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Abstrac t: Them arg inal po ster io r distr ibution of the param eter in theARFIMA m ode ls is presen ted by Bayes theo rem and

the mode o f them arg inal posterior d istr ibu tion is choosed as the estim ator. Then, fo llow ed the analysis of the asympoto tic

properties of max imum likelihood estim a tion fo r the seasonal ARFIMA m ode ls, the cons istency, e fficiency and asympto-t

ic norma lity o f the Bayesian estima tor are proved. F ina lly, large sam ple perform ance o f the Bayesian estim ates is ex am-

ined by sim ulations. It is shown that the estim ates behave we ll when the sam ple size is large enough.
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[摘要 ]  首先根据贝叶斯定理得到 ARFIMA模型参数的后验边缘分布, 并选择后验边缘分布的众数作为参数

的估计值. 参照季节性 ARFIMA模型的极大似然估计的渐近性质的证明思路,证明了模型参数的贝叶斯估计具

有相合性、有效性和渐近正态性. 最后,对参数的贝叶斯估计方法的大样本性质进行仿真模拟, 结果表明当时间

序列样本足够大时, 参数的估计值越来越接近于真实值.
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  The autoregressive fractionally integ rated mov ing average (ARFIMA ) (p, d, q ) process { xt } is de fined by

< (B ) ( 1- B )
d
xt = H(B ) : t, ( 1)

where both p and q are integers, d is rea,l < (B ) = 1- <1B - ,- <pB
p
and H(B ) = 1- H1B - ,- HqB

q
are the

autoregressive and mov ing average operators, respective ly, Bxt = xt- 1, the { : t } are independent and identically

distributed as norma l random variables w ith mean zero and variance R
2
and the fract iona l d ifference operator is

def ined by a b inom ial series (1 - B )
d
= E

]

j= 0

d

j
B

j
= 1 - Bd +

d ( d - 1)

2!
B

2
- ,. Under the assumpt ion that

the roots of po lynom ia ls < (B ) and H( B ) are outside the unit circle and |d | <
1

2
, the ARFIMA ( p, d, q )

process is second order stat ionary and invert ible. The spectra l density of this process is

fW ( X) =
R

2

2P
| 1 - e

- iX
|
- 2d

| < ( e
- iX
) |

- 2
| H( e

- iX
) |

2
, ( 2)

and its ACF may be w ritten as

C( k ) = Q
P

- P
f (X ) e

iXk
dX. ( 3)
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S ince the sem inalwork by Granger and Joyeux
[ 1]
, estimat ion o f long-memory time series have been received

considerab le attent ion and a number o f param eter est imation procedures
[ 2 ]

have been proposed. Recently, the

statist ical analysis of ARFIMA models in the Bayesian fram ew ork has been deve loped
[ 3]
, w hich takes the pr ior

in fo rmation of the parameters into considera tion and ismore efficient than other est imation techn iques.

Unt il now there is no any research about the asympto tic properties of the B ayesian est imation for theARFI-

MA models because o f the comp lex ity o f the parameter. s estimat ion. In this paper, w e presen t a fu lly Bayesian

analysis of parameter estimat ion. Based onMLE asympto ticsw e prove the consistency, effic iency and asympto tic

norma lity o f the B ayesian estimato rs. The proof techn ique is based on an approx imat ion o f the spectral density

proposed by Re f [ 4].

1 Bayesian Estimation Based on PosteriorM odes

The exact likelihood function based on n observat ionsX n = ( x1, ,, xn ) c from a Gaussian ARFIMA process

X t is

L (X n | W1 ) = ( 2PR
2
)
- n

2 | 8n |
- 1

2 exp -
1

2R
2X cn 8

- 1
n X n , ( 4)

where W1 = ( <, H, d, R) c is an p + q+ 2 vector, W= (<, H, d ) is an p + q+ 1 vector, < = (< 1, ,, <p ), H=

( H1, ,, Hq ), R
2
8n is the covariance matrix ofX n w ith e lem ents Ck. W e w rite

[ 8 ( W) ] r, s= 1, ,, n = [ 8 (fW ) ] r, s= 1, ,, n = Q
P

- P
fW ( X) e

iX( r- s)
dX.

