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[摘要 ]  给出局部半凸 I-拓扑向量空间的一个新定义,并重新命名 /局部半凸模糊拓扑线性空间0为 / (QL ) -

型局部半凸 I-拓扑向量空间0, 研究这两种定义之间的关系,引入广义模糊 p-伪范数的概念, 证明每个局部半

凸 I-拓扑向量空间可通过一族广义模糊 p -伪范数来刻画.
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  The concept of fuzzy topolog ical vector space w as introduced rat iona lly by K atsaras in 1981
[ 1]
. S ince then,

many researches on fuzzy topo log ical vector spaces have been carried ou t
[ 2-15]

. In 1992, Fang andY an
[ 4]

intro-

duced and studied the locally sem -i convex fuzzy topo log ical vecto r spaces, w hich are a special subclass of (QL )-

type fuzzy topo log ica l vector spaces
[ 9]
. Th is leads natura lly to the follow ing question: Can w e define the local

sem-i convex ity to more genera l fuzzy topo log ical vecto r spaces?

A ccord ing to the standardized term inology ofH Êh leU andRodabaugh S E
[ 16]
, fuzzy topo log ica l vector space

have been ca lled I-topolog ical vector space, where I= [ 0, 1]. In th is paper, w e g ive a new definition of the lo-

ca lly sem -i convex I-topolog ical vecto r space, and prove tha t the locally sem -i convex I-topolog ical vector space de-

fined by Fang andY an
[ 4]

is a specia l case o f i.t W e also g ive a characterization o f the locally sem-i convex I-to-

polog ical vector space bym eans o f a fam ily of genera lized fuzzy p-pseudono rms.

1 Prelim inaries

Throughout th is paper, letX be a vector space over the fieldK (R or C) , Hdeno te the zero element ofX,

I= [ 0, 1] and I
X
denote a fam ily of a ll fuzzy subsets ofX. A fuzzy subset wh ich take the constant value r onX
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( 0[ r[ 1) is denoted by r. A fuzzy subset ofX is called a fuzzy po int
[ 17]
, denoted by xK, if it takes value 0 at

y I X \ { x } and its va lue atx isK. The set o f a ll fuzzy po ints onX is deno ted by Pt( I
X
) . A fuzzy po intxK is said

to be quas-i co inc identw ith a fuzzy subset U, denoted by xKI
~
U, if U( x ) > 1- K. O ther no tions notm entioned

here, for example, I-topo logy, Q-ne ighborhood ( base ) of a fuzzy po int xK, w e refer to [ 17] . W e appo int

in f ª = + ] .

Defin ition 1
[ 1]

 LetA, B I I
X

and kI K. Then A + B and kA are de fined by

(A + B ) ( x ) = D {A ( s )CB ( t): s+ t= x },

( kA ) ( x ) = A ( x /k ), whenever kX 0;

( 0A ) ( x ) =
D zI XA ( z ), ifx = H,

0, ifxX H,

respective ly. In particu lar, for xK, yLI Pt( I
X
), w e have

xK+ yL= (x + y ) KC L, kxK= ( kx ) K.

Defin ition 2
[ 1]  A stratified I-topology T onX is said to be an I-vector topo logy, if the fo llow ing tw o map-

pings are cont inuous:

f: X @XyX, (x, y )y x+ y,

g: K @X yX, ( k, x )y kx,

whereK is equ ipped w ith the I-topology induced by the usual topo logy, X @X andK @X are equ ipped w ith the

corresponding product I-topolog ies.

A vector spaceX w ith an I-vector topo logy T, deno ted by (X, T ), is ca lled an I-topo log ical vector space

( for shor,t an I-tvs).

Defin ition 3
[ 9]  An I-tvs (X, T ) is said to be an I-tvs of (QL )- type, if there ex ists a fam ily U o f fuzzy

sets onX such that for each KI ( 0, 1] ,

UK = U H r: U I U, r I ( 1 - K, 1]

is a Q-neighbo rhood base ofHK in (X, T ) . The fam ilyU is called aQ-prebase for T.

Lemma 1
[ 3]  Let (X, T ) be an I-tvs andUK aQ-neighborhood base ofHK inX ( KI (0, 1] ) . Then it has

the fo llow ing properties:

( 1) IfUI UK orU= r( r> 1- K), then there ex ists K0 I ( 0, K) such that for any LI [ K0, 1] there ex ists

VI ULw ith V< U.
( 2) IfU, V I UK, then there ex istsW I UK such thatW < UH V.

