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Abstrac t: A spaceX is star-L indelÊ f if for every open coverU ofX, there ex ists a coun tab le subsetF o fX such that St

(F, U ) =X. In th is note, we d iscuss the re la tionsh ip be tw een star-L inde lÊ f spaces and re lated spaces, and g ive an ex-

amp le show ing the product o f tw o countab le compact spaces is not star-L inde lÊ .f
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[摘要 ]  一个空间称为 star-L inde lÊ f如果对于 X 的任意开覆盖 U, 在X 中存在一个可数子集 F使得 St(F, U ) =

X .在这个注释中, 我们讨论 star-L inde lÊ f空间与相关拓扑空间关系, 并且给出两个可数紧空间的积不是 star-

L indelÊ f空间的例子.
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  By a space, w e mean a topo log ica l space. Le t us recall that a spaceX is countab ly compact if every coun-t

able open cover ofX has a fin ite subcover. F le ischm an
[ 1]

defined a spaceX to be starcompact if for every open

coverU o fX, there ex ists a finite subsetF ofX such thatS t(F, U ) = X, where St(F, U ) = G {UI U: UHF

= ª }. H e proved that every countab ly compact space is starcompac.t As generation of starcompactness, the fo-l

low ing classes of spaces w ere g iven:

Defin ition 1
[ 2]  A spaceX is star-L indelÊ f if for every open coverU o fX, there ex ists a countab le subset

F ofX such thatS t(F, U ) = X.

Defin ition 2
[ 3]  A spaceX is* R-compact ifX has a R-compact dense subse.t

In [ 4], a star-L indelÊ f space is called strong ly star-L indelÊ ;f in [ 5] , a star-L indelÊ f space is called *

L indelÊ .f
F rom the above defin it ion, it is no t difficult to see that every countably compact space is star-Linde lÊ ,f every

L indelÊ f space is star-LindelÊ .f A space satisf ies the countable chain condition ( CCC) provided it does no t con-

tain an uncountab le co llect ion of pa irw ise disjoint open sets.

In [ 5], Da iM um in asked the follow ing questions on star-L indelÊ f spaces:
Question 1 Is CCC space star-L indelÊ ?f
Question 2 Is the product of two star-L inde lÊ f spaces star-L inde lÊ?f
In [ 5], ChenH aiyan, Zhang D ingw e i andWuW ei asked the fo llow ing question:
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Question 3 Does there ex ist a* R-compact space wh ich is no t star-L indelÊ?f
The purpose o f th is note is to g ive some notes on the above questions.

M oreover, the cardina lity of a setA is denoted by |A |. Let X be the first infin ite cardina,l X1 the first un-

countab le card inal and c the cardinality of the set o f all rea l numbers. O ther terms and symbols that w e do not

def ine w ill be used as in [ 6].

1 Some Examp les on Star-L indelÊ f Spaces

In [ 4], van Douw en, Reed, Roscoe, et al constructed the fo llow ing example wh ich g ives a negative answ er

to the first question.

Example 1
[ 4]  There ex ists a CCC M oore spacew hich is not star-LindelÊ .f

On the second question, there are severa l so lut ions. F irs,t we g ive a new so lut ion. For a Tychonoff space

X, the symbo l BX means the Cech-S tone compact ification of a spaceX.

Example 2 There ex ist two countab ly compact spacesX and Y such thatX @Y is no t star-L indelÊ .f
Proof LetD be a discrete space of cardina lity c. W e sha ll de fine tw o countab ly compact subspacesX and

Y o f BD such thatX G Y= BD, XH Y= D andX @Y is not star-Linde lÊ .f
  For everyM A BD, let P(M ) deno te the fam ily o f all countably infin ite subsets o fM and let f be a funct ion

assign ing to every memberA of P( BD ) an accumulat ion po int of the setA in the space BD.

LetX 0 = D and

X A= ( G
C< A

XC ) G f [ P( ( G
C< A

X C) ) ] for 0< A< X1.

  By transfin ite induction, w e define a transf inite sequenceX 0, X 1, ,, X A, , o f subsets o f BD, w here A< X1.

Let

X = G
A< X1

X A,

thenX is countab ly compac,t since for everyA I P(X ) is conta ined in som eXA and thus has an accumulat ion

po int inX A+ 1 and inX. By transf inite induct ion, it is no t difficult to see that |X A | [ c# c+ ( c# c)
N 0 = c for each

A< X1, thus |X |[ c.

Let

Y= D G (BD \X ),

then Y is countably compac.t Fo r everyA I P( Y), w e have |�A | = 2
c
, since every infin ite closed set in B(D )

has the cardina lity 2
c [ 7]

. Thus every countably in fin ite subset o f Y has an accumu lation po int in Y, hence Y is

countab ly compac.t

To show thatX @ Y is not star-Linde lÊ .f S ince the d iagona l { < d, d > : dI D } is a discrete open and closed

subset ofX @ Y w ith the card inality c, then it is not star-L indelÊ ,f hence X @ Y is not star-L indelÊ ,f star-

L indelÊ fness is preserved by open and closed subsets.

On the second question, in [ 4], van Douw en, Reed, Roscoe, et a l constructed the follow ing tw o examples

w hich g ive negat ive answ ers to the second quest ion.

Example 3
[ 4]  There ex ist a L indelÊ f spaceX and a star-L inde lÊ f space Y such thatX @ Y is not star-

L indelÊ .f
Example 4

[ 4]  There ex ist a compact spaceX and a star-L inde lÊ f space Y such thatX @ Y is not star-

L indelÊ .f
On the th ird quest ion, we g ive a posit ive answ er.

Example 5 There ex ists a* R-compact spacew hich is not star-L indelÊ .f
Proof LetD be a d iscrete space o f the card inality c. Define

X = (B(D ) @ ( X+ 1) ) \ ( (B(D ) \D ) @ { X} ).

Then, X is* R-compac,t since B(D ) @ X is a R-compact dense subse t o fX.
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N ext, w e show thatX is not star-L indelÊ .f Since |D | = c, then w e can enum erateD as { dA: A< c}. Let UA

= { dA } @ [ 0, X ] for each A< c.

Let us consider the open cover

U = {UA: A< c} G { B(D ) @ { n}: n I X }

ofX. LetF be a countab le subset o fX. Then, there ex ists a A0 such thatFH UA= ª for each A> A0 by the con-

struct ion ofU. Ifw e pick Ac> A0, then < Ac, X> St(F, U ) , since UAc is the on ly e lement o fU con taining <

Ac, X> and UAcHF = ª. Th is show s thatX is not star-L inde lÊ .f
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