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Abstract In hs paper we give anev definition of locally sen +convex /— bpobgical vector spaces and renane bcally
sem + convex fuzzy topobgical Inear spaces as locally sem + convex /- topolagical vector spaces of (QL) — type The re-
laton bew een these wo defnitons 5 sudied W e ntroduce the noton of generalized fuzzyp — pseadonom, and prove
that every locally san+convex /— vector topology can be detem ned by a family of generalized fuzzy p— pseudonom s
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The concept of fuzzy topologial vector space was ntroduced ratonally by K atsaras n 1981'". Stce then,
£ 1992 Fang andYan'” intre-
duced and swdied he bcally san +convex fuzzy topological vector spaces which are a special subclass of (QL )-

type fuzzy topological vector spaces[ 7

many researches on fizzy topological vector spaces have been carried ou

This leads naturally to he follw ng question: Can we define he local
sem + convex ity to more general fuzzy topobgical vector spaced

A ccord ng to the standardized tem nology of Hthle U and R odabaugh S E'", fuzzy topobgical vector space
have been called Ftopological vector space where/=[Q 1]. In this paper we gve a nev definition of he lo-
cally sem +convex Fiopological vector spaceg and pwove that he beally san +convex ~topological vector space de-
fined by Fang andYan'" & a special case of it We also give a characterization of the bcally sem + convex Fto-

pologial vector space bym eans of a fam ily of generalized fuzzy p—pseudonoms

1 Prelm inaries

Throughout his paper letX be a vector space over the fiell K (R or C), 8 denote he zero elament ofX,
I=70Q 1] and I' denote a fan ily of all fuzzy subsets of X. A fuzzy subset which take the constant value r on X
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(0Sr<1) isdenoted byr A fizzy subset ofX is called a fuzzy po'nt“ﬂ, denoted by x), if it takes value O at
yEX\{x} and its vahe atx is A The setofall fizzy points onX is denoted by Pt(IX ). A fizzy pointxy is said
to be quasi-concilentw ith a fizzy subset U, denoted by x,€ U, ifU(x)> 1- A Other notbns notm entioned
herg for exanple I-topobgy, ()—neghborhood (base) of a fuzzy point x,, we refer to [ 17]. We appont
nff=+ oo

Definition I~ Letd, BE I and k€ K ThenA +B and k1 are defned by

(A+B)(x)=V {A(s)NB(t): s+ t=x},
(M )(x)=A(x/k), whenever kZ

VexA(z) ifx= @

Q ifxZq
respectively.  Tn particular forx), yu€ Pt(f ), we have

(01)(x)=

artyu= (x+y)wmw koa= (k)
Definition 2'"' A stratified Fiopology .7 on X is said to be an Fvector topobgy, if the follow ing o map-
pngs are contnuous
FXXXTX (xy)” aty
g KxX"X, (k) hy
where K is equpped w ith the F~topology nduced by the usual topobgy, X XX and K XX are equpped w ith the
corresponding product topologies

A vector spaceX with an Fvector topology .% denoted by (X, .7), is called an I-topological vector space
( for short an Ftvs).

Definition 3”  An Ftvs X, .7) is said to be an Fivs of (QL)—type if there exists a fam ily 72 of fuzzy
sets on X such hat for each AE (Q 1],

2 :{Uﬂ r UC 7 r€ (1-} 1]}
is a Q—neighbothood base of 6, in (X, .7). The fanily % is called aQ-prebase for.7

Lenma 1" Let (X, .7) be an I-tvs and %/, a Q-neighborhood base of &, nX ( AC (Q 1]). Then ithas
the follow ing properties

(1) IfUE 24 orU=r(r> 1— \), then there exists A€ (Q A) such that for any HE [ Ay, 1] there exists
VE 7w ith VC U.

(2) IfU, VE 7, then there existsWE 7/, such thatWc UN V.

(3) fUE 7/, then there exists VE 74 such thatV+ VC U.

(4) WUE %, then there exists VE 74 such that #C U for all € K with 1111

(5) HUE 7/, and x€ X, then there exists a positive number a such thatx, € aU.

Conversel, letX be a vector space overK, and 77, (A€ (Q 1]) a fam il of fuzmy sets on X satisfies the
above conditions ( 1) ~ (5). Then tere exists a unique Ftopobgy .7onX such hat (X, .7) is an -tvs and 7,
is a —neighbothood base of ;.