( 3) IfUI UK, then there ex ists V I UK such thatV + V< U.
( 4) IfUI UK, then there ex ists V I UK such that tV< U for a ll tI K w ith |t |[ 1.

( 5) IfUI UK and xI X, then there ex ists a positive number A such thatxK I
~

AU.

Converse ly, letX be a vector space overK, andUK (KI ( 0, 1] ) a fam ily of fuzzy sets onX satisf ies the

above conditions ( 1) ~ ( 5) . Then there ex ists a unique I-topo logy T onX such that (X, T ) is an I-tvs andUK

is a Q-neighbo rhood base ofHK.

Defin ition 4
[ 4]  LetX be a vector space. A fuzzy subset U ofX is called sem-i convex fuzzy set iff there ex-

ists k\ 1, such thatU + U< kU, k is called sem -i convex coefficient o fU.

Obviously, every constant va lue fuzzy set r is sem-i convex. M oreover, w e easily prove the fo llow ing lemm a.

Lemma 2 IfU i ( i= 1, ,, n) are ba lanced and sem -i convex fuzzy sets onX, then H n

i= 1U i is also balanced

and sem -i convex.

2 The R elation Betw een Two Defin it ions of Locally Sem -i Convex I-tvs

Defin ition 5
[ 4]  An I-tvs (X, T ) is ca lled locally sem -i convex if there ex ists a fam ily U o f ba lanced and

sem-i convex fuzzy sets onX such that for each KI ( 0, 1] ,

)9)
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UK = {U H r: U I U, r I (1 - K, 1] }

is a Q-neighbo rhood base ofHK.

Remark 1 Obv iously, an I-tvs (X, T ) is locally sem -i convex in the sense of Def in ition 5, if and only if

(X, T ) is an I-tvs o f (QL )- type and has a balanced, sem -i convexQ-prebase for T.

Now, w e g ive a new definition of loca lly sem -i convex I-tvs, as fo llow s:

Defin ition 6 An I-tvs (X, T ) is called locally sem-i convex if it has aQ-ne ighborhood base of HK consis-

t ing of ba lanced and sem-i convex fuzzy sets for each KI ( 0, 1] .

Remark 2 For dist inction, w e now rename the locally sem -i convex I-tvs in the sense of D efin it ion 5 as

/ the loca lly sem-i convex I-tvs of (QL )- type0. By Def in ition 5 and 6, it is easy to see that every loca lly sem-i

convex I-tvs of (QL )- type is certainly locally sem-i convex. But the fo llow ing example show that the converse is

false.

Example 1 LetX = R. For each KI ( 0, 1] , w e def ineUK as follow s:

If 0< K[ 1
2
, thenUK= { r: rI ( 1- K, 1] };

If
1

2
< K[ 1, thenUK= { ( - a, a ) H t: 1- K< t[ 1, a> 0}.

Obviously, ( - a, a ) is ba lanced. From ( - a, a ) + ( - a, a ) = 2( - a, a), w e know that ( - a, a ) is sem-i con-

vex. So, by Lemma 2, ( - a, a )H t ( a> 0, 1- K< t[ 1) is balanced and sem-i convex. Th is show s that every

member inUK is balanced and sem -i convex for a llKI ( 0, 1] . M oreover, it is easy to verify thatUK sa tisfies the

conditions ( 1) - ( 5) in Lemma 1. H ence there ex ists a unique I-topo logy onX, denoted byN c (T ), such that

(X, N c (T ) ) is a loca lly sem -i convex I-tvs andUK is aQ-ne ighborhood base ofHK. Bu,t w e can prove that (X,

N c (T ) ) is not of (QL )- type, w hich imp lies (X, N c (T ) ) is not a loca lly sem -i convex I-tvs of (QL )- type.

In fac,t assume that (X, N c (T ) ) is of (QL )- type. Then there ex ists a fam ily o f fuzzy se tsB such tha t for

each KI (0, 1] , BK= {BH r: B I B, rI (1- K, 1] } is aQ-ne ighborhood base o fHK. LetB I B. Since for

each KI ( 0,
1
2
], B is aQ-ne ighborhood o fHK andUK= { r: rI ( 1- K, 1] } is a Q-neighborhood base o fHK,

there ex ists r0I ( 1- K, 1] such that r0 < B, w h ich imp lies thatB = X. This show s that for each KI ( 0, 1] , { r:

rI ( 1- K, 1] } is aQ-neighborhood base ofHK. On the other hand, since for each KI (
1

2
, 1] , U = ( - 1, 1) is

aQ-ne ighborhood o fHK, there ex ists rI ( 1- K, 1] such that r< U, wh ich is a contrad iction. Therefore (X,

N c (T ) ) is not of (QL )- type.

