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Abstract: In th is paper, a class of boundary value problem of second�ord er im pu ls ive non linear d ifferent ial equationw as

stud ied. By u sing th eK rasnoselsk ii f ixed poin t theorem, w e show th e ex is ten ce of at least one positive solu tionw ith su it�

ab le condit ions im pose on the non linear term and impu lsive fun ct ion s, w h ich gen eralize and im prove som e know n resu lts.
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[摘要 ] � 研究了一类二阶非线性脉冲微分方程边值问题解的存在性. 利用不动点定理, 通过对非

线性项和脉冲函数的适当假设, 证明了至少一个正解的存在性,推广和改进了一些相应文献的结

果.

[关键词 ] � 脉冲微分方程, 边值问题,不动点定理

� R eceived date: 2007�06�28. Rev ised da te: 2007�08�12.

Foundation item: Supported by the NNSF( 10571050 ) .

Biography: Chen Yuw en, born in 1965, lecturer, ma jored inm athem at ics edu cation. E�m ai:l huaiancyw@ 163. com

0� Introduction

In th is paper, w e investigate the ex istence of so lutions o f a boundary value problem for the fo llow ing second�
order impulsive d ifferent ial equation

y�( t) + � ( t)f ( y ( t ) ) = 0, t  [ 0, 1] , t ! tk, k = 1, ∀, p;

# y ( tk ) = Ik (y ( tk ) ), k = 1, ∀, p;

# y∃( tk ) = -
1

1 - tk
Ik ( y ( tk ) ), k = 1, ∀, p;

y (0) = y (1) = 0.

( 1)

where f, Ik  C (R, R), � ( t): [ 0, 1] % [ 0, & ) is con tinuous, # y ( tk ) = y ( tk
+
) - y ( tk

-
) and y ( tk

+
) =

y ( tk ), # y∃( tk ) = y∃( tk
+
) - y∃( tk

-
) and y∃( tk

-
) = y∃( tk ). LetPC [ 0, 1] = { x: [ 0, 1] % R, x is cont inuous

for any t! tk, left continuous at t= tk and right�hand lim it at t= tk ex ists for k= 1, ∀, p }.

In recent years, the study about o rder impu lsive d ifferentia l equat ion has arouse the investigator∋ s interest�
ing. For example, by the monotone iterative techn ique, the ex istence o f so lut ion for boundary value prob lem s

w ere obta ined
[ 1�3]
, and in [ 4, 5], using f ixed po int theorem, the authors show the ex istence o f solution to second
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order impulsive boundary value prob lem.

In this paper, a new ex istence result for ( 1) is obta ined by using a fixed po int theorem, w hich is due to

K rasnose lsk ii and Zabre iko
[ 6]
. Our condit ions imposed f and Ik are very easy to verify.

1� M ain Results

N ex,t w e state the follow ing w ell�known fixed po int theorem[ 6]
, wh ich is crucial to our proo.f

Theorem 1. 1� LetX be a Banach space andF: X%X be comp letely continuous. If there ex ists a bounded

and linear operato rA: X %X such that 1 is not a eigenvalue o fA and

lim
)u) % &

)F ( u ) - A ( u ))
) u)

= 0,

thenF has a fixed po int inX.

Consider the fo llow ing impulsive integra l equat ion

y ( t) = ∗
1

0
G ( t, s)� ( s )f ( y ( s) ) ds + ( 1 - t) +

0< t
k
< t

Ik ( y ( tk ) )

1 - tk
, ( 2)

where

G ( t, s) =
t(1 - s), 0 , t , s , 1,

s( 1 - t), 0 < s < t < 1.

Lemm a 1. 1� y PC [ 0, 1] −C2 [ 0, 1] is a so lu tion of BVP ( 1) if and only ify PC [ 0, 1] is a so lut ion

of the integ ral equation ( 2).

