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Abstract: The perm an ence and harvest ing policy of aH o lling�T anner p redator�p rey m odelw ith b irth pu lse and harves�

ting effect is invest igated. F irst, by the stroboscop ic m ap, w e obtain an exact period ic so lut ion of th e system w h ich has

R icker fun ct ion or B everton�H olt funct ion. Furth er, by the Floquet theorem, w e prove the boundary periodic solu tion is

alw ays unstab le. And by th e com parison theorem of im puls ive differen tia l equation, w e ob tain the cond ition for perm a�

nen ce of th e system. At last, w e gain the m axim um harvest ing effort for th e system.
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[摘要 ] � 研究了一个具有收获和生育脉冲效应的 H o lling�Tanne r捕食者 � � � 食饵系统的持久性和

收获策略.首先, 利用频闪映射, 得到了带有 R icker和 Beverton�H o lt函数的脉冲系统准确的周期

解. 进而,通过 F loquet定理, 证明了边界周期解总是不稳定的, 利用脉冲比较定理, 得到了系统持

续生存的条件.最后, 得到了系统的最大收获努力量.
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0� Introduction

Predator�prey systems have been stud ied in many literatures
[ 1- 3 ]

. Generally, the Ho lling�Tanner preda tor�
prey model is described as

�x = x (B (x ) - d ) -
cxy

A + x
,

�y = y ( s - h
y
x

),

( 1)

where x, y stand for prey and predator density, respectively.
cx

A + x
isHo lling�II functional response, d > 0 is the

death rate constan,t andB ( x ) x is a b irth rate function of the prey populat ion, w ithB (x ) satisfy ing the fo llow ing
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basic assumpt ions for x (0, ! ): (1) B ( x ) > 0; ( 2) B ( x ) is cont inuously differentiab le w ith B∀( x ) < 0;

( 3) B (0
+

) > d + E> B ( ! ). Examp les of b irth functionsB ( x ) found in the b io log ical literature [ 4] are: ( 1)

B1 ( x ) = be
- ax

, w ith a > 0, b> 0; (2) B 2 ( x ) =
p

q+ x
m, w ith p, q, m > 0. Functions B1 andB 2 w ithm = 1 are

used in fisheries, and are known as the R icher function and Beverton�Ho lt funct ion, respectively.

1� M ode l

M odel ( 1) invariab ly assumes that the prey spec ies reproduce throughout the year, w hereas it is often the

case that b irths are seasonal or occur in regular pu lses. Thus the continuous reproduct ion o f popu lation is then re�
moved from the trad it iona lmodels and replaced w ith a birth pu lse

[ 4]
, that is, reproduction takes p lace in a rela�

t ive ly short per iod each year. Consequently, impu lsive d ifferent ial equations ( hybr id dynam ical systems) prov ide

a natura ldescription of such phenomenon. Recently, the impulsive equat ions are found in a lmost every doma in of

app lied sciences. Numerous examp les are g iven in B ainov# s and h is co llaborators# books
[ 5]
. In th is paper, w e

introduce aHo lling�Tanner predator�preymode lw ith prey b irth pu lse and rat io harvest as fo llow s

�x= - dx-
cxy

A + x
- Ex,

�y= y ( s- h
y
x

),

� � � t∃ n,

x ( t
+

) = x ( t ) + B ( x ( t) ) x ( t), � t= n,

( 2)

where n N, the period o f impulsive effect is 1, E is the harvesting effor.t

In this paper, ourma in purpose is to study the ext inction and permanence of system ( 2) . The organ izations

of the paper are as fo llow s: In next section, using the discrete dynam ical system determ ined by the stroboscop ic

map, w e obta in an exact period ic so lution of the system wh ich has R icker function or B everton�Ho lt funct ion.

M oreover, by the F loquet theory and a comparison theorem, w e estab lish the sufficient conditions under wh ich

the boundary periodic solution is a lw ays unstab le and system is permanen.t In the last section, w e obtain the

max imum harvesting effort fo r the system.

2� Ex tinction and Permanence

Let �y = hy, �c= h
- 1

c, w e can w rite system ( 2) in the follow ing form

�x= - ( d + E ) x-
cxy

A + x
,

�y= y ( s-
y
x

),

� � � t∃ n,

x ( t
+

) = x ( t ) + B ( x ( t) ) x ( t), � t= n.

