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Abstrac t: In this pape r, w e investigate the o rder structure-continuous poset, a generalization o f a continuous dcpo ( .i e. ,

dom a in). The Cartes ian product o f continuous posets is stud ied. Some other properties o f continuous posets and algebra-

ic posets a re g iv en. Som e equ iva lent cha racte rization o f continuous po sets is g iven.
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� � The notation of continuous lattices as amode l for the semantics o f programm ing languages w ere introduced

by Scott D in [ 1] in 1972. Later, a more general notat ion of continuous dcpos( .i e. , doma in) w as introduced

and thorough ly stud ied in [ 2] . In th is paper, our wo rk is based on an even general notation o f continuous po-

sets, w h ich w as called a precont inuous poset and defined in [ 3]. W e investigate the construction o f new cont in-

uous posets from known ones by means of form ing product(w ith po intw ise order) and�disjo in t�sum s. Then w e

g ive some o ther propert ies o f continuous posets and algebraic posets.

Recall som e no tat ions concerned in th is paper. For unexpla ined notat ions and concepts, please refer to [ 2,

4] .

Defin ition 1
[ 2] � LetP be a pose.t For any tw o e lem ents x and y inP , w ew rite x� y, if for any directed

subsetD �P w ith � D ex isting and y � � D, there ex ists z� D such that x� z. An e lem ent sat isfy ing x� x is
called to be compac.t The se t o f compact e lements o fP is denoted asK (P ).

Defin ition 2
[ 2] � ( 1) A posetP is called a continuous pose t( resp. an algebraic poset) if for each a� P ,

the set { x �P: x� a} ( resp. � a�K (P ) ) is a directed set and a = � {x� P: x� a } ( resp. a= � { � a�K
(P ) } ) .

( 2) A directed complete partially ordered set ( in shor,t dcpo) w h ich is continuous is called a doma in.

The follow ing properties are w ell know n:

Lemma 1� LetP be a pose,t x, y, z� P. Then

( 1) x� y implies x� y;

( 2) x � y� z �w impliesx� w;
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( 3) Ify� x and z� x, then y� z� x whenever y� z ex ists inP;

( 4) The w ay-below relation � on a cont inuous poset has strong ly interpo lation property, .i e. , ifx� y w ith

x� y, then there is z w ith x� z such thatx � z� y ( see[ 2] for the proo f o f the strong ly interpolat ing property of

a doma in) .

There are many interest ing continuous posets wh ich are not dom ains. Some examp les are here:

Example 1� ( 1) Every chainC is a continuous pose.t � x, y� C, if x� y, then x= 0 or x< y or x = y.

Then for each elementx in C, � { y: y� x } = x. H ence, the rea l number setR, the rational number setQ and

the na tiona l number setN are continuous posets but not doma ins.

( 2) Fo r any setX, letP 0 (X ) = {A� X: A is fin ite}. Then (P0 (X ), � ) is a continuous poset but not a

doma in in genera.l This fo llow s that fo r eachA � P0 (X ), A� A. H ow everP0 (X ) is no t directed comp lete unless

X is a fin ite se.t In genera,l ifm is a card inal andm < |X |, thenPm (X ) = {A �X: |A |� m } is a cont inuous

posetw ith respect to � but no t a doma in.

( 3) LetP be a continuous pose,t and letA be a low er set inP ( .i e. A = � A ) . A ssume that for every d-i

rected subsetD � A fo r wh ich the least upper bound ofD ex ists in A, and it is also the least upper bound o fD in

P ( .i e. � A D = � PD whenever � AD ex ists). ThenA is a cont inuous pose.t For� a� A, � x, y� A sat isfy ing
x� a and y� a, then there ex ists z�P such thatx, y� z� a. SinceA is a low er se,t z� A. Then � a is directed
for each a� A. In fac,t x� P a implies x� A a for � x, a� A. For each directedD � A for w hich � AD ex ists, a

� � A D = � PD, by x� P a there ex istsd�D such thatx� d, thus x� A a. Thus fo r each a� A, { x: x� P a }�
{ x: x� A a} � � a, hence a = � A { x: x� A a }.

LetP be a pose.t W e say the distributive law ho lds for all directed subsets w hich suprema ex ist inP if for

any nonempty fam ily of elemen ts inP {xj k: j� J, k�K ( j) } for w hich { xjk: k� K ( j ) } is d irected and has a su-

premum for a ll j� J, the follow ing ident ity holds:

�
j� J
�
k� K ( j )
xjk = �
f � �
j� J
K ( j )
�
j� J
xj, f ( j ) .

Proposition 1� Suppose a posetP sat isfy the fo llow ing three cond itions:

( 1) Every nonempty subset o fP has an infimum;

( 2) The distributive law ho lds for a ll directed subsets w hich suprema ex is;t

( 3) Fo r each x� P, � x is directed.

ThenP is a continuous pose.t

Proof� For each a� P, letJ be the set of all directed subset j ofP w ith supj� a, { a} � J, thusJ� �. For

each j� J, letK ( j) = j. In o therw ords, j is index ing itsel.f Further, consider the fam ily o f elementxj k = k for j

� J and k�K ( j).

Suppose f � � j� J K ( j) , and let t= � j� Jxj, f ( j ) = � j� J f ( j ). W e cla im t� a. In fac,t ifD is a directed

subset ofP w ith a � supD, thenD � J. t= � j� J f ( j) � f (D ) �K (D ) = D. Since { a }� J, � j� J � k� K ( j) x jk =

a . A lso, � f� � j� JK ( j ) � j� Jxj, f ( j ) = � j� J � k� K ( j ) xj k = a. Thus � {x � P: x� a } � a, hence a = � { x� P: x�
a}.

1� The Cartesian Product o f Cont inuous Posets

In this section w e invest igate the construct ion o f new continuous posets from known ones by means of form ing

products ( w ith po intw ise order).

Proposition 2� If { P i: i� I } is a fam ily o f cont inuous posets w ith least element 0, then the C artesian

product � i� IP i is also a cont inuous pose.t For element x= (x i ) i� I and y = ( yi ) i� I in � i� IP i the w ay-be low

re lation is given by

x� y iffx i� y i for all i� I and xi = 0 for all but finitely many i� I.

Proof� Let us first show that the characterization of thew ay-be low relation ho lds in any product o f cont inu-
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