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Abstrac t: Inc idence g raph I ( Cn ) o fCn had been proved to be a c irculant graph. It w as shown that these inc idence

g raphs I (Cn ) o f a llCn and som e g raphs re la ted to I (Cn ) w ere star ex trem a.l The c ircular chrom atic num ber and the

fractional chrom atic number of these g raphs w ere obta ined w ith ism o rph ic.
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[摘要 ]  证明了 Cn的关联图 I (Cn )是循环图,还证明了所有 Cn的关联图 I (Cn )及一些与 I (Cn )有关的图是 star

ex trem al的. 并用一种同构的方法得到了它们的圆色数和分色数.
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  W e consider on ly fin ite, undirected and simple graph in this paper unless stated o therw ise. LetG be a graph

and le tV(G ), E (G ), A(G ) and X (G ) be the vertex se,t edge se,t independence number and clique number

ofG, respectively. The definition of inc idence graph I (G ) ofG g iven in [ 1] is as fo llow s:

V( I (G ) ) = { ( v, e) I V (G ) @ E (G ): v is inc ident w ith e}

and tw o vert ices ( u, e) and ( v, f ) are ad jacent if one of the follow ing ho lds: ( 1) u= v; ( 2) e= f; (3) uv = e o r f.

A proper co loring f: V (G ) y { c1, c2, ,, ck } of G is an assignment of co lors to the vert ices o fG such that

f ( u )X f ( v) for a ll ad jacent vert ices u and v. The chromatic number V(G ) o fG is them in imum number o f co-l

ors necessary to co lorG properly, .i e. there ex ists a proper co lo ring ofG.

So far several sign if icant variat ions of chromatic number have been introduced. One o f them is circu lar chro-

mat ic number o f a graph, w hich w as introduced first by V ince
[ 2]

under the nam e as the / star chromat ic number0

of a graph. Suppose p and q are positive integers such thatp\2q. A (p, q ) - co loring o f a g raphG = ( V, E ) is

a mapp ing c from V to { 0, 1, 2, ,, p- 1} such that+ c( x ) - c( y ) + p \q for any edgexy I E, w here+ a+ p =

m in{ a, p- a}. The circu lar chrom atic number Vc ( G ) ofG is the infimum o f the rat ios p /q for w hich there ex ist

( p, q ) - co loring ofG. The fract iona l chromatic number of a graph is another variat ion o f the chromat ic number.

A s a refinement of chromatic number, itw as show n in [ 2] V( G ) = 7 Vc (G ) ô for any graphG. A fractiona l co lo-
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ring o f a g raphG is amapp ing c from S (G ), the set of all independent sets ofG, to the interval [ 0, 1] such that

E xI S, S I S ( G )
c(S ) \ 1 for all vert icesx inG. The fract iona l chromatic number Vf (G ) ofG is the in fimum of the

value E S I S ( G )
c( S ) over all fractiona l co lorings o fG. M oreover

[ 3]
, fo r a ll graphs,

m ax X( G ),
| V (G ) |

A(G )
[ Vf (G ) [ Vc (G ) [ V(G ).  (* )

C irculant graph is formu la ted as fo llow s: G = G (p, S ) w ith V(G ) = { 0, 1, 2, ,, p- 1}, E (G ) = { uv: + u

- v+ p I S } , where p I Z
+
and SA { 1, 2, ,õp /28 }, + x + p = m in{ |x |, p - |x | }. The so-called d istance

graph denoted by G (Z, D ) is a graph, w hich is c losely related to circu lant graph, w ith the set Z of in tegers as

vertex set and w ith an edge jo ining two vertices u and v if and on ly if |u - v |I D.

A ccord ing to inequa lity (* ), w e have Vf (G ) [ Vc (G ) for any graphG. The graph is ca lled star extremal

w hen Vf (G ) = Vc (G ). The star extremal graph has many interesting properties
[ 3]
. Some star ex trema l d istance

graphs and c irculan t g raphs can be found in [ 3] and [ 4] , respective ly.

In [ 5] , the au thor obtained the c ircular chrom atic number o f I (Cn ) of cycleCn forn= 3m and n= 3m + 2,

and gave a bound fo rn = 3m + 1 (m\ 1), by discussing the structure o f these graphs.

In this paper w e show that the incidence graph I (Cn ) of cyc leCn is isomorphic to circulant graphG (2n, S )

w ith S = { 1, 2}. A fter the proo f of star ex trema lity of these circu lant graphs, w e determ ine the circular chrom atic

number and the fractiona l chromatic number of these g raphsw ith a d ifferentmethod from that used in [ 5], wh ich

can be v iew ed as a complement o f the resu lt in [ 5] . In the las,t w e obta in the star ex trema lity of some graphs

re lated to incidence graph I (Cn ).

