w e have the gen�

eralized sm ash coproductHA
0

� B
0
w ith comultip lication as follow s:

�( ! � ∀) = # !1 � !2( - 1) & ∀1  !2( 0) � ∀2.

M oreover, for any a, b∃ A, x, y ∃ B, w e have

< �(! ∀), a# x  b#y > = # < ! ∀, a ( x( - 1) & b )# x( 0 ) y >

= # < !, a (x ( - 1) & b ) > < ∀, x ( 0) y >

= # < !1  !2, a  ( x( - 1) & b) > < ∀1  ∀2, x( 0)  y >

= # < !1, a > < !2, x( - 1) & b > < ∀1, x ( 0) > < ∀2, y >

= # < !1, a > < !2( - 1) , x ( -1 ) > < !2 ( 0) , b > < ∀1, x( 0) > < ∀2, y >

= # < !1, a > < !2( - 1)  ∀1, x ( - 1)  x( 0 ) > < !2( 0) , b > < ∀2, y >

= # < !1, a > < !2( - 1) & ∀1, x > < !2( 0) , b > < ∀2, y >

= # < !1 � !2( - 1) & ∀1  !2( 0) � ∀2, a#x  b#y >

= < �(! � ∀), a#x  b# y > .

So HA
0 � B

0
is a subcoalgebra ofH (A#B )

0
.

Theorem 2. 4� LetA be a leftH - module a lgebra, andB a leftH - dimodule wh ich is a le ftH - comodu le

algebra w ith h& 1B = �( h )1B. Then

H (A# B )
0� HA

0 � H B
0

as coa lgebras.

Proof� By Lemma 2. 1, w e know thatH B
0
is a leftH

0
- comodu le coa lgebra. So, by Lemma 2. 3,

H A
0 �HB

0∀ HA
0 � B

0∀ H (A# B )
0
.

For any ∃∃ H (A# B )
0
, there ex ists a cofinite idealT such that

H & T ∀ T, < ∃, T > = 0.

S inceA∀ A#B, a a# 1B andB∀ A#B, x 1A# x are algebram aps,

I= { a∃ A |a# 1B ∃ T }, J = { b∃ B |1A# b∃ T }

are cofinite ideals in A andB, respect ive ly, and

< ∃, I#B + A#J > ∀ < ∃, T > = 0.

S ince for any a∃ I, h∃ H ,

h& a# 1B = # h1 & a#�( h2 )1B = h& ( a# 1B ) ∃ T,

h& a∃ I, and I is a leftH - submodu le idea l o fA.

S im ilarly, J is a leftH - submodule ideal ofB. So, by Lemm a 2. 2, ∃∃ HA
0 H B

0
, and henceH (A# B )

0

= HA
0 H B

0
.

By Lemm a 2. 3, we know that

H (A# B )
0�HA

0 �H B
0

as coa lgebras.

& LetH be a b ialgebra. A b ilinear form %: H  H ∀ k is called a skew pairing in [ 6] if the follow ing s

ho ld:

( L1) % ( x, hg ) = # % (x 1, g) % (x2, h) ;

( L2) % ( xy, h ) = # %( x, h1 )% ( y, h2 ) ;

( L3) % ( x, 1H ) = �( x ) ;

( L4) % ( 1H , h ) = �( h) .

for any h, g, x, y∃ H.
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& Let % be a skew pa iring onH . If for any h, x ∃ H , ho lds,

( L5) # % (x1, h) x2 = %( x2, h ) x1, holds

then w e call (H, % ) a Long skew b ialgebra in [ 6].

Example 2. 5� LetH be aH opf algebra. Then, by [ 7] , H is a leftH - module a lgebra whose modu le ac�

t ion is g iven byh& x = # h1xS ( h2 ) . So, by R em ark 1. 1 in [ 2] , HH
0
=H

0
.

Let %: H  H ∀ k be a skew pairing. Define a leftH - action ofH as fo llow s:

# :H  H ∀ H, h  x # % ( h, x2 )x1.

Then (H, # , �) is a le ftH - d imodu le w hich is a leftH - comodu le a lgebra w ith h# 1H = �( h) 1H .

So, w e have the genera lized smash productH# H whosemultip lication is g iven by

( h# x ) (g# y ) = # hx 1gS (x2 )# x3y.

By Theorem 2. 4, there ex ists an isomorph ism o f coalgebras as fo llow s:

H (H#H )
0
�H

0
�HH

0
.

Corollary 2. 6� LetA be a leftH - modu le a lgebra, andB a leftH - dimodule algebra. Then

H (A# B )
0�HA

0 �H B
0

as coa lgebras.

Proof� It is straight forw ard by Defin it ion 1. 2 and Theorem 2. 4.

Example 2. 7� Let (H, % ) be a long skew b ialgebra. Define a leftH - action onH
*

as follow s:

& : H  H
*

∀ H
*
, h f h& f,

where < h& f, x> = f ( xh ).

It is easy to check that (H
*
, & ) is a leftH - modu le a lgebra.

Define a leftH - action onH as fo llow s:

# :H  H ∀ H, h  x # % ( h, x2 )x1.

By [ 4], W e know that (H, # , �) is a leftH - dimodule algebra. So, by Theorem 2. 4, there ex ists an iso�
morph ism o f coalgebras as follow s:

H (H
*
# H )

0�HH
* 0 �HH

0
.

In Theorem 2. 4, ifB=H , thenB is a leftH - d imodu le w ith the triv ia l action and the comodule structure

map �. It is obv ious thatH B
0
= HH

0
=H

0
, so w e obta in

Corollary 2. 8� LetA be a leftH - modu le algebra. Then there ex ists an isomo rph ism o f coalgebras as fo l�
low s:

H (A#H )
0�HA

0 �H 0
.
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