3 Genera lized Fuzzy p-Pseudonorm and Loca lly Sem-i Convex I-tvs

Defin ition 7
[ 18]  A nonempty setD is sa id to have the strat ified structure {D K: KI ( 0, 1] } ifD = G KI ( 0, 1]

D K, and satisfies the follow ing cond itions:

( D- 1) 0< K< L[ 1 implies thatDK< DL;

( D- 2) For each dI DK, there ex ists K0I ( 0, K) such thatd I DK
0
.

By De fin ition 7, it is easy to obta in the follow ing lemma.

Lemma 3 IfD = G KI ( 0, 1<D K has the stratif ied structure, then for each d I DK, there ex ists someK0 I ( 0,

K) such thatd I DL for a llLI [ K0, 1] .

Defin ition 8 A mapp ing f: P t( I
X
)y [ 0, + ] ) is called a genera lized fuzzy p-pseudonorm onX, if it sa-t

isfies the fo llow ing conditions:

( GP- 1) There ex ists KI ( 0, 1] , such that f (HK ) = 0 and f (xK ) < + ] , Px I X;

( GP- 2) There ex ists p I (0, 1] such thatf ( AxK ) = | A |
p
f ( xK ), PxK I Pt( I

X
), A I K, AX 0;

( GP- 3) For each KI ( 0, 1], f ( xK + yK ) [ f ( xK ) + f ( yK ), x, y I X;

)10)
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( GP- 4) f ( HK ) [ f ( xK ), f ( xK ) = in f0< L< Kf ( xL ), P x I X .

Lemma 4 Let f be a genera lized fuzzy p-pseudonorm onX and t> 0. D efine a fuzzy se tUf, t onX by

Uf, t ( x ) = sup{1 - K: f ( xK ) < t}. ( 1)

Then Uf, t has the follow ing properties:

( i) xK I
~
Uf, t Z f ( xK ) < t;

( ii) Uf, t = G 0< s< tUf, s;

( iii) Uf, t + Uf, t < 2
1
p Uf, t;

( iv) Uf, t
2
+ Uf, t

2
< Uf, t.

Proof ( 1) LetxK I
~

Uf, t, .i e. Uf, t (x ) > 1- K. By ( 1) , there ex istsK0 I ( 0, K), such that Uf, t (x ) >

1- K0 and f ( xK0 ) < t. By ( GP- 4), w e have f (xK ) [ f ( xK0 ) < t. Conversely, let f (xK ) < t, then there ex ists 0

< L< K, such that f (xL ) < t by ( GP- 4) . It fo llow s from ( 1) thatUf, t ( x )\ 1- L> 1- K, .i e. , xK I
~
Uf, t.

By using ( i) , it is easy to verify ( ii) ~ ( iv). The proof is om itted.

Theorem 1 LetX be a vector space overK, and le t { + # + d: d I D } be a fam ily of generalized fuzzypd-

pseudonorms ( 0< pd [ 1, dI D ), whereD has the stratif ied structure {DK: KI ( 0, 1] } and sat isfies the cond-i

t ion:

( GP- 1) cWhen dI DK, +HK+ d = 0 and +xK+ d < + ] for a ll xI X.
Then there ex ists a unique I-topo logy T onX such that (X, T ) is a locally sem -i convex I-tvs, and

UK = H
n

i= 1
Udi, t H r: t > 0, r I ( 1 - K, 1] , d i I DK, i = 1, ,, n; n I N ( 2)

is aQ-ne ighbo rhood base o fHK, whereUd i, t = U+ # + di
, t is defined by ( 1). The I-topo logy T is called the I-to-

pology determ ined by the fam ily o f genera lized fuzzy pd-pseudono rms {+ # + d : dI D }.

Proof We first prove that {UK } KI ( 0, 1] sat isfies the cond it ions ( 1) ~ ( 5) in Lemm a 1.

( 1) LetU = ( H n

i= 1 Ud i, t ) H rI UK, then d i I DK ( i= 1, ,, n ), r> 1- K. From Lemma 3, there ex ists

K* I ( 0, K), such tha td i I DL for allLI [ K* , 1], i= 1, ,, n. W e put V= ( H n

i= 1Ud i,
t
2
) H r and take K0I

(m ax{ K* , 1- r}, K) , then V I UL and V< U for allLI [ K0, 1] .