Proof� Suppose thaty  PC [ 0, 1] is a so lution of ( 2), then for t! tk, w e have

y∃( t) = ∗
1

t

( 1 - s) � ( s) f (y ( s) ) ds - ∗
t

0
s� ( s)f ( y ( s) ) ds - +

0< tk< t

Ik ( y ( tk ) )

1 - tk
,

y�( t) = - (1 - t) � ( t )f ( y ( t) ) - t� ( t) f ( y ( t ) ) = - � ( t )f ( y ( t) ).

For t= tk, w e have

# y ( tk ) = y ( tk
+
) - y ( tk

-
) = Ik (y ( tk ) ), # y∃( tk ) = y '( tk

+
) - y∃( tk

-
) = -

Ik ( y ( tk ) )

1 - tk
,

and y ( 0) = y ( 1) = 0. Therefore y is a so lution o f ( 1).

On the other hand, ify is a so lution o f ( 1), then

y∃( t ) = y∃(0) - ∗
t

0
� ( s) f (y ( s) ) ds - +

0< tk< t

Ik (y ( tk ) )

1 - tk
,

y ( t ) = y∃(0) t - t∗
t

0
� ( s)f ( y ( s) ) ds + ∗

t

0
s� ( s) f (y ( s) ) ds + ( 1 - t)

Ik ( y ( tk ) )

1 - tk
. ( 3)

By using ( 3) and y ( 1) = 0, w e have

y∃( 0) = ∗
1

0
� ( s) f (y ( s) ) ds - ∗

1

0
s� ( s)f ( y ( s) ) ds,

so

� � y ( t ) = t∗
1

0
� ( s)f ( y ( s) ) ds - t∗

1

0
s� ( s) f (y ( s) ) ds - t∗

t

0
� ( s) f (y ( s) ) ds +

∗
t

0
s� ( s) f (y ( s) ) ds + ( 1 - t)

Ik ( y ( tk ) )

1 - tk
=

∗
1

0
G ( t, s) � ( s )f ( y ( s) ) ds + ( 1 - t)

Ik ( y ( tk ) )

1 - tk
.

The proof is complete.

Theorem 1. 2� Assum e that f, Ik: R% R are cont inuous and

l im
y% &

f (y )
y

= m, lim
y% &

Ik ( y )

y
= m, k = 1, ∀, p.
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If

| m | < d = sup
t [ 0, 1 ] ∗

1

0
G ( t, s) � ( s) ds + p

-1

,

then the boundary value prob lem ( 1) has a solution y
*
and y

* ! 0, when f (0) ! 0.
Proof� Let the B anach spaceX = PC [ 0, 1] be endow ed w ith the norm

) y) = sup
t [ 0, 1]

| y ( t ) |.

Define integ ral operatorF: X % X by

(F y ) ( t) = ∗
1

0
G ( t, s)� ( s)f ( y ( s) ) ds + (1 - t) +

0< tk< t

Ik (y ( tk ) )

1 - tk
,

then it is w ell known thatF is complete ly continuous
[ 4]
.

In order to apply Theorem 1. 1 to establish the ex istence resu lt of the boundary va lue prob lem ( 1) , w e con�
sider the fo llow ing boundary value prob lem

y�( t) + m� ( t) y ( t) = 0, # y ( tk ) = my ( tk ),

# y∃( tk ) = - m
1 - tk

y ( tk ), y ( 0) = y ( 1) = 0.
( 4)

DefineA: X % X by

(Ay ) ( t) = m ∗
1

0
G ( t, s) � ( s) y ( s) ds + +

0< tk< t

( 1 - t) y ( tk )

1 - tk
, t  [ 0, 1] ,

then it is easy to tha tA is a complete ly cont inuous ( so bounded) linear operator and that so lutions o f the bounda�
ry va lue problem ( 4) are fixed po ints of the operatorA and conversely.

F irst, w e c laim that 1 is not a eigenvalue o fA. In fac,t ifm = 0, then it is obv ious that the boundary va lue

( 4) has no nontrivia l so lut ion.

