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Abstract In this paper we nvestigate the order stucture-continuous poset a generalzation ofa continuous depo( i e,
danam). The Cartes iin product of contnuous posets & studied Some other properties of continuous posets and algebra-
ic posets are given Sane equ vaknt chamacterization of contnuous posets 5 given
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The notation of continuous lattices as amodel for the semantics of progranm ng languages w ere ntroduced
by ScottD n [ 1] in 1972 Later amore general notaton of continuous depos( i €, danan) was ntroduced
and thoroughly studied in [ 2]. In this paper ourwoik is based on an even general notation of contnuous po-
sety whih was called a precontinuous poset and defned n [ 3]. We mvestiate the construction of new contin-
uous posets fran known ones by means of fom ng product(w ith pontw ise order) and dispint suns Then we
give sane oher properties of continuous posets and algebraic posets

Recall som e notatons concemed n this paper For unexplaned notatons and concepts please refer to | 2
4].

Definition 1 LetP be a poset For any wo elmentsx andy mP , wewritex 1y, if forany directed
subsetD P with D existing and y D, there existsz D such thatx z An elementsatisfyngx «x is
called to be canpact The setof canpact elements ofP is denoted asK (P ).

D efinition 2 * (1) A posetP & called a continuous poset( resp an algebraic poset) if for eacha P,
the set{x P: x a} (resp a K(P)) isadirected setanda = {x P: x aj(resp a= { a K
(P)}).

(2) A directed canplete partially ordered set ( m shori depo) whih is continuous is called a daman

The follow ng properties are well know nt

Lemma 1 LetP be aposet x 9, z P. Then

(1) x y mpliesx ¥

(2)x vy z w mpliesx w;
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(3) fy x andz x, theny 2z x whenevery z exists inP;

(4) The way-below relation  on a contnuous poset has strongly ntempolation property i e, ifx y with
x 9 then there sz withx 2z such thatx z y (see[ 2] for the proofof the strongly mtepolating property of
a danan).

There are many nteresting continuous posets which are not dam ains Sane exanp les are here

Exanple1 (1) Every chainC is a contnuous poset x y C, ifx y, thenx=0orx< y orx=y.
Then for each elementx n C, {v: y x})=x Hence the real number setR, the rational nunberset() and
the natonal number set/V are contnuous posets but not doamans

(2) Forany setX, letPo(X)= (A X:A is fnite}. Then (Po(X), ) isa continuous poset but not a
danain in general This follws that foreachA Po(X ), A A. HoweverPo(X ) is notdirected canp lete unless
X is a finite set In genera] ifm is acadnal andm< X | thenP, (X )={A X: WU | m) isa contnuous
posetw ith respect to but not a daman

(3) LetP be a continuous posef and letA be a bver setimP (ie A = A). Assume that for every d+
recled subsetD A bHrwhich the least upper bound ofD exists nA, and it is also he least upper bound ofD in
P (ie 4D= pD whenever 4D exists). ThenA isa contiuousposet For a A, x y A satisfying
x a andy a, ten there exissz P such thatx, y z a Sinced isalwerset z A. Then a is directed
for eacha A Infact x pa mpliesx 4 a for x a A Foreach directedD A forwhich 4D exists a

+D=pD, byx pa there existisd D such thatx d, thusx 4 a Thus breacha A, {x x pa}
{xx a1a) a, hencea= ,{wx sa)

LetP be a poset W e say the distrbutive lav hols for all directed subsets which suprema exist n P if for
any nonempty fam ily of elements mP {x;x j J, k K(j)} forwhich {x;: k& K(j)} is directed and has a s+
prenum for allj J, the follow ng identity holds

i kG R = Ko PR

Proposition 1 Suppose a posetP satisfy the follow ng three cond itions

(1) Every nonempty subset ofP has an nfinum;

(2) The distributive law hols for all directed subsets which suprema exist

(3) Foreachx P, «x is directed

Then P is a continuous poset

Proof Foreacha P, let] be the set of all directed subsetj of P with supj @ {a} J, thusJ . For
eachj J, letK (j) =) I otherwords j is ndexng itself Further consier he family of elementx; =k forj

J andk K(j).

Supposef i K(7), and leti= ;x5 = 5 f(j) Weclam ¢t a Ik fact D is a directed
subset of P witha  supD, thenD J. t= ; ,f(j) f(D) K(D)=D. Since {a} J, ;1 & kjpxp=
a. Alsq JKG TN S STk KGN @ Thus {(x P x a} a hencea= (x P «x

al.
1 The Cartesian Product of Conthuous Posets

In this sectionwe nvestgale he constructbn of new continuous posets fran known ones by means of fom ing
products (w ith poiniv ise order).