LetU= r w ith rI (1- K, 1]. A rbitrarily taking aK0I (1- r, K), then for any LI [K0, 1], t> 0 and d i I

D L( i= 1, ,, n ), V= ( H n

i= 1Ud i, t ) H rI UL and V< r.

( 2) LetU = ( H n

i= 1Ud i, t ) H r1, V= ( H m

j= 1 Ue j, s )H r2I UK, w here d i, ej I DK, t, s> 0 and r1, r2 I (1-

K, 1]. Put r= m in{ r1, r2 }, R= m in{ s, t} and

Uck, R =
Ud k, R, k = 1, ,, n,

Uek- n, R, k = n + 1, ,, n + m.

Then w e haveW = ( H m+ n
k = 1 Uck, R ) H rI UK and

W = (H m+ n

k= 1Uck, R ) H r < [ ( H n

i= 1Ud i, t ) H r1 ] H [ ( H m

j= 1Uej, s ) H r2 ] = U H V.

( 3) LetU = ( H n

i= 1Ud
i
, t ) H rI UK, then d i I DK ( i= 1, ,, n), r> 1- K. By Lemm a 4( iv) , Ud

i
, t
2
+ Ud

i
, t
2

< Ud
i
, t ( i= 1, ,, n). PutV = ( H n

i= 1Ud
i
, t

2
)H r, then VI UK and V+ V< U.

( 4) LetU = ( H n

i= 1Ud i, t ) H rI UK, then d i I DK ( i= 1, ,, n ), r I ( 1- K, 1]. W e w ill prove that U is

ba lanced. To this end, w e need only to show that for each dI DK and t> 0, Ud, t is balanced.

In fac,t if 0< |A|[ 1, then w e have the fo llow ing implicat ions:

xK I
~

AUd, t ] + 1
A
xK+ d < t ]

1

|A|
pd

+ xK+ d < t ] + xK+ d < |A|
pd t[ t ] xKI

~

Ud, t,

so, AUd, t< Ud, t; If A= 0, then 0# Ud, t = Hsupx I XUd, t ( x ). For x I X, if Ud, t ( x ) = L> 0, then P 0< E< L, w e

have x1- L+ EI
~
Ud, t. Therefore, +x 1- L+ E+ d < t. By ( GP- 4) , + H1- L+ E+ d [ + x1- L+ E+ d < t. By Lemm a 4,

w e have Ud, t (H) > L- E, w hich show s thatUd, t (H)\L= Ud, t (x ) ( Px I X ), and so 0# Ud, t< Ud, t. H enceUd, t

)11)
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is balanced.

( 5) LetU = ( H n

i= 1Ud i, t ) H rI UK, where d i I D K, rI ( 1- K, 1] and t> 0. By ( GP- 1) c, + xK+ d i
<

+ ] , taking A= max{ [ ( +xK+ d i
+ 1) / t]

1
pdi: i= 1, ,, n }, it follow s from ( GP- 2) that

+ 1

A
xK+ d i

=
1

A
pd i

+ xK+ d i
[ t

+ xK+ d i
+ 1

+ xK+ d i
< t, i= 1, ,, n.

So w e have 1
A
xKI

~
( H n

i= 1Ud
i
, t ) H r, .i e. , xKI

~
A[ (H n

i= 1Ud
i
, t ) H r] = AU.

Thus, from Lemma 1w e know that there ex ists a unique I-topology T onX such that (X, T ) is an I-tvs and

UK is aQ-neighborhood base ofHK.

By the proof of ( 4), w e have known that every member inUK is ba lanced. In the fo llow ing, w ew ill prove

that every member inUK is sem -i convex. From Lemma 4( ii) , w e have Ud, t + Ud, t< kUd, t, w here k= 2
1
pd, hence

Ud, t is sem-i convex. So, by Lemma 2, w e conclude that everym ember inUK is sem -i convex. Therefore (X, T )

is a locally sem -i convex I-tvs.