A ssume that R, d and ( <, H) are mu tually, dependen,t then P(W1 ) = P( R) P(<, H) P( d ) and

1. a uniform prior for < and H over Cp , Cq respectively, whereC denotes the set of complex numbers, so

thatP( <, H) W 1, ( <, H) I Cp @Cq;

2. a uniform prior ford over -
1

2
,
1

2
, so thatP( d )W 1, dI -

1

2
,
1

2
;

3. an noninformat ive prio r for R on R
+
, so thatP( R) W 1

R
, R > 0.

Correspondingly, P( W1 )W
1

R
.

By Bayes theorem,

P( W1 | Xn ) W L (X n | W1 ) P(W1 ) W ( R
2
)
- n+ 1

2 | 8 n |
- 1

2 exp -
1

2R
2X cn 8

- 1

n X n .

Thus, them arg inal posterior distribution of the parameter W is:

P(W | X n ) W Q
R> 0

(R
2
)
-
n+ 1
2
| 8 n |

-
1
2 exp -

1

2R
2X cn 8

- 1

n X n dR W 2
n
2
-1

# n
2
| 8n |

-
1
2
(Xcn 8

- 1

n Xn )
-
n
2 .

The log function o fP(W|X n ) is:

ln[ P(W | X n ) ] =
n

2
- 1 ln2 + ln# n

2
-

1

2
ln | 8 n | -

n

2
ln(X cn 8

- 1
n X n ),

where 8
- 1

n is positive def in ite.

Then,

-
1

n
ln[ P(W | X n ) ] = -

1

n
n
2
- 1 ln2 -

1

n
ln# n

2
+

1

2n
ln | 8 n | +

1

2
ln(X cn 8

- 1

n X n ).

Let lnP( W) be -
1
n
ln[ P( W|X n ) ] , unless otherw ise stated, w e w riteP( W|X n ) as P(W), 8n as 8 andX n as

X here in.

w e w ill choose themode as the estima tion o f parameterW. The approx imate B ayesian estimato r Ŵn ofWm ax-

im izes P( W|X n ) and the log funct ion is mono ton ic, so w e can estima teW by so lv ing the equation:
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ý lnP( W) = 0,

where / ý 0 deno tes the differencing. Obv iously Ŵn has the interpretat ion o f being the / most likely0 va lue ofW,

g iven the pr ior and the sampleX n. So the Bayesian estimato r g iven above is sim ilar w ith the max imum likelihood

estima tor and w ew ill illustrate the asymptot ic properties of the Bayesian estimator fo llow ing the research on that

of the max imum like lihood estimator.

2 A symptotic Properties of Bayesian Estimation

W e assume tha tW0 = (<0, H0, d0 ) c is the true value o fW. Fo llow ing the conclusion in Ref [ 5] :

R̂
2
=
X c8- 1

X

n
,

we haveE R̂
2
< ] , so thatXc8 - 1

X isO (n) as ny ] .

Theorem 1 ( Consistency) Ŵn y
p

W0 as ny ] .
Proof Follow ing Ref [ 6] , it su ff ices to prove tha:t

( 1) ý lnP( W0 ) y
p

0, as ny ] ;

( 2) there ex ists a posit ive defin ite matrixM ( W0 ) such that for all : > 0,

P ( ý
2
lnP(W0 ) > M (W0 ) ) > 1 - :;

( 3) there ex ists a constan t 0<M < ] such tha t

E | ý
3
lnP(W) | < M for a llWI ( .

W e prove that cond it ion( 1) - ( 3) ho ld in th is case.

( 1) ý lnP( W0 ) =
1
2n

tr{8 ( W0 )
- 1
8 (ý W0 ) } -

1
2

1

X c8- 1
(W0 )X

tr{XX c8 ( W0 )
- 1
8 ( ý W0 ) 8 (W0 )

- 1
} y

1

2n
tr{8 ( W0 )

- 1
8 (ý W0 ) } -

1

2

1

n
tr{XX c8 ( W0 )

- 1
8 ( ý W0 ) 8 ( W0 )

- 1
} .

