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Abstract In his paper a class of boundary valie problem of secondt ord er in pukive non linear differential equationwas
sudied By ushg theK rasnosekkii fixed point theoram, we shov theex sience of at least one positive solutonw ih suit
able conditions m pose on the nonlinear tem and mpulsive finctions which generalze and m prove sane known results
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0 Introduction

In this paper we nvestgate the existence of solutions of a boundary value pwoblan for the follw hg second-

order mpulsive d ifferential equation
Y+ SUf(y(1)) =0 t€ [Q L, t# 4 k=1 p
Ay(tk) = [k(y(ﬁf))a k: ]7 "3]’;

MY (1) ==k (u) b k= L g

y(0)=y(l) =20
where f, IAS C(R R), ¢(t): [Q 1] [Q o) is contnuous Ay(tk):y(tf)—y(t[) andy(tf):
y (&), Ay/(tk)zy/(tk+)—y/(m_) andy/(tk_)zy/(tk). LetPC[Q 1]= {x [0 1]_>R, x IS contnuous
for any t7# #, left continuous at t= # and rghthand I it at t= 4 exists fork=1 .., p}.

(1)

In recent years the study about oder mpulswe differential equatbn has arouse the nvestiator’ s nterest
ng For exanple by the monotone iterative technijue the exslence of solitbn for boundary value problen s

were obtaned '™, and n [4 5], usng fxed pont theoram, the authors show the existence of solution to second
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order mpulsive boundary value prob lan.

In this paper anew existence result for (1) is obtaned by usng a fixed pont theorem, which is due to

K rasnoselsk i and Zabreko ®. Our conditbns mposed /" and [, are very easy to verify.
I MamnResults

Next we state the follw ng weltknown fixed pont theorem'®, which is crucial to our poof
Theoren 1 1 LetX be a Banach space and F: X" X be canp letely continuous If here exists a bounded
and linear operatorA: X" X such that1 & not a eigenvalue ofA and

. ||F( )= A( )||
S =0

then F' has a fxed pont nX.
Consiler the follow ng mpulsive ntegral equatbn
1 I I
r(0= foe vy 1oy Y, L (2)
<Zk<[ - A
w here
Clis) :{t(l— s, 0SS s< 1
s(1-1),0< s< 1< 1
Lanmal 1 € PC/Q 1]062[() 1] isasoliton of BVP (1) ifand only ify€ PC/Q 1] & a solitbn
of the integral equation ( 2).
Proof Suppose thaty€ PC[Q 1] isa solution of (2), then fortZ 4, we have
’ ! ! I, [/
V= - secoroa Feca- 3 M0

O< <t 1- b

V(1) == (1= )P(0)f(y(1)) - B ()f(y(1)) == ()f(y(1) ).

For t= ¢, we have

+ - ’ + ’ - ]k e
Ay(u) =y(u )=y(i ) =h(y(a)), 2y (u)=y(u )=y (& ) 2_%@1&))’
andy(0)=y(1)=Q Thereforey is a solution of ( 1).
On the other hand ify is a solution of (1), then
’ ’ ! Ilr
V(=0 = Joorisa- 3 L)
r(1) =y it fositrtonase oo pass (1o (3)

By usng (3) andy(1)=Q we have

v = Jecoreresa= fecsrors

(1) =t j¢(s)f(y(s))ds— t js¢(s)f(y(.s))ds— t J‘i’(s)f(y(s))dﬁ

Focoirr s yase (1o 2L

1 Ik "
Foo o oiyiisas (-t

13
The pwof is canplete

Theoren 1 2 Assune thatf I R~ R are contiuous and

N L)y gy B

m
y «° Yy y Yy

m, k=1 .., p
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1
lm |l< d= [zES[EH/ (ﬁ;(; S)¢(s)dS+A 5
then the boundary value problen (1) has a solution y* andy* Z(Q when f(0)ZQ
Proof Let the Banach spaceX = PC[Q 1] be endowed w ith the nom
Iyl = P, ly(t) I
Define integral operatorF': XX by

1 A A
Fy)() = J ot r(s))dse (1= 1 3, L0

o<t 1= &
then it iswell known thatF is canpletely contnuous .
In order to apply Theorem 1 1 to establish the existence result of the boundary valie problem (1), we con-
sider the follow ng boundary value prob lem

Y1) +mb()y(t) = O Ay(4) =my(u),

/ 4
Ay(tk)=—ﬁy(tk), y(0)=y(1)= 0 ()

Defined: X X by
! 1- )y(4
(Ay)(t) = m|: j;(l; s) D(s)y(s)ds+ Z (1—)9;()], t€ [0 1/,
O< <t -

then it is easy to thatd is a canpletely continuous ( so bounded) linear operator and that so lutions of the bounda-
ry valie poblem (4) are fied ponts of the operatorA and conversely

Fist we clam that1 is not a eigenvalue ofA. In fact ifm = Q ten it is obvbus that the boundary valie
(4) has no nontrivial soluton.