1 M ain Results

In [ 5], by discussing the structure o f inc idence g raph I( Cn ), the au thor obtained the fo llow ing theorems as

an incomplete determ inat ion of its circu lar chrom atic number.

Theorem 1 If n = 3m w ith any positive integerm, then Vc ( I( Cn ) ) = 3.

Theorem 2 If n = 3m + 2w ith any positive integerm, then Vc ( I (Cn ) ) = 3+
1

2m + 1
.

Theorem 3 If n = 3m + 1 w ith any positive in tegerm, then Vc ( I ( Cn ) ) = 4 for n = 4; 3+ 1
8m + 1

[ Vc ( I

(Cn ) ) [ 4 for n= 6m + 1; and 3+
1

8m + 5
[ Vc ( I(Cn ) ) [ 3+

1

2m + 1
for n = 6m + 4.

No te that in Theo rem 3, the case fo rn = 3m + 1 is subdivided into three subcases: n= 4, n = 6m + 1, and

n= 6m + 4. How ever, to our d isappo intmen,t the c ircular chromat ic number of incidence g raph I (Cn ) was not

comp le tely determ ined except fo r a bound when n = 3m + 1.

It is w ell known and easy to prove that if a graph G is vertex transitive, then Vf (G ) =
|V(G ) |
A(G )

. There fore

for any circu lant graph G ( n, S ), w e have Vf (G ) =
n

A(G )
because that all circu lant graphs are vertex transitive.

Thus, to prove that a circu lant graph G ( n, S ) is star ex trema,l it is sufficient to prove tha t Vc (G ) =
|V(G ) |

A(G )
.

F rom now on, the circu lar chroma tic number Vc (G ( n, S ) ) and the fractional chromatic number Vf (G ( n, S ) ) of

c irculant graphG ( n, S ) w ill be w r itten as Vc (G ) and Vf (G ) for shor,t respective ly.

To obta in thema in theorem, the fo llow ing several lemmas are impo rtant and use fu l as the prelim inaries.

Lemma 1
[ 3]  SupposeG = G ( p, S ) is a circu lant graph and |S | = 2.

( 1) IfS = { 1, k }, k is odd, and p > ( k ( k- 3) + 2) r /2, w here r is the un ique number 0[ r< k sat isfy ing

rS p (mod k ), thenG is star ex trem a.l
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( 2) IfS = {1, k }, k is even, and p> k ( k- 1), then G is star ex trema.l

Lemma 2 IfCn = v1v2 ,vn deno tes a cycle on n vertices, the edge set ofCn is w ritten as { vn v1 } G { ei =

vi vi+ 1: i= 1, 2, ,, n - 1}, I (Cn ) is the inc idence graph ofCn, G ( 2n, S ) is a c irculan t g raph w ith S = { 1, 2},

then I (Cn ) is isomorph ic toG ( 2n, S ).

Proof We define a mapping f from V ( I (Cn ) ) to {1, 2, ,, 2n - 1, 2n} such that

f ( vi ej ) =
2j - 1, if i = j,

2j, if i = j + 1,

where i, jI { 1, 2, ,, n- 1, n}. According to the definit ion of incidence g raph and the incident relation o f vert-i

ces and edges in Cn, w e can easily obta in that ( vi ej ) ( vp eq ) I E ( I (Cn ) ) if and only if+ f ( vi ej ) - f ( vp eq )+ 2n

= 1 or 2, w hich is equ iva lent to + f ( vi ej ) - f ( vp eq ) + 2n I S. Considering the def inition o f c irculant g raph, the

lemma fo llow s.

By Lemm a 2, to determ ine the c ircu lar chroma tic number and the fractiona l chromat ic number of inc idence

graph I(Cn ), it su ff ices to obtain the above tw o chrom atic numbers o f c irculan t graphG (2n, S ) w ith S = { 1, 2}.

Lemma 3 IfS = {1, 2}, and n > 1, m \ 1 are integers, G ( 2n, S ) is a c ircu lant graph, it fo llow s that

G (2n, S ) is star extrema.l Furthermore,

Vc (G ) = Vf (G ) =

3, if n = 3m,

3 +
1
m
, if n = 3m + 1,

3 +
1

2m + 1
, if n = 3m + 2.

Proof For the special case o fLemma 1, w e can imm ediately get the fo llow ing conclusion: c ircu lant graph

G (2n, S ) w ith S = { 1, 2} and n > 1 is star ex trema.l M oreover, combining the fact that circulant graphG ( 2n,

S ) w ith S = {1, 2} and n> 1 is star extremal and all c ircu lant graphs are vertex transitive, our focus can be d-i

verted to ga in the independence number A(G ) o f circu lant graph G ( 2n, S ).

