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Abstract: The alternat ing d irectionm ethods for so lving variational in equality problem s n eeds to solve several subprob�

lem s, wh ich are also variational inequ alities. Thu s, the ef ficiency of th is type ofm ethod s is in fluenced by the m ethod s

for solving the subprob lem s. In th is paper, w e p ropose a sim ple alternating d irection m ethod. It need s on ly to perform

som e m atrix- vector p roduct ions and project ion on to a sim p le set. Under m ild assum p tion, w e show the global conver�

gence of the m ethod. Som e prelim inary com putational resu lts are reported, show ing th e efficiency of the proposedm eth�

od.
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[摘要 ] � 解变分不等式的交替方向法每一步需要解一个 (几个 )变分不等式子问题, 算法的有效

性受这些子问题的影响很大.本文提出了一个解线性变分不等式的简单的交替方向法. 在每一步

迭代中,只需要做矩阵 -向量乘法和到简单集合的投影, 使得算法的效率得到保证. 在适当的条件

下证明了算法的全局收敛性.初步的数值结果表明, 我们的新算法较原有同类算法有所改进.
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0� Introduction

W e consider the linear variational inequality problem: F ind x
* � S, such that

(x - x
*
)
T
(Hx

*
+ c )  0, � � x � S, ( 1)

where S Rn is a nonempty closed convex subset ofR
n
andH � Rn !n is ama trix and c� Rn. In many pract ical

app lications, S has the fo llow ing structure:

S = {x � R
n
| Ax = b, x � K },

where A� Rm ! n, b� Rm, andK is a simple nonempty closed convex subset ofR
n
.

By attach ing a Lagrange mu lt iplier vector y� Rm to the linear constra intAx= b, w e get an equ iva lent form

of the variational inequality problem ( 1) : F ind u
* � �, such that

(u - u
*
)
T
F (u

*
)  0, � � u � � ( 2)

where

u =
x

y
, F (u ) =

(Hx + c) - A
T
y

Ax - b
, � = K ! Rm. ( 3)
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In the fo llow ing, w ew ill alw ays assume that the solution set o f problem ( 2) - ( 3) is nonempty. Fo r solv ing

th is prob lem w ithH be ing symmetric, H e and Zhou
[ 1]

proposed the fo llow ing alternating d irectionm ethod:

G iven (x
k

, y
k

) � �, compute the temporal po int !u
k

= ( !x
k

, ∀y
k

) v ia

!xk = PK [ x
k
- (Hx

k
+ A

T
(Ax

k
- b) - A

T
y
k
+ c ) ],

y
k
= y

k
- (A!xk - b).

Then, set

r(u
k
) =

x
k
- !xk

Ax
k
- b

, d (u
k
) =

x
k
- !xk

y
k
- ∀yk

.

F inally, compute the stepsize �(u
k
)

�(u
k
) =

# x
k
- !xk# 2

+ #Ax
k
- b# 2

# x
k
- !xk# 2

I+H+ ATA + # y
k
- ∀yk# 2,

and get the next iterate

u
k+ 1
= u

k
-  �(u

k
) ( u

k
- !uk ).

Their method ismore attractive than the classical a lternating direction methods
[ 2 - 7 ]

, instead of solv ing the struc�
tura lly d ifficu lt variational inequality prob lem in the classicalmethods, they on ly make a pro jection to the simp le

setK and ca lculate somema trix�vector products to get the next iterate u
k + 1

. Th is is advan tageous espec ially for

large scale prob lems. The irmethod w as then ex tended to so lv ing linear variat iona l inequa lity prob lem s by adop�
t ing an alternative stepsize ru le

[ 8]
.

In this paper, w e propose a new a lternating direct ion method, wh ich is as simple as [ 1] and [ 8] . U nder

sim ilar cond itions as those in [ 1, 8], w e prove the g lobal convergence o f them ethod.

1� The New A lgorithm

W e now present ourm ethod formally.

A lgorithm. � G iven 0< !< 2 and (x
k
, y

k
) � �, compute the temporal point !xk � K v ia

!xk = PK 1
∀
(Bx

k
- c + A

T
y
k
+ A

T
b ) , ( 4)

where B = ∀I- (H + A
T
A ), ∀> #H + A

T
A# is a constan.t Then, compute the stepsize by

�k =
(x
k
- !xk )TB (xk - !xk ) + #A!xk - b# 2

#B (x
k
- !xk ) # 2

+ #A!xk - b# 2 . ( 5)

F inally, find the next iterative po int by

x
k+ 1
= PK [ x

k
- !�kB (x

k
- !xk ) ] , ( 6)

y
k+ 1
= y

k
- !�k (A!xk - b). ( 7)