Hence,

E [ ý lnP(W0 ) ] y 1
2n

tr{ 8 (W0 )
- 1
8 ( ý W0 ) } -

1
2n

tr{8 ( ý W0 ) 8 ( W0 )
- 1
} y 0,

as, n y ] .

On the other hand,

      va r[ ý lnP( W0 ) ] = E [ ý lnP( W0 ) ]
2
- {E [ ý lnP(W0 ) ] }

2 y
1

2n
2 tr{8 ( W0 )

- 1
8 (ý W0 ) 8 (W0 )

- 1
8 ( ý W0 ) } =

1

2n
2 tr{8 ( fW0 )

-1
8 ( ý fW

0
) 8 (fW

0
)
- 1
8 (ý fW

0
) } .

By Lemm a 5
[ 6]

we have

1

n
tr{ 8 ( fW0 )

- 1
8 ( ý fW0 )8 ( fW0 )

- 1
8 ( ý fW0 ) } y 1

2PQ
P

- P
[ ý lnfW0 ( X) ] [ ý lnfW0 (X ) ] cdX,

as ny ] .
Therefore, var[ ý lnP( W0 ) ] y 0 and the result holds by v irtue o f the Chebyshev. s inequality.

( 2) Observe that

      E [ ý
2
lnP( W0 ) ] y 1

2n
tr{8 ( W0 )

- 1
8 ( ý W0 ) 8 (W0 )

- 1
8 (ý W0 ) } =

1

2n
tr{8 ( fW0 )

- 1
8 ( ý fW0 )8 ( fW0 )

- 1
8 (ý fW0 ) }.

Hence, by Lemm a 5
[ 6 ]

we have

E [ ý
2
lnP(W0 ) ] y 1

4PQ
P

- P
[ ý lnfW0 ( X) ] [ ý lnfW0 (X ) ] cdX S T (W0 ).
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On the other hand,

var[ ý
2
lnP( W0 ) ] y 1

2n
2 tr{ [ 8 ( fW0 ) ( 2A

( 1)
W0 - A

( 2)
W0 ) ]

2
},

where thematricesA
( 1)
W0 and A

( 2 )
W0 are def ined as in Lemma 6

[ 6]
. Then, an application o f Lemma 5

[ 6]
establishes

that var[ ý
2
lnP( W0 ) ] y 0. Thus, ý

2
lnP( W0 ) y

p

T ( W0 ). Besides, sinceT ( W0 ) is posit ive-de fin ite, w e can

choose the posit ive matr ix, M (W0 )S T ( W0 ) - JI w ith 0< J< Km in (T (W0 ) ) and the resu lt ho lds, whereKm in (T

( W0 ) ) deno tes the m in imum e igenva lue ofT ( W0 ).

( 3) N ote that

      ý
3
lnP(W) y 1

n
tr{8 ( fW )

- 1
8 ( ý fW )8 ( fW )

- 1
8 ( ý fW )8 ( fW )

- 1
8 ( ý fW ) } +

1

2n
tr{8 ( fW )

- 1
8 ( ý

3
fW ) } -

3
2n

tr{8 ( fW )
- 1
8 ( ý fW )8 ( fW )

- 1
8 ( ý

2
fW ) } +

1
2n
X c[ 38 (fW )

- 1
8 (ý

2
fW ) 8 (fW )

- 1
8 (ý fW ) 8 (fW )

- 1
+

38 (fW )
- 1
8 (ý fW ) 8 (fW )

- 1
8 (ý

2
fW ) 8 (fW )

- 1
-

68 (fW )
- 1
8 (ý fW ) 8 (fW )

- 1
8 (ý fW ) 8 (fW )

- 1
8 (ý fW ) 8 (fW )

- 1
-

8 (fW )
- 1
8 (ý

3
fW ) 8 (fW )

- 1
]X.