LetU be a balanced and sem-i convex fuzzy subset onX. By the balance and sem -i convex ity o fU, there ex-

istsK =K U > 3, such that U+ U + U< KU. W e put pU = logK 2 and define 5 U: P t( I
X
)y [ 0, ] ) by

5 U (xK ) = in f{ t
pU: xKI

~
tU, t> 0}. ( 3)

Lemma 5 LetU be a balanced and sem -i convex fuzzy subset onX. Define themapping+ xK+ U: Pt( I
X
)

y [ 0, ] ) as fo llow s:

+ xK+ U = inf E
n

i= 1
5 U ( x

( i)

K
i
): E

n

i= 1
x
( i)
= x, K= C n

i= 1Ki, n I N , ( 4)

where 5 U is defined by ( 3) . Then

1
2
5 U ( xK ) [ + xK+ U [ 5 U ( xK ), P xKI Pt( I

X
).

Proof It is obvious that + xK+ U [ 5 U ( xK ). If + xK+ U = + ] , then 5 U ( xK ) = + ] , and so
1

2
#

5 U (xK ) = + ] = +xK+U. If+ xK+U < + ] , then as the proo f o f Proposition 1. 2 in [ 2] , w e can prove that

1
2

# 5 U ( xK ) [ + xK+ U.

F rom Theorem 3. 1 and Example 4. 2 in [ 18], w e have

Lemma 6 Let (X, T ) be a loca lly sem-i convex I-tvs andUK be a balanced and sem-i convexQ-ne ighbo r-

hood base ofHK (KI (0, 1] ), and letDK= G 0< A< KUA. ThenDK is still a ba lanced and sem -i convex Q-neigh-

borhood base of HK, andD has the stratif ied structure {DK: KI ( 0, 1] }.

Theorem 2 Let (X, T) be a locally sem -i convex I-tvs. Then T can be determ ined by a fam ily of genera-l

ized fuzzypd-pseudonorm s { + # + d: d I D } satisfy ing the condit ion ( GP- 1) , ' w here the setD has the strat-i

fied structure {DK: KI ( 0, 1] }.

Proof Since (X, T ) is a loca lly sem -i convex I-tvs, it has aQ-ne ighbo rhood baseUK o fHK consisting of

ba lanced and sem-i convex fuzzy sets for each KI ( 0, 1]. W ithout loss o f generality, by Lemma 6, we can sup-

pose thatUK< UL when 0< K< L[ 1, andU= G KI ( 0, 1] UK has the stra tified structure {UK: KI (0, 1] }. By

Lemma 5, for each UI U, w e define 5 U, + # +U: P t( I
X
) y [ 0, ] ) by ( 3) and ( 4) respective ly. Now w e

prove that { + # + U: UI U } is the fam ily o f generalized fuzzy pd-pseudonorm s onX satisfy ing the condit ion

( GP- 1) c.

( GP- 1) c IfUI UK, then HK I
~

tU for all t> 0, so 5 U ( HK ) = 0, thus +HK+U = 0. M oreover, by ( 5) of

Lemma 1, for each xI X, there ex ists A> 0 such that xK I
~
AU, wh ich imp lies that 5 U ( xK ) [ A

pU < + ] , by

Lemma 5, we have +xK+U < + ] .

( GP- 2) LetUI U and AX 0. Then w e can prove 5 U ( AxK ) = |A|
p U5 U ( xK ). In fac,t by the ba lance of

)12)
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U, w e havexK I
~

( t /A)U Z xKI
~

( t / |A| )U, so

5 U ( AxK ) = inf{ t
p
U | AxK I

~

tU, t > 0} = | A |
p
U inf t

| A |

pU

: xK I
~ t
| A |

U, t > 0 = | A |
p
U5 U (xK ).

Th is implies that +AxK+U = |A|
P
U +xK+U.

( GP- 3) W ithou t loss of generality, suppose+xK+U, +yK+U < + ] . By ( 4) , for any E> 0, there ex-

istE
n

i= 1
x
( i)
= x, E

m

j= 1
y
( j )
= y, E

n

i= 1
K
( i)
= K, E

m

j= 1
L
( j )
= K such thatE

n

i= 1
5 U ( x

( i)

Ki ) < + xK+ U + E/2,

E
m

j= 1
5 U (y

( j )

Lj ) < + yK+ U + E/2. Note thatE
n

i= 1
x
( i)
+ E

m

j= 1
y
( j )
= x + y, E

n

i= 1
K
( i) C E

m

j= 1
L
( j )
= K,

therefore,

+ xK + yK+U [ E
n

i= 1
5 U ( x

( i)

Ki ) + E
m

j= 1
5 U ( y

( j )

Lj ) < + xK+U + +yK+U + E.