Definition4' !  LetX be avector space A fuzzy subset U ofX is called sem+ convex fuzzy set iff there ex
ists k 2> I such thatU+ UC KU, k is called sem i-convex coefficient of U.

Obviousl, every constant valie fuzzy setr is sam+convex M oreover we easily pove the folbwing lenm a

Leanma?2 IfU;(i= 1 .-, n) are balanced and san +convex fuzy sets onX, then (1 U; is ako balanced

and sem +convex
2 The R elation Between Two Defnitons of Locally Sem +Convex /~tvs

Definition 5" An Ftvs (X, .7) is calkd beally sam +convex if there exists a fam iy 77 of balanced and
sem + convex fizzy sets onX such that for each AC (Q 17,
J— 9 J—
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= (UNrUE 7% r€ (1- N 1])

is a Q—neighbothood base of 6.

Ranark 1 Obvbusly an Ftvs (X, .7) is bcally sem +convex in the sense of Defnition § if and only if
X, .7) is an Fvs of (QL )—type and has abalanced sem +convex Q—prebase for. 7~

Now, we gve anew definitbn of locally san +convex Fivs as folbws

Definition 6 An Ftvs (X, .7) is called bcally sem+convex if it has a ()-neghborhood base of 6y consis-
ting of balanced and sem + convex fuzzy sets for each AC (Q 1].

Reanark 2 For distnction we now rename the beally sen +convex Ftvs in the sense of Defniton 5 as
“ the locally sem+convex Fivs of (QL )—type”. By Defnition 5 and § it is easy to see hat every locally sem+
convex I~tvs of (QL)—type is certainly locally sem+convex But the follow ng example show that the converse is
false

Exanple 1 LetX=R Foreach M (Q 1], we defne % as follws

If0< }\<—; then 2= {r r€ (1= N\ 1]};

If—é< AL then %= {(-a a)Nt 1= A< <1 a> 0.

Obviousl, (- a a) isbalanced Fran (- aq a)+ (-a a)=2(-a a), weknow that (—a a) is sem+con-
vex Sa by Lanma2 (-a a)t(a>Q 1-A<iKS1) isbalanced and san+convex This shows that every
member n 7/, isbalanced and sem +-convex forall A€ (Q 1]. Moreover it is easy to verify that 74 satisfies the
conditions (1) = (5) in Lenma 1 H ence there exists a unique Ftopology on X, denoted byN (T ), such that
(X, N.(T )) is a locally sem i-convex I~tvs and 74, is a()—neighborhood base of 6. But we can prove that (X,
N.(T)) B notof (QL)—type which mples (X, N.(T)) isnota locally sen +convex ~tvs of (QL )—type

In fact assume hat (X, N.(T)) & of (QL)—type Then there exists a fam ily of fuzzy sets.% such that for
each NC (Q 1], %= (BNr BE€. A r€ (1- A 1]} is aQ-neighborhood base of0,. LetB€ . % Since for

each AC (Q —é], B is aQ-neghborhood of 0, and %2, = {r r€ (1- A 1]} is a Q-neighbothood base of 0,

here exists € (1- A 1] such thatryC B, whith mplies hatB =X. This shows that for each X (Q 1), {r

r€ (1= N\ 1]} is aQ-neighbothood base of .. On the other hand snce for each AC (—;, 17, U=(-11) is

aQ-neighborhood of6,, there exists r€ (1- A 1] such that rC U, which is a contradiction Therefore (X,
N.(T)) B notof (QL)-type
3 Generalized Fuzy p-Pseudonom and Locally Sem +Convex I-tvs

[18]

D efinition 7 A nonempty setD is sail to have the stratified structure {D \E (0 1]} #D=Uxe qy

D), and satisfies the follow ng cond itions
(D- 1) 0< A< UK 1 mplies thatD,C D
(D- 2) For each d€ D, there exists M€ (Q M) such thatdEDxO.
By Defnition 7, it is easy to obtan the follow ng lenma
Lenma 3 IfD = U,c (3D ) has the stratifed stucture then for eachd €D, there exists sane A€ (Q
N such thatd €Dy for allBE [ A 1].
Definition 8 A mapp ngf Pt(]x )_> [Q + o0) is called a generalized fuzzy p—pseudonom onX, if it sat
isfies the folbw ng conditions
(GP- 1) There exists AC (Q 1], such thatf(0y)= 0 and f(x1) < + o VxEX;
(GP- 2) There existsp€ (Q 1/ such thatf(oxy) = | a "f(x:), Var € Pyl ), a € K aZ Q
(GP-3) Foreach NE (Q 1], f(xa+y) Sf(xa) +f(nn). 6 y € X
— 10 —
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(GP=4) f(0) Sf(xr). f(x2) = nbeurf(xu) Vo€ X,
Lenma 4 Letf be a generalized fuzzy p—pseudonom onX and t> Q Defne a fuzzy setU;, onX by
Uri(x) = sap{1—= X f(x) < 1). (1)