No tice that ( 4) is equivalent to finding ∀xk, such that

(x∃- !x
k

)
T
{B ( !x

k

- x
k

) + (H!x
k

+ c ) - A
T
[ y
k

- (A!x
k

- b ) ] }  0, � x∃� K. ( 8)

Letx
*

and y
*

be an arbitrary so lut ion of ( 2) . Then, setting x
∃
= x

*
in ( 8) , w e have

(x
*
- !xk )T {B (!xk - x

k
) + (H!xk + c) - A

T
[ y
k
- (A!xk - b) ] }  0. ( 9)

S ince ∀xk � K,
(!xk - x

*
)
T
{ (Hx

*
+ c ) - A

T
y
*
}  0. ( 10)

Adding ( 9) and ( 10) , w e have

(!x
k

- x
*
)
T
{- B ( !x

k

- x
k

) + H (x
*
- !x

k

) - A
T
(y

*
- y

k

) - A
T
(A!x

k

- b) }  0.

S inceH is positive sem idefinite,

(!xk - x
*
)
T
H (x

*
- !xk ) % 0.

Thus,

( !xk - x
*
)
T
{ - B (!xk - x

k
) - A

T
( y

*
- y

k
) - A

T
(A!xk - b) }  0.

U sing the fact thatAx
*
= b and by rearrang ing terms, w e get,
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(x
k
- x

*
)
T
B (x

k
- !xk ) + ( yk - y

*
) (A!xk - b)  #A!xk - b# 2

+ (x
k
- !xk )TB (xk - !xk ), ( 11)

which means that [B (x
k
- !xk ); A!xk - b] is an ascent direction of the unknown function

1
2
# [ x - x

*
; y- y

*
]

# 2
. H erew e have used theMATLAB convention that for any two co lumn vectors x � Rn and y � Rm, [ x; y ]: =

(x
T
, y

T
)
T
.

2� G loba l Convergence

In this sect ion, w e analyze the g lobal convergence o f the proposed a lgorithm. B ased on ( 11) , w e have the

follow ing theo rem.

Theorem 1� For any so lut ion po int u
*

of ( 2) , the sequence {u
k
} generated by the algorithm sat isfies

# u
k+ 1
- u

* # 2 % # u
k
- u

* # 2
- !(2 - !) �k ( #A!xk - b# 2

+ (x
k
- !xk )TB (xk - !xk ) ). ( 12)

Proof� For any tw o vecto r s, t� Rn, w e have

#PK [ s ] - PK [ t] # % # s - t#,

.i e. , the pro ject operatorPK is nonexpansive. From th is property, w e have

# u
k+ 1
- u

* # 2

% # x
k
- !�kB (x

k
- !xk ) - x

* # 2
+ # y

k
- !�k (A!x

k
- b ) - y

* # 2

= # x
k
- x

* # 2
+ #y

k
- y

* # 2
- 2!�k (x

k
- x

*
)
T
B (x

k
- !xk ) - 2!�k ( y

k
- y

*
)
T
(A!xk - b) +

!
2
�k

2
(#B (x

k
- !xk ) # 2

+ #A!xk - b# 2
)

% # u
k
- u

* # 2
- 2!�k ( (x

k
- !xk ) TB (xk - !xk ) + #A!xk - b# 2

) + !
2
�k

2
(#B (x

k
- !xk )# 2

+ #A!xk -

b# 2
)

= # u
k
- u

* # 2
- !( 2 - !)�k [ (#A!xk - b# 2

+ (x
k
- !xk ) TB (xk - !xk ) ] ,

where the second inequality fo llow s from ( 11) and the last equa lity fo llow s from the de fin ition o f�k.

S inceB is positive definite,

(x
k
- !xk )TB (xk - !xk )  #min (B )# x

k
- !xk# 2

,

where #m in (B ) is them inimum eigenva lue ofB. On the other hand,

#B (x
k
- !xk )# 2 % #B# 2#x

k
- !xk# 2

.

From the def in ition o f�k, w e have

�k  
#m in (B )# x

k
- !xk# 2

+ #A!xk - b# 2

#B# 2# x
k
- !xk# 2

+ #A!xk - b# 2  
m in( #m in (B ), 1)

m ax (#B# 2
, 1)

: = c, ( 13)

for allk> 0.

W e have the fo llow ing main resu l:t

Theorem 2� The sequence {u
k
} generated by the algorithm converges to a so lut ion o f the variational ine�

qua lity prob lem ( 2).

Proof� It fo llow s from Theorem 1 and ( 13) that

# u
k+ 1
- u

* # 2 % # u
k
- u

* # 2
- !(2 - !) c(#A!xk - b# 2

+ (x
k
- !xk )TB (xk - !xk ) ).