( 3)

In the absence of the predator, system ( 3) reduces to

�x = - (d + E ) x, � t∃ n,

x ( t
+

) = x ( t) + B ( x ( t ) )x ( t), � t= n.
( 4)

W e so lve the prey population in system ( 4) betw een pulses,

x ( t) = xn e
- ( d + E ) ( t- n )

, n< t% n + 1, ( 5)

where xn =
&

x ( n
+

) is the init ial popu lation at time n. U sing the second equation o f system ( 4), w e deduce the

stroboscopic map such tha:t

xn+ 1 = xn e
- (d + E )

( 1+ B ( xn e
- ( d +E )

) ) =
&

F ( xn ),

where F ( x ) = x e
- (d + E )

(1+ B ( xe
- ( d + E)

) ).

IfB1 ( x ) = be
- x
, then

xn+ 1 = xn e
- (d + E )

(1+ be
- xn e

- (d + E )

). ( 6a)
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IfB2 ( x ) =
p

q+ x
m, then

xn+ 1 = xn e
- (d + E )

(1+ p

q+ ( xn e
- ( d+ E )

)
m ). (6b)

D ifferent ial equations ( 6a) and ( 6b) describe the numbers of prey popu lation at a pulse in term s of va lues

at the prev ious pulse. W e are, in otherw ords, stroboscopically samp ling at its pulsing period. The dynam ical

behav iors o f ( 6a) and ( 6b), coupled w ith ( 5), determ ines the dynam ica l behav ior of system ( 4) . In the fo l�
low ing, w e w ill focus our attent ion on system s ( 6a) and ( 6b) . W e w ill focus here on b for the R icker funct ion

and p for the Beverton�Ho lt function, and document the changes in the qualitative dynam ics of ( 6a) ( or ( 6b) )

as b ( or p ) varies. F irs,t the triv ial equ ilibrium xe

*
= 0 is alw ays a solution for equat ion ( 6a) ( or ( 6b) ) . For

the R icker funct ion, when b is small enough, that is b0 = e
d + E

- 1, b ( 0, b0 ), x
*
e = 0 is g lobally asymptotically

stable. And when b> b0, equation ( 6a) has stab le positive equ ilibrium xs

*
= e

d + E
ln(

b

e
d + E

- 1
). For the B ever�

ton�Ho lt function, w hen p< p0 = q ( e
d + E

- 1), x
*
e = 0 is g lobally asymptot ica lly stab le. And when p> p0, equa�

t ion ( 6a) has stab le positive equ ilibrium x
*
s = e

d + E
(

p

e
d + E

- 1
- q )

1
m . Obviously, x

*
s satisf ies x

*
s > F ( x ) > x if

x
*
s > x> 0; x> F ( x ) > x

*
s if x > x

*
s . F rom [ 4] , x

*
s is g lobally asymptotically stab le. There fore, w e have the

follow ing lemma.

Lemma 1� Letx ( t) be a so lut ion of system ( 4) w ith in itia l cond ition x (0) > 0.

( i) ForB 1 ( x ) = be
- x
, if b< b0, then x ( t) ∋ 0 as t ∋ ! . If b> b0, then system ( 4) has unique asymp�

to tica lly stable posit ive so lut ion

�xs ( t) = e
d + E

ln(
b

e
d + E

- 1
) e

- ( d+ E ) ( t- n )
, � n < t% n+ 1.

( ii) ForB2 (x ) =
p

q+ x
m, if p< p0, x ( t) ∋ 0 as t∋ ! . Ifp > p0, system ( 4) has un ique asymptotically

stable posit ive so lut ion

�xs ( t ) = e
d + E

(
p

e
d + E

- 1
- q )

1
m e

- ( d + E ) ( t- n )
, � n< t% n + 1.

From the above, w e know that if b> b0 ( or p> p 0 ), there ex ists the boundary period ic so lu tion ( �xs ( t), 0)

of system ( 3) . Nex ,t w e w ill discuss that ( �xs ( t), 0) is a lw ays unstable.

Theorem 1� For system ( 3), the boundary periodic so lution ( �x s ( t), 0) is a lw ays unstable.