By the arb itrariness of E, w e have+ xK+ yK+ U [ + xK+ U + + yK+ U.

( GP- 4) For eachUI U, U is norma l since it is balanced, and soxK I
~
tU implies thatHKI

~
tU for allxI

X and KI (0, 1] . By ( 3) , w e have 5 U ( xK ) [ 5 U ( HK ), and then + xK+ U \+ HK+ U by ( 4) .

Obviously, for each LI ( 0, K), xLI
~

tU] xKI
~

tU, and so 5 U ( xK ) [ 5 U ( xL). No te that ( 4) is equ iva lent

to the fo llow ing expression

+ xK+ U = inf E
n

i= 1
5 U ( x

( i)

K
i
): v 1 [ i0 [ n, Ki

0
= K, i [ i0, Ki = 1,

E
n

i= 1
x
( i)
= x, n I N . ( 5)

Hence+ xK+ U [ + xL+U.

If+ xK+ U = + ] , then w e have+ xL+U = ] for each 0< L< K, then +xK+U = inf0< L< K+ xL+U ho lds.

If+ xK+ U < + ] , then there ex ists n0I N for a llE> 0, such that E
n0

i= 1
5 U (x

( i)

Ki ) < +xK+U + E/2, where

E
n 0

i= 1
x
( i)
= x, C n0

i= 1K
( i)
= K. By the definition o f 5 U, there ex ists ti > 0, such that t

P U
i < 5 U ( x

( i)

Ki ) + E /2( n0

+ 1) and x
( i)

K
i

I
~
tiU, so tiU (x

( i)
) > 1- Ki. Then there ex ists 0< Li < Ki satisfy ing tiU( x

( i)
) > 1- Li, i= 1, ,,

n, then x
( i)

Li I
~

tiU, therefore 5 U (x
( i)

Li ) [ t
P U

i . Put L= C
n 0
i= 1L

( i)
, obviously, 0< L< K and

+ xL+U [ E
n0

i= 1
5 U (x

( i)

Li ) [ E
n0

i= 1
t
PU

i < E
n0

i= 1
5 U (x

( i)

Ki ) + n0E 2( n0 + 1) < +xK+U + E.

So +xK+U = inf0< L< K+xL+ U.

Thus, from Theorem 1, there ex ists a un ique I-topo logy �T onX such that (X, �T )  is a locally sem-i con-

vex I-tvs and

U
~

K = H
n

i= 1
U
~

U i, t
H r: t > 0, r I ( 1 - K, 1], Ui I UK, i = 1, ,, n; n I N ( 6)

is a ba lanced and sem -i convex Q-neighborhood base o fHK, w here U
~

Ui, t
is defined by ( 1) , .i e. , U

~

U i, t
( x ) = sup

{ 1- K: +xK+U i
< t}. Now w e prove that T

~

= T.

For eachUI UK and t> 0 and 0< pU [ 1, if xKI
~

U
~

U,
t
2
, then + xK+ U <

t

2
. By Lemm a 5,

1

2
5 U (xK ) [

+ xK+ U <
t
2
, and so 5 U ( xK ) < t. F rom the def in ition of 5 U, there ex ists a

p
U < t such that xKI

~

aU, wh ich

implies that xKI~ t
1
pUU. This show s that U

~

U, t /2< t
1
PUU. In particu lar, w e have U

~

U,
1
2

H r< U
~

U,
1
2
< U for each rI ( 1

- K, 1] . Notice that U
~

U, 1
2

H rI U
~

K, hence T < �T .

On the other hand, for each H n

i= 1U
~

U i, t
H rI U

~

K, thenU i I UK, t> 0 and rI (1- K, 1] . Taking natural

number k> t+ 1 and p = C
n

i= 1pU i, put D=
t
k

1
p

, w e can prove

)13)
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DU i< U
~

U
i
, t, i= 1, ,, n. ( 7)

In fac,t if xKI
~
DU i, then w e have 5 U

i
( xK ) [ D

pU i =
t

k

pU i
p

[ t

k
< t. By Lemma 5, w e have + xK+U

i
< t. By

Lemma 4, we infer xKI
~
U
~

Ui, t
, ( 7) is proved.

So, w e have (H n

i= 1DU i )H r< ( H n

i= 1U
~

U i, t
) H r. No tice that ( H n

i= 1DU i ) H r is aQ-ne ighbo rhood of HK in

(X, T ) , so �T < T . There fo re �T = T .
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