Ifm ! 0 and the boundary value prob lem ( 4) has a nontrivia l so lut ion y, then ) y) > 0 and

) y) = )Ay) = sup
[ 0, 1]

| m ∗
1

0
G ( t, s) � ( s) y ( s) ds + +

0< tk< t

( 1 - t) y ( tk )

1 - tk
| =

| m | sup
t [ 0, 1] ∗

1

0
G ( t, s) � ( s) y ( s) ds + +

0< tk< t

(1 - t) y ( tk )

1 - tk
,

| m | sup
t [ 0, 1] ∗

1

0

G ( t, s) � ( s) | y ( s) | ds + +
0< tk< t

| y ( tk ) | ,

| m |. ) y) sup
t [ 0, 1] ∗

1

0
G ( t, s)� ( s )ds + p <

1
d

. ) y) . d = ) y) ,

which is impossib le. So 1 is not a eigenvalue o fA.

N ex,t w e w ill prove that

l im
) y) % &

)F (y ) - A ( y ))
) y)

= 0.

In fac,t for any �> 0, since lim
y% &

f ( y )
y

= m, lim
y % &

Ik ( y )

y
= m , then there ex ist a numberM 1 > 0 such tha t

| f ( y ) - my | < � | y |, | Ik ( y ) - my | < � | y |, fo r | y | > M 1, k = 1, ∀, p.

Let

M = m ax
| y | , M 1

{ | f ( y ) |, | I1 (y ) |, ∀, | Ik (y ) | },

and choose L >m 1 such that

M + | m |M 1

L
< �.

Then for any y  X and )y) > L, w e have
( i) W hen t [ 0, 1] and |y | < M 1, if follow s tha t

| f ( y ) - my | , | f ( y ) | + | m | | y | , M + | m | M 1 < �L < �)y) ,
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| Ik ( y ( tk ) ) - my ( tk ) | , M + | m | M 1 < �L < �) y) . ( 5)

( ii) W hen t [ 0, 1] and |y | >M 1, w e know that

| f ( y ) - my | < � | y | , �)y) , | Ik ( y ( tk ) ) - my ( tk ) | < � | y | , �)y). ( 6)

So w e can conclude from ( 5) and ( 6) that for t [ 0, 1] ,

| f ( y ) - my | < � | y | , �)y) , | Ik ( y ( tk ) ) - my ( tk ) | , �)y) . ( 7)

From ( 7) , w e have

)F ( y ) - A ( y ) ) = sup
0 [ 0, t] ∗

1

0
G ( t, s) � ( s) [ f (y ) - my ] ds + ( 1 - t) +

0< tk< t

Ik ( y ) - my

1 - tk
,

sup
0 [ 0, t] ∗

1

0
G ( t, s)� ( s ) | f ( y ) - my | ds + +

0 < tk< t

| Ik ( y ) - my |

1 - tk
,

�) y) . sup
t [ 0, 1] ∗

1

0
G ( t, s)� ( s) ds + p =

�
d

) y) .

So

l im
) y) % &

)F (y ) - A ( y ))
) y)

= 0.

Then, it fo llow s from Theo rem 1. 1 thatF has a fixed po inty
*  X, .i e. , y* is a so lution of the boundary va lue

problem ( 1) . Further, w e can assert thaty
*
is nontrivia lwhen f ( 0)! 0.

2� Example

Consider the boundary value prob lem

y�( t ) + f ( y ( t) ) = 0, t  ( 0, 1), t ! t1 = 1 /2,

# y ( t1 ) = I1 ( y ( t1 ) ), # y∃( t1 ) = - 2I1 ( y ( t1 ) ),

y (0) = y ( 1) = 0.

( 8)

By Theorem 1. 2, it is easy to see that if f, Ik: R% R are continuous and

l im
s% &

f ( s)

s
< 9 /8, lim

s% &

Ik ( s)

s
< 9 /8,

then the boundary value prob lem ( 8) has a solution. S ince a simple ca lculation show s that d = 9 /8.

Remark 2. 1� The resu lts of [ 4, 5] cannot app iled to the boundary va lue prob lem ( 8) since f, Ik may not

be sub linear here.
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