Proof� Defining x ( t ) = u ( t) + �x s ( t), y ( t) = v ( t), therem ay bew ritten

u ( t)

v ( t)
= � ( t)

u ( 0)

v (0)
,

where � ( t ) sat isfies

d�
dt

=
- d - E -

c�xs ( t)

A + �x s ( t)

0 s

� ( t )

and � ( 0) = I, the identity matr ix. The linearization o f impulsive subsystem ( 3) becomes

u ( n
+

)

v ( n
+

)
=

1+ B ( x
*
s ) + x

*
s B∀( x*s ) 0

0 1

u ( n)

v ( n)
.

W e denote that

M =
1+ B ( x

*

s ) + x
*

s B∀( x
*

s ) 0

0 1
� (1).

The e igenva lues of the matrixM are �1 = ( 1+ B ( x
*
s ) + x

*
s B∀( x*s ) ) e

- ( d+ E )
< 1, �2 = e

s
> 1. No tice that �2 =
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e
s
> 1, the boundary period ic so lution ( �xs ( t ), 0) of system ( 3) is alw ays unstab le. The proo f is comp lete.

Theorem 2� ( i) ForB 1 ( x ) = be
- x
, system ( 3) is perm anent prov ided b> e

d + E + csxs
*

- 1 holds true, here

x s

*
= e

d + E
ln

b

e
d + E

- 1
; ( ii) Fo rB 2 ( x ) =

p

q+ x
m, system ( 3) is permanent prov ided p > q ( e

d + E + csxs
*

- 1) holds

true, here xs

*
= e

d + E
(

p

e
d + E

- 1
- q)

1
m .

Proof� Let ( x ( t), y ( t) ) is any so lut ion of system ( 3) w ith in it ia l va lues x (0
+

) > 0, y ( 0
+

) > 0.

( i) ForB 1 ( x ) = be
- x
, s ince b> e

d + E + csx s
*

- 1, it is easy to know b> e
d
- 1. A t the same time, w e can

choose a sufficient ly sma ll such that

b> e
d + E + cs!

- 1,

here != x s

*
+  . F rom the f irst equat ion of system ( 3) , w e have �x < - (d + E )x, and then consider the com�

parison system ( 4). By Lemma 1, it is obv ious that for the chosen  > 0, there ex ists a suffic iently large t1 such

that

x ( t) % �xs ( t) +  < e
d +E

ln
b

e
d + E

- 1
+  = xs

*
+  =

&
!, n < t% n+ 1, t> t1.

( ii) ForB2 (x ) =
p

q+ x
m , by the sam emethod, w e have

x ( t) % �x s ( t) +  < e
d + E

(
p

e
d + E

- 1
- q )

1
m +  = xs

*
+  =

&
!, n < t% n + 1, t> t1.

Considering the comparison system

dy

dt
=

y

!
( s!- y ),

which has asymptotically stable so lution y= s!, w e know there is a t2 > t1 such thaty< s! for t> t2; that is y ( t)

∋ 0 w ith t ∋ ! . H ence, there ex ists a constantM = m ax{ !, s!} > 0 such that x ( t) % M, y ( t) % M for any

solution ( x ( t), y ( t) ) o f system ( 3) w ith t> t2.

N ext, w e sha llprove that there ex istm 1 > 0, m 2 > 0 such that for any so lu tion (x ( t), y ( t ) ) of system ( 3) ,

x ( t) (m 1, y ( t) (m 2.

F rom the first equat ion of system ( 3) , w e have �x( - ( d +
cs!
A

) x=
&
- ∀1 x, then w e consider the follow ing

comparison system w ith pu lse:

�x= - ∀1 x, t∃ n,

x ( t
+

) = x ( t ) + B ( x ( t) ) x ( t), t= n.
( 7)

By Lemm a 1 and the comparison theorem
[ 5]
, there ex ists t3 > t2 such that

( 1) forB 1 ( x ) = be
- x
,

x ( t) ( �x ( t) -  > ln(
b

e
∀1 - 1

) -  =
&

m 1 > 0, n < t% n+ 1, t> t3,

where

�x ( t) = e
∀1 ln(

b

e
∀1 - 1

) e
- ∀1( t- n )

is the periodic so lut ion of system ( 7) ;

( 2) forB 2 ( x ) =
p

q+ x
m,

x ( t) ( �x ( t) -  > (
p

e
∀1 - 1

- q )
1

m -  =
&

m 1 > 0, n< t% n + 1, t> t3,

w here

�x ( t ) = e
∀1 (

p

e
∀1 - 1

- q )
1
m e

- ∀1( t- n)
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is the periodic so lut ion of system ( 7) .