Bu,t

| X c8 ( ý fW )X | = | Q
P

- P
ý fW | E

n

j= 1
e
iX j
X j |

2
dX | [ | Q

P

- P
| ý fW | | E

n

j= 1
e
iX j
X j |

2
dX | = X c8 ( | ý fW | )X.

Analogously,

| X c8 ( ý 2
fW )X | [ X c8 ( | ý 2

fW | )X

and

| X c8 ( ý 3
fW )X | [ Xc8 ( | ý 3

fW | )X.

Therefore,

    | ý
3
lnP( W) | [ 1

n
tr{8 ( fW )

- 1
8 ( | ý fW | )8 ( fW )

-1
8 ( | ý fW | ) 8 (fW )

- 1
8 ( | ý fW | ) } +

1

2n
tr{ 8 (fW )

- 1
8 ( | ý

3
fW | ) } +

3

2n
tr{ 8 (fW )

- 1
8 ( | ý fW | )8 ( fW )

- 1
8 ( | ý

2
fW | ) } +

1
2n
Xc[ 38 ( fW )

-1
8 ( | ý

2
fW | ) 8 (fW )

- 1
8 ( | ý fW | ) 8 ( fW )

- 1
+

38 (fW )
- 1
8 ( | ý fW | ) 8 (fW )

- 1
8 ( | ý

2
fW | )8 ( fW )

- 1
+

68 (fW )
- 1
8 ( | ý fW | ) 8 (fW )

- 1
8 ( | ý fW | ) 8 ( fW )

- 1
8 ( | ý fW | )8 ( fW )

- 1
+

8 (fW )
- 1
8 ( | ý

3
fW | ) 8 ( fW )

- 1
]X,

and

    E | ý
3
lnP( W) | [ 4

n
tr{ 8 (fW )

- 1
8 ( | ý fW | ) 8 (fW )

- 1
8 ( | ý fW | )8 ( fW )

- 1
8 ( | ý fW | ) } +

1
n
tr{ 8 (fW )

- 1
8 ( | ý

3
fW | ) } +

9
2n

tr{8 ( fW )
- 1
8 ( | ý fW | ) 8 (fW )

- 1
8 ( | ý

2
fW | ) }.

N ow, by an argum ent sim ilar to Re f [ 7], w e conc lude that the first summand is bounded by
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1
n
tr{ [ 8 (K | X |

- A+ :
)
- 1 @ 8 (K | X |

- A- :
) ]

3
} ,

where : > 0 can be chosen arb itrarily smal.l By Lemma 5
[ 6]
, this term convergers to

K Q
P

-P
| X |

- 6:
dX [ K 1 < ] .

The other two summ ands can be bounded sim ilarly by constan tsK 2 andK 3, respectively. The resu lt fo llow s by

choosingM = m ax{K 1, K 2, K 3 }.

Theorem 2 ( A symptot ic norm ality ). The Bayesian estim ate Ŵn, sat isfies the fo llow ing lim it ing d istr ibu-

t ion as ny ] :

n ( Ŵn - W0 ) y
D

N ( 0, T (W0 )
- 1
),

T (W0 ) =
1

4PQ
P

- P
[ ý lnfW0 (X ) ] [ ý lnfW0 ( X) ] cdX. ( 5)

Proof It sufficies to show tha:t

( 1) ný lnP( W0 ) y
D

N (0, T ( W0 ) );

( 2) Ŵn y
p

W0 imp lies | ý
2
lnP( Ŵn ) - ý

2
lnP( W0 ) |y

p

0;

( 3) ý
2
lnP( W0 ) y

p

T ( W0 ).

( 1) Part( 1) fo llow s w ith the cumulantm ethod. From the proo f o fTheo rem 1, w e haveE ( ný lnP( W0 ) )

y 0 as ny ] , By using the product theorem for cumu lants
[ 8]
:

ncov(ý lnP( W0 ), ý lnP(W0 ) ) =
1

2n
tr{ 8 (W0 )

- 1
8 ( ý W0 )8 ( W0 )

- 1
8 (ý W0 ) }.

