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A symptotic Properties of Param etric Bayesian
Estimation in ARFIMA M odels

H ong Zhaoping Du X wli
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Abstract Them arginal posterbr distrbutibn of the paran eter in he ARFMA models & presented by Bayes theorem and
the mode of them arginal posterior d strbu ton is choosed as the estmator Then follov ed the analysis of the asympototic
properties of maxmum lkelhood estmation ©r the seasonal ARFM A models the consstency efficiency and asymptot
ic nomaliy of the Bayesian estinator are proved Fmally laige sanple perfom ance of the Bayesian estin ates & exan—
ned by smulations It is shown tat the estim ates behave well when the sanple size is large enough
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The autoregressive fractionally integrated moving average (ARFMA) (p, d ¢) process {x,} is defned by
¢(B)(1- B)'x, = 0(B)E, (1)
where both p and ¢ are integers d is rea] ¢(B)=1- $B-...— ®,B" andO(B )= 1- 6,B~- ...— 0,B" are the
autoregressive and mov ing average operators respectvely Bx, =x,_ 1, the { €} are ndependent and dentically
distrbuted as nomal randan variables w ith mean zew and variance 0° and the fractbnal difference operalor is

def'nedbyab'n(mialseries(l—B)d = Z{ﬂB’ = l—Bd+—(—Zd d27 1 B® -

... Under the assumpton that
=00 g

the wots of polynan als ¢ (B) and (B ) are outsile the unit circle and Id | < —é, the ARFMA (p d q)
process is second oer statbnary and invertble The spectral density of this process is
2

Y —b -2 - -2 - 2
frfo)=pti= et 1 e )1 nece ) (2)

and its ACF may be written as

¥(k) = Jf(w)e” do (3)
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1 . . . . .
' estinatbn of longmemory tine series have been received

Snce the sen nalwork by Granger and Joyeux[
considerab le attentbn and a number of paran eter estination procedures[z] have been proposed Recently, the
statistical analysis of ARFMA models n the Bayesian fran evork has been devebpe&“, which takes the pror
nbmation of the paraneters into consideratbn and ismore efficient than other estmation techn fues

Until now there is no any research about he asymptotic properties of he B ayesian estmation for the ARFE
MA models because of the comp lexity of the parameter’ s estmaton. In this paper we present a f1lly Bayesian
analyss of parameter estmatbn Based on MLE asymptoticswe prove the consistency efficiency and asym ptotic

nomality of the Bayesian estinators The proof technique is based on an approxmaton of the spectral density

proposed by Ref [4].
1 Bayesian Estination Based on PosteriorM odes

The exact lkelhood finction based on n observatbns X, = (x,, .-, xn)/ fiom a Gaussian ARFMA process

X, is
1,7 A1
ex‘{_ 202XnQn X}? (4)

where ¥,= (6, 8d 0)" isanp+ g+ 2 vector ¢= (b, Qd) isanp+ g+ 1 vecor b= (b, .., b, ) 0=
(0, -5 0,), 0°Q, is the covariance matri ofX, with el ents ¥,. W e write

[Q(tb)],; s=boeyn = [Q(f"’ )]r s= b ewn = 7]-][‘"(&)) ei"(f-ﬂ de
A ssume that 0, d and (¢, 0) are muually dependent then (b, )=T(0)T (b §)T(d) and

L aunifom pror for® and 0 over C,, C, respectively whereC denotes the set of canplex nuimbers so

hatT (b, 0)o< 1 (b 0)€EC, xC,p;

ok

LX, 1o )= (2mc’) T 0|

— ] T oc de _— .
2 a unifom pror ford over 2, 2] , S0 that (d) ], [ 2, 2] ’

) . . 1
3 an noninfomatwe pror for 0 on R', thatT[(O)“F, 0> 0.

Correspondngly, T[(‘J)l)‘x—(lj.