W e are left to prove there ex istm 2 > 0 and a suffic iently large t0 such thaty ( t)(m 2 for all t> t0. The pro�
bative process can be d iv ided into the fo llow ing tw o steps:

Step 1� ( 1) ForB1 (x ) = be
- x
, if b> e

d + E
- 1, w e can choose 0< m ∀2 < s! such that for the chosen  >

0, s#- m ∀2 > 0, where #= ln(
b

e
∀2 - 1

) -  .

( 2) Fo rB 2 ( x ) =
p

q+ x
m, ifp> q ( e

d +E
- 1), likew ise, w e can choose 0< m∀2 < s! such that for the chosen

 > 0, s#-m ∀2 > 0, where #= (
p

e
∀2 - 1

- q )
1

m -  .

W e are sure that there ex ists a t4 > t3 > 0 such thaty ( t4 ) (m∀2. O therw ise, ify ( t) < m ∀2 for all t> t3, from

the first equation of system ( 3) , w e have �x> - ( d + E +
cm ∀2
A

)x =
&
- ∀2 x. Considering the fo llow ing comparison

system

�x= - ∀2x, t∃ n,

x ( t
+

) = x ( t ) + B ( x ( t) ) x ( t), t= n.
( 8)

By the samem ethod as ( 7) , w e obta in there ex ists t∀> t3 > 0 such that

( 1) forB 1 ( x ) = be
- x

,

x ( t) (�x ( t ) -  > ln(
b

e
∀2 - 1

) -  =
&
#, n< t% n + 1, t> t∀,

where

�x ( t) = e
∀2 ln(

b

e
∀2 - 1

) e
- ∀2( t- n )

is the periodic so lut ion of system ( 8) ;

( 2) forB 2 ( x ) = p

q+ x
m,

x ( t) ( �x ( t) -  > (
p

e
∀
2 - 1

- q )
1

m -  =
&
#, n < t% n+ 1, t> t∀,

w here

�x ( t ) = e
∀2 (

p

e
∀2 - 1

- q )
1
m e

- ∀2( t- n)

is the periodic so lut ion of system ( 8) .

From the second equation of system ( 3) , w e have

�y> y ( s-
m∀2
#

) > 0, for t> t∀.

Hence, y ( t )∋ ! as t∋ ! . It is con trary toy ( t) < m ∀2 fo r all t> t3. U pon tha,t w e accomplish there ex ists a t4

> 0 such thaty ( t4 )(m ∀2.

Step 2� By the above step, w e are left to consider tw o cases:

Case 1� If y ( t) (m∀2 fo r all large t, then the proof is complete, herem 2 = m∀2.

Case 2� Ify ( t) osc illates aboutm ∀2 for a ll large t, w e can choose constants h> 0 and t0 > max { t∀, t4 } ( t0

is dem anded be sufficien tly large) such tha ty ( t) % m∀2, y ( t0 ) = y ( t0 + h ) = m∀2 and x ( t) > # for t [ t0, t0 +

h ]. Thus, there ex ists a t
*  ( t0, t0 + h ) such thaty ( t )(

m ∀2
2

fo r t [ t0, t
*

] . A ssum ing t
*  ( n1, n1 + 1] ,

n1  Z+ , Z+ = 1, 2, ), w e sha ll discuss the fo llow ing two cases:

( i) If n1 + 1( t0 + h, from the second equation o f system ( 3), w e have �y> -
m∀2
#

y. Then y ( t) (y ( t
*

)
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exp( -
m∀2
#

( t0 + h - t
*

) ) >
m∀2
2

exp( -
m ∀2
#

) =
&
∃, for t [ t

*
, t0 + h ] .