Proposition 2 If {P: i [} is a fanily of contnuous posets w ith least element Q then the Cartesian
product P, is also a contnuous poset For elmentx= (x;); ; andy= (y:); ; in i IP; hewaybelw
relation is given by

x vy iffx; y; foralli [ andx;= 0 for all but finitely many i L

Proof Let us first show that the characterization of heway-bebw relation hods in any product of continu
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ous posets P; with 0.
Suppose first that x<y . For every finite set F C/ define y* to be the element of n e with y‘r =y, for all
iceFandy, =0forigF. The family of the y is directed and its supremum is y. As x<<y, there is some finite

subset F C1 such that x<y", whence x, =0 for all i ¢ F. In order to show that x,<y, for all i € /, fix i and con-

sider any directed set D for which supD exists in P, satisfying y, <sup D. To every d € D we associate the ele-
ment d € H ie/P; defined by d, =d and d; =y, for all j#i. The family mdeb is directed and y<sup,_,d. As
x<y, there is some d € D such that x<d, whence x, <d.

For the converse, suppose that x;<y, for all i € I and there is a finite set F C/ such that x, =0 for i ¢ F. Let
D be any directed set in H
As x,<y, for all i e I, there is a d' € D such that x, <d,'( =ith component of d'). As D is directed, there is a d

e D such that d'<d for all ie F. Thus x,<d, forie F. As x, =0 for all i ¢ F, we conclude that x<d. This
prove that x<y.

P, for which sup D exists such that y<supD . Then y, <sup,_,d, for every i e I.

iel

If P, are continuous for all i e /, the set of all x<y is easily seen to be directed and to have y as its supre-
mum by the above characterization of the way-below relation. Hence, H ;e/P; 1s continuous.

Remark 1 From the above proposition, it is obvious that the Cartesian product P, x P, x -+ x P, of finite
many continuous posets P, ,P,,:-- P, is a continuous poset. Furthermore, for x = (x,,x,,**,x,) and y = (y,,
¥Y2,°*,¥,) in P, x P, x-+- x P, the way-below relation is given by

x<Lyiffx, <y, foralli =1,2,--, n.
Corollary 1 The Cartesian product l_[

ie/P; of a family of chains P, with least element 0 is continuous.
Proposition 3 Every antichain is a continuous poset without least element, and any product of antichains
is an antichain, hence a continuous poset.

Proof For each a € P which is an antichain, {x e P; x<a| = {a}, hence every antichain is a continuous
poset.

Remark 2 This shows that H P, is a continuous poset does not imply that each of P, has least element.

iel

By a discrete union of posets P, j e J, we mean a disjoint union of P, such that elements in different compo-

nents P, are incomparable.

Proposition 4 The Cartesian product H i, P; of a family of continuous posets {P,:i e} is again continu-

ous if all the continuous posets P, are discrete unions of continuous posets with least element 0.

Proof Suppose for any i e I, P, =1J;_;, P;, the discrete union of continuous posets { P, :jej(i)| with

least element 0. Let x € n P, and i € I. Then there exists j(x,i) €j(i) such that x, e P

iel ij(x,0) "

With similar method to Proposition 2, one can prove that for element x = (x,) and y =(y,) in l—I P, x

iel

<y iff for all i e /,j(x,i) =j(y,i) ,x,<y, and x, =0 for all but finitely many i e I.

ij(x,i)

From the characterization of way-below relation in H i P o we have A ' {x e H carbi x <<yl = yfor all

Yy € H iElP‘ . Hence H .'elP" is a continuous poset.

2 Some Properties of Continuous Posets

Let S be a poset. Adjoin an identity by forming S' = SU1 with an element 1 ¢ S and x<1 for all x & S.

Let P and Q be posets. Define the following five kinds of “disjoint” sums

(1) (Disjoint sum) P Q, the disjoint union of P and Q ( with the obvious partial ordering;the elements x
€ P and y € Q are incomparable) ;

(2) (Coalesced sum) P@Q, the disjoint sum P |J Q with the bottom elements identified, if they have
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them;

(3) (Separated sum) P +Q =(P@Q) ,, that is, the disjoint sum with a new bottom element adjoined;

(4) P+,0=(P®Q)";

(5) P +,Q = P@Q with the 1 elements identified, if they have them.

Proposition 5 Let P and Q be continuous posets, then P (| Q, P@Q and P + Q are all continuous po-
sets.

Proof (1) LetaePUQ,a ePora €Q. Ifa €P , then {xePQ: x<,,u(,a} ={xeP; x<,al.
So V,U(,{xePl_jQ;x<,,Lk, al = VyplreP:x<g pal =V,ixePix <;al =a.

If a €Q, we also have V,,Uo}xePUO;x <,,U0a| =a.

Ifa ePUQ, then ae P or ae Q. Without loss of generality, suppose a € P, then | Al = U ,a is di-
rected. Hence P | Q is continuous poset.