In the nex t step, w ew ill show thatA(G ) = 2m when n= 3m + 1, the proo f for A( G ) = 2m + 1when n= 3m

+ 2 and A( G ) = 2m when n= 3m is sim ilar but easier and so be om itted. SetS0 = { 1, 4, 7, ,, 3(2m - 1) + 1},

it can be easily verified that S0 is an independence set o f circulant graphG (2n, S ), therefore A(G ) \ 2m. A s-

sume thatA(G ) > 2m, supposeS c= { i1, i2, ,, i2m + 1 } be a subset of size 2m + 1 w ith i1 [ i2 [ , [ i2m + 1 such

thatS c is an independence set o f circulant graph G ( 2n, S ), then i1[ 1, i2 [ i1 + 3, i3 [ i2 + 3[ i1 + 2 @3, ,,

i2m+ 1 \ i2m + 3\ ,\ i1 + 2m @ 3\ 6m + 1. By the p igeonho le principle, there ex ist ip, iq I S c such that | ip - iq |

< 3 or 6m + 2- | ip - iq | < 3. Th is implies that vertex ip and vertex iq are ad jacent by the defin it ion of circu lant

graph. Therefore Sc is not independen,t this is a contradiction. Thus A(G ) [ 2m. And th is lemma ho lds imme-

diate ly.

Combining Lemm a 2 and Lemma 3, the fo llow ing theorem is obv ious.

Theorem 4 IfCn = v1v2 , vn denotes a cycle on n vertices, then inc idence graph I (Cn ) is star extrem a,l

and

Vc ( I (Cn ) ) = Vf ( I (Cn ) ) =

3, if n = 3m,

3 +
1

m
, if n = 3m + 1,

3 +
1

2m + 1
, if n = 3m + 2.

M oreover,

V( I (Cn ) ) =
3, if n = 3m,

4, o therw ise.

2 Star Extrem ality of Some G raphs Related to I(Cn )

In the nex,t w e w ill discuss the star extremality of the complement o f I( Cn ) and the square o f I (Cn ). To
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determ ine whether these graphs be star ex trema,l w e first reca ll these re levant de fin itions and lemmas.

The complement of graphG denoted by �G is a g raph w ith a sam e vertex set asG in wh ich vi and vj are adja-

cent if and only if vi and vj are no t adjacent inG. The fo llow ing lemma g ives a class o f circu lant graphs wh ich are

star extrema.l

Lemma 4
[ 3]  Suppose that kc= k+ l[ p

2
, S = { k, k+ 1, ,, kc} and G= G ( p, S ) is circulant graph. Ifp

- 2kc< m in{ k, l}, then G is star extrema.l

Theorem 5  The complement of inc idence graph I ( Cn ) is star ex trema.l M oreover, Vc ( I (Cn ) ) =

Vf ( I(Cn ) ) =
2n

3
.

Proof In v iew o f Lemm a 2 and the definit ion of complement o f a graph, the graph I(Cn ) is isomo rph ic to

c irculant graphG (2n, S ) w ith S = { 3, 4, ,, n }. W ith app lication of Lemm a 4w ith k= 3, kc= n and p= 2n, it is

easily obtained tha tG ( 2n, S ) is star ex trema.l It can be ca lculated that A( G ( 2n, S ) ) = 3 w ithout d ifficu lty,

thus Vf (G (2n, S ) ) =
2n
3
because of the vertex- transit iv ity o f circulant g raph. A cco rd ing to the defin it ion of star

ex trema l graph, this theorem holds certain ly.

The square of a graphG, w ritten byG
2
, has the same vertex set as G and has an edge betw een tw o vertices

if the d istance betw een them in G is at most 2. The square o f the incidence graph I ( Cn ) w ill be denoted by

I
2
(Cn ) for shor.t Next we w ill concentrate on the star ex trema lity o f I

2
( Cn ).

Lemma 5
[ 3]  IfS = { 1, 2, ,, k- 1}, then the circulant graphG ( n, S ) is star extrema.l

Theorem 6 The square g raph I
2
(Cn ) is star extrema,l and

Vc ( I
2
(Cn ) ) = Vf ( I

2
( Cn ) ) =

2n

õ n
2

8
=

4, if n = 2m,

4 +
2

m
, if n = 2m + 1.

Proof By the de fin ition o f the square of graph and Lemma 2, the graph I
2
(Cn ) is isomorph ic to circu lant

graphG ( 2n, S ) w ith S = {1, 2, 3}. W ith a sim ilarmethod to that in proof of Lemma 3, w e can obtain thatA(G

( 2n, S ) ) = õ2n
4

8= õ n
2

8. C omb in ing Lemma 5 and the fact that G (2n, S ) is vertex transitive, w e obta in th is

theorem immediately, by considering the tw o subcases n = 2m and n = 2m + 1.

From th is theo rem, the chromatic numbers of these g raphs I
2
(Cn ) can be easily determ ined.
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