( ii) If n1 + 1< t0 + h, w e obta in that y ( t) > y ( t
*

) exp( -
m ∀2
#

( n1 + 1- t
*

) ) >
m∀2
2

exp( -
m ∀2
#

) =
&
∃, for t

 [ t
*

, n1 + 1]. For t [ n1 + 1, t0 + h ] , there ex ists t
* *  ( n1 + 1, t0 + h ) such thaty ( t )( ∃

2
fo r t [ n1 +

1, t
* *

]. Assum ing t
* *  ( n2, n2 + 1], n2 > n1, n2  Z+ . By the same method, it is not d ifficu lt to obta in that

if n2 + 1( t0 + h, for t [ t
* *

, t0 + h ], y ( t ) >
m∀2
2
2 exp( -

2m∀2
#

); if n2 + 1< t0 + h, for t [ t
* *

, n2 + 1] ,

y ( t) > y ( t
*

) >
m ∀2
2
2 exp( -

2m ∀2
#

). For t [ n2 + 1, t0 + h] , w e repeat the above process. Because h is lim ited,

consequentia lly, there ex ist tl > 0 and n l  Z+ such that tl  ( n l, nl + 1] and n l + 1( t0 + h, then w e can de�

duce y ( t) >
m ∀2
2

l exp( -
lm∀2
#

).

Ow ing to the random icity of t0, w e can conclude there ex istsm 2 =
& m∀2

2
l exp( -

lm ∀2
#

) such thaty ( t )(m 2 for

all t> t0. The proo f is comp lete.

3� Harvesting Po licy and D iscussion

The opt imal management of renew able resources, wh ich has a direct relationsh ip to sustainab le develop�
men,t has been studied ex tenc ively by many authors. Econom ic and b io log ica l aspects of renew able resources

management have been considered by C lark
[ 6]
. F rom the po int of view s of ecolog icalmanagers, itmay be desira�

b le for the system to be g loble stab ility o r perm ance of even g lobally attract ive, in order to p lan harvest ing strate�
gies and keep a susta inab le development o f the ecosystem. Anothers, asw ell know n, predators have to search for

food ( and therefore have to share or compete for food), a mo re suitable genera l predator�prey theory should be

based on the so�called ratio�dependen t theory, one of those theories is Ho lling�Tanner predator�prey mode,l

w hich can be rough ly stated as thatmore preys shou ld be keeped onmore predators. H ence it is important for us

to studyH olling�Tanner predator�prey mode lw ith b irth pu lse and harvesting effec.t

In th is paper, firstly, by using the Floquet theorem and small amplitude perturbation sk ills, w e have proved

the boundary periodic so lut ion ( �xs ( t), 0) of the system wh ich has R icker function or Beverton�H o lt function is

alw ays unstablew hen b> b0 ( orp > p0 ) . M o reover, by using comparisonmethod, w e have ob tained the system is

permanent when b> b0 ( or p> p0 ). Based on the above resu lts, w e can deve lope the follow ing results:

( 1) ForB 1 (x ) = be
- x
, if b> b0: = e

d
- 1. Then if 0% E < Emax ( themax imum harvest ing effo rt to keep the

system perman t) , system ( 3) is permanen,t where z= Emax is the positive root of the fo llow ing equat ion

ln( b+ 1) = d + z+ cse
d + z

ln
b

e
d + z

- 1
.

( 2) ForB 2 (x ) =
p

q+ x
m , if p > p0: = q ( e

d
- 1). Then if 0% E < Em ax ( the m ax imum harvest ing effort to

keep the system permant) , system ( 3) is permanen,t w here z= Emax is the positive root of the fo llow ing equat ion

ln
p
q
+ 1 = d + z+ cse

d + z p

e
d + z

- 1
- q

1
m

.

Therefore, in order to keep system ( 3) perm anen,t 0% E < Emax is a harvest ing thresho ld for the prey popu�
lation. From the point of v iew of ecolog icalmanagers, itmay be desirab le to p lan harvesting strateg ies and keep

sustainab le deve lopment of the ecosystem. In system ( 3), fix d = 0. 8, c= 1, s= 0. 3, A = 0. 6. ForB 2 ( x ) =

p

q+ x
m, fix q = 0. 8, m = 1. Som e m ax imum harvesting efforts Em ax to keep the system permant are listed in
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Table 1.

Table 1� The max im um harvesting effortEmax to keep system perm ance

b or p Em ax b or p Em ax

80 3. 594 449 155 600 5. 598 594 935

be- x 120 3. 995 790 546 2000 6. 801 402 335

300 4. 907 110 265 20000 9. 103 537 551

80 3. 582 379 277 600 5. 597 017 268
p

q+ xm
120 3. 987 806 362 2000 6. 800 930 012

300 4. 907 110 265 20000 9. 103 490 357
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