By Bayes theoren,

(X, ) e LK 0T ) e (00)7T 1o, 17 l{‘z_éXQX}

Thus them argnal posterior distrbution of the paraneter ¢ is

_nutl _1 _ o 1L _ o
M(b1X,) < j(oz) Q| 2ex{—2—(1)2X,/linX} do o 22 lr[ﬂz] o1 Xl X, )

0> 0

The log function of T( X, ) is
1 n PN
T(d = i_ I ny_ = Q _ = Q
InfTt(d1X,)] 5 §h12+1n[2] 2]nl o 2]11()(,1 X ),
where Q s positive defn ite
Then

1 1 n 1 n 1 1 /7~ 1
—— /(¢ =-— = - — hl'| = + — Q — Q X
W[ T(bIX,)] n[z ﬂ]nZ nh[2]+2n]n| IS (X9 X, )

Let hIt(¢) be __rlz /T (b IX,)], unless othen ise stated, wewrite T(P X, ) asT(P) Q asQ andX, as

X heren
we will choose themode as the estmaton of parameter®. The appwoxmate Bayesian estinator®, of ¢ m ax
mizes T($ X, ) and the log functbn ismonotonic sowe can estmate ¢ by solving the equation:
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y (b)) =Q
where “y 7 denotes the differencng Obvbusly ¢, has the nterpretatbn of being the “most lkely” valie of ¢,
gwen the pror and the sanpleX,. So he Bayesian estimator given above is sin ilarw ih the maxmun lkelhood

estinator and wew ill illustrate the asym ptotic properties of the Bayesian estmator follow ing the research on that
of the maxmum likelhood estmator

2 A symptotic Properties of Bayesian Estmation

W e assume that b= (b, 0y do)  is the tme value of b. Follw ng he conclusion in Ref [ 5]:
:_X'oX

B

(@)
n

we have E0°< 00, so thatX' QX &0 (n) asn oo.
et -
Theorem 1 (Consistency) ¢, $, asn ©oo.
Proof FollowngRef[ 6], itsuffices to prove that

() ()" 0 asn” oo

(2) there exists a positive defnite matrx M ( ®y) such that for all €> 0,
Py Il (dy)>M (b)) > 1- €

(3) there exists a constant O0<M < % such that

E1y Wu(d) <M foralld € 6
W e prove that conditbn( 1) — (3) hold n this case

(1) § W[ = 2—1ntr{9(¢0)*‘9(y' bo)) - WX Qo) QU be) Qb))

1
X' de)x

o= wl-

(@) QS b)) = XX Q) R o) R0

Hence

E[§ W(40)] 7 Shuf Q(40) 7 Q(F b)) = o ufQ(§ b)) (0 ') T 0

N
as n oo,

On the other hand
vaif§ Wit (bo)] = E[Y WI(do)]" = (E[Y W (de) ] )"

SR ) R 40) Q(00)Q(S b)) =

Sat(Q(f,)7 3 fiy) @fs, ) (T fi))
By Lemm a5 we have

Lo, ocs fom, 00k i)™ 55 Trs w011 w, o))

N
asn ©o,

Therefore var/y hIT( )]~ 0 and the resultholds by virtue of the Chebyshev’ s nequality
(2) Observe that

EL§ 7 hT(0)] 7 5ol Qb)Y bo) Qb ) QT b)) =

5 W) QT 11, )QF ) QT fi))

Hence by Lenm a5 we have

E[Y (b))~ 4—1n_]w fi, (©) ] [ Ifo, (@) ] do =T ().
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On the other hand
, - 1
varf ¥ I o) )T S auf [ Q(fi, ) (A4 = AL )],
w here thematricesAag(l]) andAsz) are defined as in Lenma 6 . Then an application of Lenma 5! establishes

hat var/y ° ]nﬂ(%)]_} Q0 Thus ¥ ° ]nJT(%)_P’ T (%)) Besides sinceT (¥y) is positve-defnite, we can
choose the positve matrx M (Po )=T (o) — Kl with 0< K< Ay (T ($9) ) and the resulthods where A,y (T
(%)) denotes he m nimun egenvalie of T( ¥ ).