Then U, , has the follow ng properties

() € Usof(n)<t

(i) Upi=Uocc Uy

(i) Uy + U C D Uy

(v) U+ lsC U,

Proof (1) Letxa€ U, ie U (x)> 1- A By (1), there exists € (Q A), such that U, (x ) >
I- N andf(xy, )<t By (GP-4), we havef(x)\)<f(x)\o)< t Conversely letf(xx) <t then there exists O
< B< A such thatf(xu )< ¢t by (GP-4). It follws fran (1) thatU; ,(x) 21-H>1- ) ie, x€ Uy ..

By usng (1), it is easy to verify (i) ~ ( iv). The proof is an itted

Theoran 1 LetX be avector space overK, and et/ Il * Il 2z d€D ) be a fan ily of generalized fuzzy p,—
pseudonoms (0< p, <1 d€ED ), whereD has the siratified siucure {Dy; A€ (Q 1]/ and satisfies the cond+
ton

(GP=1) " Whend€D, 16, 1l,=0and llx, I, < + oo for allx€ X.
Then there exists a unique Ftopology .7 onX such that (X, .7) is a locally sem +convex Ftvs and

n

D//)\ = { Dl Ud

n_r:t>()rE(l—);l],dier,i=],---,n,'nEl\% (2)
is aQ-ne ghbothood base of 0\, whereUy, ;= Uy - | P defined by (1). The Ftopology .7 is called the Fto-
pology detem ned by the fam ily of generalized fuzzy p,—pseudonoms {1l < Il ;: dED ).

Proof W e first pove that { 72y} x (o 1i; satisfies the conditons (1) ~ (5) n Lemma L

(1) LetU= (N2 Uy, )N 1€ 74, thend, €Dy (i=1 -, n), r>1- X Fran Lanma 3, there exists
M €(QN), such thatd,€ Dy forallW€ [N, 1] i= 1 ... n WeputV= (ML U, 2)Nr and take A€
(max{ A, 1= r}, A), then V€ 74 and VC U for allHE [ N, 1].

LetU= rwith r€ (1- A 1]. Atbitarily taking a A€ (1-z A), then forany BE [ A, 1], > 0 andd;€
Du(i=1 s n), V= (N2 U, )N € 2 and VC 1.

(2) LetU= (N, U, ;)nﬂ, V= (N7, Uejs)ﬂize 7, whered, ¢€D), 1 s> 0 andr, rn€ (1-
A1) Putr=mn{r, n}, 0O=mn{s t} and
Ui, o, k=1 -y n

UCA» o = U

Ch-n

oo k=n+1..,n+m
Then we have W = (ﬂztan%o)ﬂ_rE 7, and

W= (NZ0,.)Nrc [(NLU,) N g N (N0 )N nj=UNW

(3) LetU= (N0, )N r€ 74, thend;€Dy(i= 1 -y n), r> 1= N ByLamma4d(w), Us s+ U2
CUs.(i=1 -y n). PutV= (N0, £ )Nz then VE 7, and V+ VC U

(4 LetU= (N2 Uy, )Nr€ 724, thend, €D\ (i= 1 -, n), 1€ (1= A 1]. Wewillprove hatU is
balanced To this end we need only to show that for each d€ Dy and t>Q Uy, is balanced

