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Some Remarks on Star-L indel-f Spaces
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Abstract A spaceX & starLindelf if for every open cover 77 ofX, there exists a coun tab k subsetF ofX such that S
(F, 7/) =X. In ths note we dicuss the rehtionship bew een star-L indeb f spaces and relited spaces and give an ex—
ampl showng the product of two countab le compact spaces is not star-L nde b f
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By a space wemean a topological space Letus recall that a spaceX is countably canpact if every count
able open cover of X has a finite subcover Fleischm an' defined a spaceX 1o be starcanpact if for every open
cover 7/ ofX, there exists a finite subsetF ofX such thatSt(F, 72/ =X, where St(F, 77 =U (U€ 24 UNF
= f ). He proved that every countab ly canpact space is starcanpact As generation of starcan pactness the fot+
bw ng classes of spaces were gwven

Definition 17 A spaceX is star-L ndelf if for every open cover 72 ofX, there exists a countable subset
F ofX such thatSi(F, 77 =X.

Definition 27 A spaceX is* O-campact ifX has a O—canpact dense subset

In[4], a sta-L ndelf space is called stongly starLndelf n [5], a starL ndel-f space is called *
Lindekf

Fran the above defnitbn it & not difficult to see that every countably can pact space is star-Linde Ff every
Lndelf space is star-Lindelf A space satisfies the countable chain conditon (CCC  provided it does not con
tain an uncountab le collectbn of paiw ise disjoint open sets

In[5], DaiMum i asked the follw ng questbns on star-L ndel-f spaces

Question 1 Is CCC space starL ndel-?

Question 2 s the product of wo sta-L nde Ff spaces starl nde ¥

In[5], ChenH aiyan ZhangD ingveiand Wu W ei asked the follow ing question

Received date 2007-1128.
Foundation itan: Supported by the NSFC ( 10571081 and heNSF of Jiangsu H igher E du cation Instititions of China (07K JB110055 .

Corresponding author LiRuj associale professot mapred n general opobgy E-mail robertlin{@ yahoa can. cn



( 31 2 (2008

Question 3 Does there exist a* 0—canpact space which is not starL ndel-7
The puipose of this note is to give sane notes on the above questions
M oreover the cardinality of a setA is denoted by 14 . Let @ be the first infnite cardina] ©, the first un-

countable card nal and ¢ the cardnality of the set of all real nunbers O ther tems and symbols thatwe do not
defne willbe used as n [ 6].

1 Sane Exanples on StarLindel-f Spaces

In[4], vanDouwen Reed Roscog et al constucted he follow ng exanple which gives a negative ansver
to the first question.

Exanple 1" There exists a CCC M oore spacewhich is not star-Lindekf

On the second question there are several solitbns Fis} we give a new solitbn For a Tychonoff space
X, the symbol BY means the Cech-Stone canpactificaton of a spaceX.

Exanple 2 There exist wo countably canpact spacesX and Y such thatX XY is not starL ndelf

Proof LetD be a discrete space of cardinality « We shall defne wo countab ly can pact subspacesX and
Y of ) such hatY UY= ), XNY=D andX xY & not star-Linde -

For everyM < BD, let M ) denote he fam il of all countably infnite subsets ofM and letf be a functbn
assignng to every meanberA of /) ) an accumulatbn pont of the setd in the space ).

LetXo=D and
Xo= (YLZJQXY)Uf[:% (YL<JGXY) )] for O< a< @,
By transfnite inductbn we define a transfnite sequenceX o, X, --3 Xo --- of subsets of ), where a< o,.
Let
X=Ux,
a< (‘)]

henX & countably canpact snce for everyA€ X ) is contaned n someX, and thus has an accumulaton
pont nXa 1 and nX. By transfiite inductbn it is not difficult o see that Ko <2 A+ (. f)Noz ¢ for each
a< o, thus W IS

Let

Y=DU (BD W),

hen Y is countably canpact ForeveryA € ZAY), we have U | = 2, since every infnite closed set n B(D )
has the cardinality 2 Thus every countably nfnite subset of Y has an accumulation pont in ¥, hence Y is
countab ly campact

To show thatX X Y is not starLinde Ff Sice the diagonal {< d, d>: dE D} is a discrete open and closed
subset of X X Y with the cadmnality ¢ then it is not starL ndellf hence X X Y is not starL ndelf star
Lidelfess is preserved by open and closed subsets

On the second question in [4], van Douwen Reed Roscoe, etalconstructed the follow ng two exanples
which give negatve answers to the second question.

Exanple 3" There exist a Lindel-f spaceX and a starL ndelf space ¥ such thatX XY is not star
Lindekf

Exanple 4" There exist a canpact spaceX and a starLndelf space ¥ such thatX XY is not star
Lindekf

On the third questbn we give a positive ansy er

Exanple 5 There exists & O—canpact spacew hich is not star-L ndelf

Proof LetD be a discrete space of the card nality » Define

X=(B(D)x(o+1))\((BD)\D) x{w}).

Then X is* O-campact snceB(D ) X ® is a O—campact dense subset ofX.
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Next we show thatX isnot starLndelf Since D |= , then we can enun erateD as {de a< 4. LetU,

= {d«}) X[Q @] for each a< ¢

Letus consder the open cover

W= {U:a< 4 U(BD) x{n):n€ o)

ofX. LetF be a countable subset ofX. Then there exists aay such thatF\ U, = f for each a> ay by the con-
structbn of 7 Kwe pick a'> a then < a, >« St(F, 7/, since Uy is the only element of?/ containing <
a, > and UyNF= f. This shows hatX is not starL nde-f
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