(3) Note that

§ () T QA )RS QARG R )R fo)) +
S )R i) -
W Q)Y L) Q)Y o)) +

X [3Q(f0 ) QT ) Q) QT fi) Q) +

3Q(fa) QT S ) Q) QY ) Q) -
6Q(f2 ) QY fo) Q) QY L) Q) QT £)Q(fe) -
Q) QY f) Q)X

Rl Rl

But

IX'Q(§ fi)X 1= ]9]& | D eX; Pdo 1< I|y' Lol X, Pdo 1= X'Q(1§ fi 1)X.
- F1 - j=1
Analogously
IX'Q(y 7 )X ISX'Q(1 Y2 fi 1)X

and
X Qv P X ISX'Q(1y o | X.
Thereforg
1§ h(b) I<—i1r{9(f¢)”9(l VAR S ) Qfe ) QT fi 1)) +

Sl Q0 )RS F 1))+
;fltr{fzm)”ﬁ(l Ffe QU)LY L))+
71,;’[39(1”(',)“9(' Vo)A )TRIY A1) Q) +
3Q(f) QLY A 1)Q(fe) (LY A Q) +
6Q(fo) QLY fi 1)Q ) Q1LY A )R ) QI fu 1 )Q(fi) "+
Q(fs ) (1Y i 1) QxS )X,

and

E1y (b)) IS=uf Q) (LY A 1)QA ) QYL Q) QIS ful )]+

wf Q) QLY i 1))+

© )= =|a

Q)Y S QU)LY T f 1)),
Now, by an agum ent smilar to Ref[ 7], we conclide that the first sunmand is bounded by
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a+ € _

%tr{[Q(K Lol ™) x QK 1o 1)),

where €> 0 can be chosen abitrarily snall By Lenma 5 this tem convergers 1o
K ] o " do <K, < o

The other wo summ ands can be bounded s ilarly by constantsK, and K5 respectively The result folbws by
choosingM = max{K, K» K3).

Theoren 2 (A symptotic nom ality). The Bayesian estin ate ®,, satisfies the follow ing lm itng distrbu-

ton asn_> 00
Jn(d, = )T N(QT () "),
1o)== Trv wg(0)105 Wi (0)) a0 (5)

Proof It sufficies to show that

(1) Jng WmI(d ) T N(QT(bo));
(2) ¢>,l-& ¢, mp]ies|§2hﬂ(¢,l)—}}Z]Iln(‘bo) |Jz Q
(3) T nT(0,) T T ()

(1) Part(1) folbwsw ith the cumulantm ethod Fum the proofofTheoran 1, we havek (,/;y hit(dy))

T 0asn oo, By usng the product theorem for cmulant *:

neov(§ W () § (%)) = 5o tf () QS b0 ) Q( b QS b)),

By Lanma 5, this tem converges to T (g ). Smilark, we get

nJZ‘_ Curn{}} ]Il]'[((b())il, (XN }; ]I‘lT[(LbO)l,,} = _én_% (_ 1)1) (]-’Z_;J-) t{ IH{Q(ﬂ’O)_Ig{Zﬁ:ﬂ}]

pemu tation of iy - i)

which converges to zero by Lemma 51,

(2) Result (2) is a consequence of the equicontinuity of the quadratic Hm A ( see Lemma 7t ).
W e have

Ro(®) = 5 uw(Q(f) Q3 f)0() O fo))

§omm(d) =2, (0) - —;Zi”(d’) +R.(),

wih Z,)" (¢) and Z.” (¢) as n Lemma 7. Due to the equ icontinu ity of the quadratic form z\ ( see Lemma
2
7MY, it is sufficient to prove thatR, (4, ) = R.(%o)” 0

1

LetTl be given with 0< Tl< 3

Choose €> 0 for all® wih ¢ - ¢y 1< € We have
| Ru( D) = Ru(bo) 110, = by | [l;ltr{(fz(ﬂlf‘w fo)) )1+

1 - , - ,
|~ Qs ) QY o)) TS fi )] 1. (6)
wih amean valie ¥; wih |¥;— ¢, |< € We prove that the tem n the square brackets is unifom ly bounded in

+

¢
¢y by a detem mnistic constantwhich gives the resu lt Le‘[a—(bl =g

0

—g . withg", g~ 20 W e have for all &>

Qg ) < c{‘%ﬂ <QK o™,
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—l -a-N-96