In fact if0< laI< 1 thenwe have the folbw ing i plicatbns

1
_’le)\” J< t= ||x)\ ||d< Ial"“lt<t:> x)\é U{[ b

la I

s al, ,CUs; Ifa=Q then0° Uy =0upe, Ui i(x). Forx€X, iU;,(x)=H>Q then VO< €<l we
have x1_u ¢ € Uy . Therefore lxiwelly<t By (GP=4), 0 el y/<lx_welly<t ByLenma4

we have Uy, (0)> H— & which shows thatU, ,(0) 2W= U, ,(x ) (Vx€X ), and s00* U, ,CU, . Hencel,,

a 1
€ al, = ”H“ < t=
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is balanced.
(5) LetU= (N2 Uy, )N r€ 7, whered, €Dy, r€ (1=} 1] and 1> Q By (GP= 1), llxll, <

e
+ oo, taking a=max{/( llxx Il + 1) /tf%: i= 1, .., nj, it follws fm (GP- 2) that
1 1

I=xr Iy, ==l 11, <
a i i

d)(t i

t

||.96)\||,1_<l; = L oy N
Tl 1 e

Sowe haveT‘lx)\e (ﬂ'}le{,7[)ﬂ_r, 1e, xxe G[(ﬂ ’;lelzt)ﬂszaU

Thus fran Lenma 1 we know that there exists a unique ~topology .7onX such that (X, .7) is an Fivs and
7%, is aQ-neighbothood base of 0,
By the proof of (4), we have known that every member n 74, is balanced In the follow ing wew ill pove

hat every member n %, is san +convex Fmum Lenma4( ii), we have U, .+ Uy ,C kU, , where k= 2_’3, hence
U, is samtconvex Sq by Lanma?2 we conchide thateverym anber n 77, is sem +-convex Therefore (X, .7)
is a bcally sem +convex Eivs

LetU be abalanced and sem + convex fuzzy subseton X. By the balance and sem +convexity of U, there ex
istsKk =Ky > 3 such that U+ U+ UCKU. W e putpy = bg 2 and defne @ Pyl )" [Q ) by

Oy (xx )= nfl 1% 1€ 1> 0). (3)

Lenma 5 LetU be abalanced and san +convex fuzzy subset onX. Define hemapping Il x| 5 Pi(l')

! ) as folbws
Il = inf B7 o) B0 4" = x A=AL A 1€ N, (4)

where @y is defned by (3). Then

2@ (x00) Sl <Py (). Ve € PiT ),

Proof 1t is obvious that Il xy Il y K@y (2 ). If llxy Il y= + 00, then @y (%) )= + oo, and so—;‘

Oy (xx)=+ 0= llay I Ifllxylly< + oo then as he proofof Proposition 1 2 in [2], we can pwove that
2+ Pu(x)<ln .

Fran Theorem 3 1 and Exanple 4 2 in [ 18], we have

Lenma 6 Let (X,.7) be a locally sem +convex ~ivs and %/, be a balanced and sem +convex )—ne ghbo#
hood base of 0y (A€ (Q 1), and letDy= U 427 ThenD) is still a balanced and sam +convex Q-neigh-
borhood base of 0, andD has the stratified structure {D,: AE (Q 1] }.

Theoren 2 Let (X, .7) be a locally sem +convex I-tvs Then .7 can be determ ned by a fam ily of generat
ized f1zzyp,~pseudonoms { |l * Il : d€ED } satisfyng the conditbn (GP— 1),” where the setD has the stat+
fied structure {D\: AE (Q 1] ).

Proof Since (X, .7) is a locally sen +convex Itvs it has a(Q-neighbothood base 7%, of 0\ consisting of
balanced and sem +convex fizzy sets for each AC (Q 1]. W ithout bss of generality, by Lenma § we can sup-
pose that 74 C 74 when 0< A< B 1, and %= U \¢ (q 1y 74 has the siratified stucture {%4: AE (Q 1] J. By
Lenma § for each UE 74 we define @, Il + Il Pt(]x)_) [Q o) by (3) and (4) respectively Now we
prove hat { Il * Il : UE 7%} is the family of generalized fuzzy p,—pseudonom's on X satisfyng the conditbon
(GP-1)".