(2) Suppose both P and Q have bottom elements. If a = Opgo» then {x e P@Q: x<,,@0al = 0pg0-
Hence, V pgolxe P@Q: x Cpgoa! =0pg,. Otherwise, without loss of generality, let a e P - {0,}, then {x
eP @Q:x <pgpal =12xe POQ: x<al U {0pgt. So

Vipgo 12 € POQ: x< pgpal =V pgol lxe P @Q:x< paf Ui0pgol | = V,plxe Pix<pal =a.

fae P@Q - 10,51 =P -10,1, ,50a=1,aU10,g,! is directed. Hence P@Q is continuous poset.

(3) Letae {P+Q~-1{0,,,i|. Thenae PoraeQ. lfae P, then {xe{P +Q: 2K p 50| ={2€
P:x<af U{0,,,! is directed and have a as its supremum.

Similarly, if a e Q, then {xe {P+Q} :x<, oal = {xeQ: x<,al U{0,,,! is directed and have a as
its supremum. Hence P + () is continuous poset.

Example 2 Let P and Q be continuous posets, then P+ ,Q and P +,Q need not be continuous.

(1)Let P=Q =N. Then both P and Q are continuous. Letae P - {0,{, put C=Q - {0,} satisfying that
C is directed and V ,, ,C = 1,, ,. But for any ce C, x<Zc for each x e P - {0, ; the case is similar for x
Q-10yt. Thus a=1{0,, |, whence P+ ,Q is not a continuous poset.

(2)Let P=Q =[0,1]. Then both P and Q are continuous. Leta € P - 1{0,,1,} CP +,Q - {0,,,,
1o, ol put B =Q-10,,1,| satisfying that B is directed and V ,, ,B = 1,,,. But for any b € B, a<b.
Thus, a<l,, , is not right. Similarly, we have for all be @ - {0,,1,{, b<;, 415, 4 is not right. So {x
€p 1y 0:%p 0l pa0l =10, 01, whence P +,Q is not continuous.

Remark 32" If P and Q are domains, then PUQ, P ®Q, P +(Q and P +,Q are domains, P +,(Q need
not be a domain.

Put Id P = {ICP.I is an ideal such that sup/ exists| .

We say that a function g:S—T into a poset is cofinal if for all ¢ € T there is an s € S such that t<g(s), i.
e.,if g ' (tt)#PforallteT.

Lemma 2'*)  Let g:5—T be a function between posets. Assume that the following conditions are satisfied ;

(1) S is a complete lattice, or S is a complete semilattice and g is cofinal;

(2) g preserves all existing infs.

Then g has a lower adjoint d;T—S given by the formula: d(t) =inf g ' ( 1t) or d(t) =min g '(Tr).

Proposition 6 For a poset P, the following conditions are equivalent:

(1) P is continuous;

(2) for each x € P, the set | x is the smallest ideal I with x <supl/;

(3) for each x € P, there is a smallest ideal I with x <supl;

(4) the sup map r = (I—»supl) ;IdP—P has a lower adjoint;

These conditions imply

(5) the sup map r:IdP—P preserves all existing infs.

and if P is a complete semilattice or complete lattice, then all five conditions are equivalent.
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Proof (1)=(2): If P is continuous, then for each x e P, U x e IdP and x =sup U x. For each ideal /
with x<sup I, Vy<x, Jiel such that y<i, then yel, thus §xCI.

(2)=(3) : Trivially.

(3)=(1): If J(x) ={Ield P:x<sup I| has a smallest element M, then MC/ for all / € J(x) and thus
MCNJ(x) CM. We can show that NJ(x) = U x. On one hand, Y y<x with x<<sup /, then Ji e[ such that
y<i, then yel, thus 4xC NJ(x). On other hand, Yy e NJ(x), then y eI for each I with x<supl. For
each directed set D with \/ D existing, we take /= | D, then x<\V D =\ I, by y e I, then there exists d € D
such that y<d. Thus y<x. Thus | x is the smallest ideal, and x =sup { x, hence P is continuous.

(3) iff (4): The map r has a lower adjoint iff min r ™' ( 1 x) exists for all x. But min 7' ( 1 x) is precise-
ly the smallest element of J(x).

(4)=(5) ; The sup map preserves infs.

(5)=(4) : This follows from Lemma 2, as the sup map r:/dP—P clearly is cofinal.

Let P be a poset and SCP, Id S={ICS: I is an ideal such that sup/ exists in P}.

Proposition 7 Let P be an algebraic poset, S = K(P), then the map ¢p:x | xNS,P—Id S is an
isomorphism.

Proof To prove that ¢p:x +>| xNS,P—Id S is a bijective, we claim that sup:/ +> sup I, Id S—P is the
inverse of this map.

Since sup( | xNS) =x by the definition of algebraic poset, it suffices to show that | (sup/) NS =1 for
each Ield S. 2 is clear so we must show C. Letke | (sup/) NS , that means k<k <supl. Thus there exists
an a € I such that k<a. Since I is a lower set in S, we have k € I. The two maps are clearly order-preserving,

whence ¢ is an isomorphism.
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