Letd = Q(fi, ) 2 Q(g" JO(fi, ) > mdB= Q(fs ) JQ(fe,) . Since 0A <B we obtain
L

%tr{/ﬁ} < —}ltr{AzB} - %tr{A%BA%A} <—’1ltr{A%BA_;B} < —rlLtr{ABZ} < ufB’),

QK |o|

by Theorem 9 1 19 and 12 2 3 of Ref [ 9]. Furthemore we get
Q(f¢1)—l < Q(K | ® l—a+ﬂ+6)—17

by Theorem 12 2 14(2) ofRef [9], and the same arguments now gwe

L (Q0f, )" ) )] < ul (oK Lo

§ .-

)

3

QR T,

which tends oK I o™ "% dw by Lenma 5% Allother tem s occurrng n (6) can be treated s ilarly and

part (2) therefore is proved

(3)Fnally part (3) folbws fran the proofofTheorem 1 part(2), sihceE [y ’ hJT(%)]_’ T(%) and
vary “InTl (g ) tends to zero asn oo,

Theoran 3 (Efficiency) The Bayesian estmate $, is asym plotically an efficient estmate of .

Proof Assuming thatl, () denotes the Fisher infomatbnm atrix T ($,) ' is the variance of the est+
mate It sufficies to prove that he Fisher nfom ation mairk nl, (%9 ) converges to heT (¥y), as n_ o, But
this folbws directly fum part (2) of the proof of Theoram 1, since

nl, (o) = nE ([ hT(P) ]y ]Ilﬂ(q’o)],} = nvay/ y ]nJT(tbO)]_>

S ) QT fi)Qf) T )] =

2_1ntr{Q(f¢0)71 Q(y f‘bo)Q(f‘bn)ilg(§ fd‘ﬂ)}'

ne

By Lanm a5'*’ we have
nh (o) T S W@, QT Sy ) Q) RS fi)) T

4_;_‘[[? bfi (@) ][y hf‘bo(‘*’)]'d“: T(d).
Sonl, (%) tends toT (), asn oo,

3  Smulation

This section reports the results fran a small smu lation study carried out to exan ne how the asymptotic theo-
ry derved above perfoms n finite sanples We choose (l—B)d x,= € the sinple class of ARFMA models to
exan e the finite sample behavior of he estmates W e considermodels w ih param eter sets (d o¢ )= (013
1), (0 25 1), (@35 1), and (0. 45 1). Firsi we generate a white noise pocess {€) fron nomal distr bu-
tonN (Q 1) and then canpute the observed series {x, /.

Follow ng the conchisbn of Ref [ 5]

- )'T(1-2d 2
F(ki d+) 1)?(1_ k)— 20 k=02

Y, =

-1

We can calculate L = — _; InlQ, - —’; In(X, 9 X, ) wih 50 different vahies ofd selected unifomly fran (- Q

5 05). Andwe choosed whichmaxm izes . as the estm ator ofd.

Table 1 shows the results fran smulatbns for ARFMA () d 0) process for different sanple sizen. In the
table the estinated biases and the corresponding empirical rootsm ean squared errors ( /M SE) of he estin ates
are gwven.

Fran Table I we see that the b hises are generally sm al] especially ford= 0 25 Q 35 and Q 43 A's san—
ple size ncreases all bmses empirical rootmean squared errors decrease Thus overal] the experinental ev+
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dence presented above is supportive of our theoretical resulis

Table 1 Estin ated Parameter B ias and Square R oot of heM ean Squared Error for the ARFMA (Q d, 0) M odel

d N Bias JMSE d N Bias JMSE
015 200 Q12 0 1392 015 400 011 0 2032
025 200 Q 06 0 0223 025 400 0 02 0 0224
035 200 Q 03 0 0442 035 400 0 02 0 0524
045 200 -0 05 0 104 045 400 -0 03 0 0559
015 300 Q13 0 2094 015 500 01 0 2236
025 300 Q 04 0 0296 025 500 -0 02 0 0158
035 300 Q 01 0 0707 035 500 -0 01 0 0442
045 300 -0 06 0 0669 0 45 500 0 01 0 04
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