Ifm Z0 and the boundaty value problen (4) has a nontrivial solitbny, then Il y Il > 0 and
! 1- )y(n
||y|| = ||Ay|| = /%ulp|m|: Cﬁ(; s) ¢(s)y(s)ds+02 (lf)y()} | =
<

<tk<t tk
1 1_ "
qu 5 b(s)y(s)dse 3, L Oyl

O< <t 1_ b

I m | <S4R,

|m|£S/lQIH]|: }.‘(; s)P(s) ly(s) | ds+ Z |y(¢)ﬂ<

O<g<t

]i
L] —1. L] —_—
et Iyl s ﬁ(; Jb(spdst ] < T Uyl d= Ny,
which is mpossble So 1 is not a egenvalue ofA.

Next wewill prove that

WF(y)=A(y)ll
B T

fly) hnlk(y):

In fact for any €> Q s'ncelig y =m, lm y

lf(y)-myl< €lyl, | L(y)-myl< €lyl, forlyl>M, k=1 .., p

m, then there exist a numberM ;> 0 such that

Let
= bn‘lgﬁl;i{ Lfy) L VE(y) Loy TL(y) 1},
and choose L>m | such that

M+|m|M1<
L

Then for anyy€ X and Iy |l > I, we have
(i) When € /Q 1] and ly I< M, if follovs that
Lf(y) —my ISUF(y) 1+ Im 11y ISM +1m M, < €L < ellyll,
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L L(y(t)) —my(t) |SM+1mIM, < & < €ll yll. (5)
(i) When t€ /Q 1] and ly|>M, we know that
Lf(y) —myl< ely ISellyll, 1h(y(t))-my(t)l< €ly < ellyll. (6)
Sowe can conchde fum (5) and (6) that for € [Q 1],
L f(y)-myl< ely ISelyll, 1L(y(t))-my(u)I<ellyll. (7)
Fran (7), we have
Il F - A Il = su 1 _ _ M <
= A = | o 90t - myae (1 02 T ‘\
cml koo lf(y)—myldwo%%ﬂ <
el yll « ﬁ%%[ }:(; s)¢(s)ds+4 = §||y||.
So

I F(y) - Afy)]l
L P

Then it follows fran Theoren 1 1 thatF has a fixed pointy* €X, ie, y* is a solution of the boundary valie
problem (1). Further we can assert thaty* is nontrivialwhen f(0)ZQ

2 Example

Consiler the boundary value prob lem
Y()+fy()) =0 1€ (0 1), 17 1=1/2
Ay(t)= Ti(y(n)) By () ==2h(y(n)) (8)
y(0) = y(1) = 0_}
By Theorem 1 2 it is easy to see that iff, [ R R are continuous and

1l < 9/8 | 28| < o8
s o S

s S

then the boundary value problan ( 8) has a solution Since a smple calculation shows thatd= 9/8
Reanark 2 1 The resulis of [4 5] cannot appiled to the boundary valie problem ( 8) sncef I, may not
be sub linear here

[ Referen ces]

[1] Caada A, LizE Boundary value poblens for higher order ordinary differential equations with mpulses| J|. Nonlinear
Anal 1998 32(4): 77578

[2] WeiZ Perbdic boundary valie problen for second order mpulsve mntegro-differential equatibns of m xed type n Banach
spaces| J], JMath AnalApp)] 1995 195(2): 214229

[3] CabadaA, Newo J] Franc D, et al A genemlizaton of the monotone metod for second order perbd c boundary valie
problen with mpulses at fixed pomnts[ J|. Dynan Contin D iscrete Impuls Sys 2000 7(2): 145-158

[4] GuoD, Lu X Multiple positive solutibns of boundary value problens for mpulsve differential equation| J]. Nonlinear
Anal 1995 25(3): 327-337

[5] Lil] Shen J Perbdic boundary valie prwoblens for second order differential equations w ih mpulses|[ J]. Nonlnear Stud s
2005, 12(4): 391-400

[6] KrsnosekiiM A, ZabrekoP P. GeometricalM ethods of NonlnearAnalysisfM ]. New York SpringerV erlag 1984