(GP= 1) HUE %, then6,€ W/ for all 1> Q so @y (0, )=Q thus I1 6, 1l ;= Q Moreover by (5) of
Lenma 1, for each x€ X, there exists a> 0 such thatx,€ al, which mp les that Oy (xy ) SdV < + oo, by
Lenma 5 we have llxy Il y < + oo

(GP-2) LetUE 7 and aZQ Thenwe can prove @, (ax, )= lal""®;(xy). In fact by the balance of
— 12—
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U, we havex, € (1/a)U ©x,€ (t/lal)U, so
Dy (axy) = inﬂ/f“ | ax, € U, t> 0} =1 a v in{[—tﬂ“:xxé t IU, > %= | (l|p“CDU(x)\).

| a | a

This mplies that Il axy Il v = la AN
(GP= 3) W ithout loss of generality suppose llxy Il 4, [ly\ [l y < + 0o, By (4), for any €> Q there ex

. n Ll m (» n (i m ~) n (i)
lstZizlx” = ijly“ =9, Zi:l "= ) Z}_:lll” = A such Thatzizl(bl,v(xAi )< Hanll g+ €72
Z].ZICD[/ (yﬁj)) < Wyl y+ €/2. Note thatZi:lx(i) + ijly(j) = x+y, Zizl)\(i) A Z,-le‘m = A
thereforg

n (i) m (J)
||x)\+ }/}\HU < Z_FI(DU(QC)\I. )+ ZFICDU(yuj ) < ||x>\||U+ ||y)\ ||U+ €
By the abitrarness of € we have [l xy+ vy Il o Sy 1 g+ 1y Il

(GP-4) For each UE 74, U is nomalsice it isbalanced and soxy€ @/ iplies that 6,€ U for allx€
X and AE (Q 1]. By (3), we have @y (x, ) S Py (6,), and then Il x, Il 2o, by (4).

Obviousk, for each HE (Q M), xu€ W=x,€ 1, and so Dy (20 )S @y (wu). Note that (4) is equivalent
to the follw ing expressbn

el y = in{Z':ldDU(x&f)).- 31<i<n A, = A i<i A= 1

thlxm =x nt€ 1\% (5)

Hence || X\ || U< || xXu || U-

Ifll xxll y= + o0, thenwehave |l xull y = 00 foreach O< B< A then llxx Il y = infene 2l 20 |l 4 holds

A n, (i)
If ll xy Il y< + o0, then there existsno€ N for all €> Q such that Z: Dy (xy, ) < llwynlly + €/2 where
" i n, i . el . Py i
Z ,_le( "=x AN = A By the definition of @y, there exists 6> Q such hatr;"< @y (x&i))+ €/2(no

=

+1) andx)(\ll)e tU, sotU(x'"” )> 1= A Then there exists 0< K< A, satisfy ng LU )> 1= 1, =1 ..,
Py

(i) » (i) ) n i .
n, then wu, € U, therefore @y (%, ). PutB= A oY obviousk, 0< H< A and

n (i) n P;‘ n (1)
D lly < D50 @u(an ) < D50 00 < 5.0 @uan )+ no€\2no+ 1) < Ny lly+ €
SO ||x)\ || U= ]Ilﬁ< He A ||xu || U.
Thus fran Theoran L there exists a unijue Ftopology .7~ onX such that (X,.7) & a bcally sam+con-

vex I-tvs and

" :{[ﬁlmq Ner i>Q0r€ (1-N1LUE %, i=1..m n€ N} (6)
is abahnced and sen +convex Q-neighbothood base of0,, where Uy, , is defned by (1), ie, Uy, .(x)= sup
{1- X llxy Iy, < t}. Now we prove that /= .7

For each UE 74, and t> 0 and 0< py <1, if02€ Uy <, then Il xyll U<—2t. By Lenm a § —;CDU (20 ) S

7?

1 Lo . , .
Iyl o< BX and so @y (xr)< &t Fom the defnition of @y, there exists @’V < t such thatx,€ al, which

€ - 1 ~ ~
mplies that x,€ 20U, This shows that Uy ,»C £0U. T particu lay we have UU,_;ﬂ_rC Uy, L CU for each r€ (1
- A 1/. Notice that NUu_%n_rE "’}Ax, hence .7C 7.

On the other hand, foreach(ﬂ i 1UUJ Nr€ 7%, henU.€ 7, t>0andr€ (1- ) 1]. Takng natural

p

mmberk> t+ 1 and p= A - 1\pu, put 6= [—ﬂ , We can prove
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W.C Uy, i= 1 wn (7)

PU;
I fact #x,€ &, then we have q)bi(xx)<81i:{—ltﬁ] <_ltc< t By Lenma 3 we have |l x, ||Ui< t By

Lenma 4 we nferx,€ ~UU£, » (7) is proved

Sq we have (N'L, &;)Nrc (N, Uy, )N Notice hat (N~ ;)N r is aQ-neghbothood of 0, in
X, .7), 0.9C.7. Therebre . 7= .7
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