S ince c> 0, 0< !< 2 and the fact thatB is positive definite that

# u
k+ 1
- u

* # 2 % # u
k
- u

* # 2 % & % # u
0
- u

* # 2
, ( 14)

which means that the generated sequence { u
k
} is bounded. Furthermore,

lim
k∋ (
#A!xk - b# 2

+ (x
k
- !xk ) TB (xk - !xk ) = 0,

or, equ iva lently,

l im
k∋ (
#A!xk - b# = lim

k∋ (
(x
k
- !xk )TB (xk - !xk ) = 0.

S ince {u
k
} is bounded, it has at least one c luster po in.t Let #u be a cluster po int of {u

k
} and {u

k j } be the sub�
sequence converg ing to #u. Then,

#x = lim
k∋ (

x
k j = lim

k∋ (
!xk j
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and

#A #x - b# = lim
k∋ (
#A!xk j - b# = 0. ( 15)

S ince the projection operator is continuous, tak ing lim it along the subsequence in ( 4) and using ( 15), w e have

#x = PK [ #x -
1
∀
(H#x + c - A

T
∃y ) ] ,

which , togetherw ith A#x = b implies that #u is a so lution of ( 2). W e can take u
*
= #u in ( 14) and

# u
k+ 1
- #u# % # u

k
- #u#.

the who le sequence {u
k
} thus converges to #u.

3� Numerical Results

W e imp lement the proposed a lgorithm inM a tlab to so lve a linear variational inequality prob lem and report

the results.

The problem under consideration is the linear variational inequality problem w ith

F (x ) = Hx + c,

where

H =

1 2 & & 2

0 1 2 & ∃

∃ % % % ∃

∃ % % 2

0 & & 0 1

, q = (- 1, - 1, &, - 1)
T
.

and

S = {x � R
n
| )

n

i= 1
xi = 1, xi  0, i = 1, 2, &, n. }

The constra int se tK is the nonnegative o rthantR
n

+ and

A = ( 1, 1, &, 1), � b = 1.

Th is problem is amod if ication o f the standard test problem, the linear comp lem entarity problem LCP(H, c) , .i

e. , LV I(H , c, S ) w ith S = R
n

+ . The LCP(H, c ) w as used in many papers [ 10] - [ 12] , for wh ich Lemke s'

method is known to run in exponential tim e. The un ique so lut ion is ( 0, &, 0, 1)
T
. W e report the computation�

al resu lts w ith the d imension vary ing from 8 to 2 000 and w ith the initial po int u
0
= ( 1, &, 1). W e set the pa�

rameter ∀ to be 30#H + A
T
A#. The computational resu lts are reported in T able 1. The column ∗N + deno tes

the dim ension o f the problem and the stopping criterion is

# e(uk ) # % %,

where % is set to 10
- 6
. I'N 'denotesNumber o f Iteration and C'PU 'denotes the CPU time in seconds. For the pur�

pose of comparison, w e a lso code the a lgorithm o fH an and Lo
[ 8]
, denoted as H' an& Lo 'm ethod. Note also that

sinceK = R
n

+ , the pro ject ion in the sense o f the Euclidean norm is very easy to carry ou.t For any z� Rn, PK
[ z ] is def ined as component�w ise

(PK [ z ] ) j =
zj, if zj  0,

0, o therw ise.

Table 1� Num erical resultsw ith u0 = ( 0, &, 0 ) T

N 8 16 32 64 128 256 512 1000 2000

H an& Lo 'm ethod
IN 22 48 82 303 1969 2 513 3 009 3 804 5 211

CPU 0. 05 0. 15 0. 21 0. 79 6. 77 12. 90 31. 60 84. 45 193. 66

P roposed

M ethod

IN 14 16 67 136 377 746 805 854 963

CPU 0. 01 0. 04 0. 15 0. 28 0. 94 6. 65 8. 33 17. 35 29. 76

From the above tab lew e can see that the proposedmethod is simple and efficien.t
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4� Conclusion

In this paper, w e presen ted a simp le alternating d irect ion method for so lving linear variational inequality

problems. A t each iteration, the method needs on ly a pro jection onto a simp le set and somem atrix- vector pro�
duct ion. It is thus suitab le to so lve large�sca le prob lems. W e proved the g loba l convergence of themethod under

them ild cond ition that the underly ing matrix in the variational inequality prob lem is positive defin ite and the so�
lut ion set is nonempty. An important future research topic is to consider if this simplem ethod can be ex tended to

non linear variat iona l inequa lity prob lem s.
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