By Lemm a 5
[ 6 ]
, th is term converges to T (W0 ). S im ilarly, w e get

n
p
2 cum {ý lnP( W0 ) i1, ,, ý lnP(W0 ) ip } =

1
2
n
- p

2 ( - 1)
p E

( j1, ,, jp )
permu tation of( i1, ,, ip )

tr F
p

k= 1
8 ( fW0 )

- 1
8

5fW0
5Wjk

which converges to zero by Lemma 5
[ 6]
.

( 2) Result ( 2) is a consequence of the equ icontinu ity o f the quadrat ic fo rm Z
( i)

n ( see Lemma 7
[ 6]

) .

W e have

Rn ( W) =
1
2n

tr{8 ( fW )
- 1
8 ( ý fW ) 8 (fW )

- 1
8 (ý fW ) },

ý
2
lnP( W) = Z

( 1)
n ( W) -

1

2
Z

( 2)
n ( W) + R n ( W),

w ith Z
( 1)
n (W) andZ

( 2)
n ( W) as in Lemma 7

[ 6]
. Due to the equ icontinu ity of the quadratic form Z

( i)

n ( see Lemma

7
[ 6 ]

) , it is sufficient to prove thatR n ( Ŵn ) - Rn ( W0 ) y
p

0.

Let G be given w ith 0< G<
1

12
. Choose : > 0 for allWw ith |W- W0 | < :. W e have

   | Rn ( Ŵn ) - Rn ( W0 ) | [ | Ŵn - W0 | [ |
1
n
tr{ (8 ( fW1 )

- 1
8 (ý fW1 ) )

3
} | +

|
1

n
tr{ 8 (fW

1
)
- 1
8 (ý

2
fW

1
)8 ( fW

1
)
-1
8 ( ý fW

1
) } | ] , ( 6)

w ith amean valueW1 w ith |W1 - W0 | < :. We prove that the term in the square brackets is uniform ly bounded in

W1 by a determ in istic constantwh ich gives the resu l.t Let
5fW1
5Wi

= g
+
- g

-
, w ith g

+
, g

- \ 0. W e have for allD>

0,

8 ( g
+
) [ 8

5fW1
5Wi

[ 8 (K | X |
- A- G- D

).
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LetA = 8 ( fW1 )
-

1
2 8 ( g

+
)8 ( fW1 )

-
1
2 andB= 8 ( fW1 )

-
1
2 8 (K |X |

- A- G- D
)8 ( fW1 )

-
1
2 . Since 0[ A [ B we obta in

1
n
tr{A

3
} [ 1

n
tr{A

2
B } =

1
n
tr{A

1
2 BA

1
2A } [ 1

n
tr{A

1
2 BA

1
2B } [ 1

n
tr{AB

2
} [ 1

n
tr{B

3
},

by Theorem 9. 1. 19 and 12. 2. 3 of Ref [ 9]. Furthermore, w e get

8 (fW1 )
- 1 [ 8 (K | X |

-A+G+ D
)
- 1
,

by Theorem 12. 2. 14( 2) o fR ef [ 9] , and the same arguments now g ive

1

n
tr[ {8 ( fW1 )

- 1
8 ( g

+
) }

3
] [ 1

n
tr[ { 8 (K | X |

- A+ G+ D
)
- 1
8 (K | X |

- A- G-D
) }

3
] ,

which tends toK Q
P

- P
| X |

- 6G- 6D
dX by Lemma 5

[ 6]
. A ll other term s occurring in ( 6) can be treated sim ilarly and

part ( 2) therefore is proved.

( 3) F inally, part ( 3) fo llow s from the proo f o fTheorem 1 part( 2), sinceE [ ý
2
lnP( W0 ) ]y T ( W0 ) and

varý
2
lnP(W0 ) tends to zero as n y ] .

Theorem 3 ( E ffic iency ) The B ayesian estimate Ŵn is asymptotically an efficient est imate o fW0.

Proof Assum ing that In ( W0 ) denotes the Fisher informat ionm atrix. T ( W0 )
- 1

is the variance o f the est-i

mate. It suffic ies to prove that the F isher inform ation matr ix nIn (W0 ) converges to theT ( W0 ), as ny ] . Bu,t

th is fo llow s directly from part ( 2) of the proo f of Theorem 1, since

      nIn ( W0 ) = nE { [ ý lnP( W0 ) ] ý lnP(W0 ) ] c} = n var[ ý lnP(W0 ) ] y

n# 1

2n
2 tr{ 8 (fW0 )

- 1
8 ( ý fW0 )8 ( fW0 )

- 1
8 ( ý fW0 ) } =

1
2n

tr{ 8 (fW0 )
- 1
8 (ý fW0 )8 ( fW0 )

- 1
8 ( ý fW0 ) }.

By Lemm a 5
[ 6 ]

we have

nIn ( W0 ) y 1

2n
tr{8 ( fW0 )

- 1
8 (ý fW0 ) 8 (fW0 )

- 1
8 (ý fW0 ) } y

1

4P Q
P

- P
[ ý lnfW

0
( X) ] [ ý lnfW

0
( X) ] cdX = T ( W0 ).

So nIn ( W0 ) tends toT ( W0 ), as ny ] .

3 S imu lation

Th is section repo rts the results from a sma ll simu lation study carr ied out to exam ine how the asympto tic theo-

ry derived above perfo rms in finite samples. W e choose (1- B )
d
xt = : t the simp le c lass of ARFIMA models to

exam ine the finite sample behavior of the est imates. W e considermodels w ith parameter sets ( d, R
2
: ) = ( 0. 15,

1) , ( 0. 25, 1), ( 0. 35, 1) , and ( 0. 45, 1) . F irs,t w e generate a wh ite no ise process { : t } from norma l d istr ibu-

t ionN ( 0, 1) and then compute the observed series { xt }.

Fo llow ing the conclusion of Ref [ 5]:

Ck =
(- 1)

k
# (1 - 2d )

# ( k - d + 1) # ( 1 - k - d )
R

2
, k = 0, 1, 2, ,.

W e can ca lculateL = -
1
2
ln |8n | -

n
2
ln(X cn 8

- 1
n X n ) w ith 50 d ifferent values ofd selected uniform ly from ( - 0.

5, 0. 5). And w e choose d̂ wh ichmax im izes L as the estim ator o fd.

Table 1 show s the resu lts from simulat ions forARFIMA (0, d, 0) process for different sample size n. In the

table, the estima ted biases and the corresponding empirical roo tsm ean squared errors ( M SE ) of the estim ates

are g iven.

From Tab le 1, w e see that the b iases are generally sm al,l especially ford = 0. 25, 0. 35 and 0. 45. A s sam-

ple size increases, all b iases, emp irical roo tmean squared errors decrease. Thus, overa l,l the experimental ev-i

)21)

H ong Zhaop ing, e t a:l A sym ptotic P roperties of Param e tric Bayesian E stim ation in ARFIMA Models



dence presented above is supportive of our theo retica l results.

Table 1 Es tim ated P arameter B ias and Square R oot of theM ean Squa red Error for the ARFIMA ( 0, d, 0) M odel

d N B ias MSE d N B ias MSE

0. 15 200 0. 12 0. 1392 0. 15 400 0. 11 0. 2032

0. 25 200 0. 06 0. 0223 0. 25 400 0. 02 0. 0224

0. 35 200 0. 03 0. 0442 0. 35 400 0. 02 0. 0524

0. 45 200 - 0. 05 0. 104 0. 45 400 - 0. 03 0. 0559

0. 15 300 0. 13 0. 2094 0. 15 500 0. 1 0. 2236

0. 25 300 0. 04 0. 0296 0. 25 500 - 0. 02 0. 0158

0. 35 300 0. 01 0. 0707 0. 35 500 - 0. 01 0. 0442

0. 45 300 - 0. 06 0. 0669 0. 45 500 0. 01 0. 04
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