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Star Extrem ality of a Class of Incidence G raphs
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Abstract Incidence graph I( C, ) of C, had been proved to be a circulant graph It was shown that these incidence

graphs I(C, ) ofallC, and sane graphs rehted to I(C, ) were star extranal The circular chom atic nunber and the
fractonal chom atc number of hese graphs were obtaned w ih isnoph
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W e consider only finite undirected and sinple graph n this paper unless stated othew ise LetG be a graph
and ktV(G), E(G), a(G) and @ (G ) be the vertex sef edge set independence number and clique number
of G, respectively The definition of incilence graph I(G ) of G given n [1] is as folbws

VI(G)) = {(ve) € V(G) XE(G): v is ncidentw ith ¢}
and o vertces (1, e) and (o f) are ad jacent if one of the follow ng holds (1)u=vy (2)e=f (3)uww=eorf

A proper cobring f V(G)” fe, ca s a) of G is an assgnment of colors to the vertices of G such that
f(u)Zf(v) for all ad jacent vericesu and v. The chramatic number X(G ) ofG is them nmum number of cot
ors necessary to cobrG properly, i e there exists a proper cobrng of G.

So far several sen ificant variatons of chram atic number have been ntroduced One of them is circu lar chro-
matic num ber of a graph whichwas ntroduced first by V ince'”? under the nan e as the “ star chran atic num ber”
of a graph Suppose p and ¢ are positive ntegers such thatp >2q A (p, q)- cobring of agraphG= (V, E) is
amappingc fram V 10 {Q 1 2 -5 p— 1} such hat Il ¢(x) —c(y) I, >q for any edgexy€ E, where ll all, =
min{a p— a}. The circular chran atic nunber X.(G) ofG is the nfmum of the ratbsp /g forwhich there exist
(p, q) — colorng of G. The fractbnal chran atic number of a graph is another variatbn of the chranat number

A's a refinement of chranatic nunber itwas shown n [ 2] X(G)=T X (G ) 4 for any graphG. A fractbnal cole-
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ring of agraph G is amapping ¢ fran S(G ), the set of all independent sets of G, to the nterval [ 1] such that
Zx@ sesce) c(S) 2 1 for all verticesx nG. The fractbnal chram atic number % (G ) of G is the infmum of the

valie Zse‘src) ¢(S) over all fractbnal cobrings ofG. M oreover ", forall graphs
G
a{ o), —”—L} <X(6) <X(6) <XG). ()

Circulant graph is fomuhted as follws G=G(p, S) with V(G)={Q 1 2 -, p— 1}, E(G) = {ur llu
-vll,€S8), wherep€ Z" andSc {1 2 .1}, llxll,=munf x| p- Ix1). The so-called distance
graph denoted by G(Z D) is a graph which is cbsely related to circulant graph, with the setZ of ntegers as
vertex set andw ih an edge pining wo vertices u and v if and only if lu— v 1€ D.

A ccodng to inequality (* ), we have ¥(G) <X (G ) for any graph G. The graph is called star extremal
when % (G )= X (G ). The star extremal graph has many interesting ploperties[3]. Sane star extremal distance
graphs and circulant graphs can be found in [ 3] and [4], respectvely

In [5], the author obtained the circular chmm atic number of7(C, ) of cycleC, forn= 3m and n= 3n + 2
and gave a bound brn=3n+ 1 (m > 1), by discussing the structure of these graphs.

In this paper we show that the incidence graph I(C, ) of cycleC, is isanorphic to circulant graph G (2n, S )
wih S= {1 2). After the proofof star extranality of hese circulant graphs we detem ne the circular chmm atic
nunber and the fractbnal chran atic nunber of these graphsw ith a d ifferentm ethod fran thatused in [ 5], which
can be viewed as a canplement of the result in [ 5]. In the lasi we obtan the star extranality of sane graphs

related to ncidence graph 1(C, ).

1 Main Results

In [ 5], by discussing the stmcture of nciddence graph I(C, ), the author obtained he follow ng theorems as
an incanplete detem inaton of its circu lar chmm atic number

Theoran 1 Ifn=3n with any positive integerm, then X (I(C,) )= 3

Theorem 2 Ifn=3m+ 2wih any positive ntegerm, then X (I(C,))= 3+ Zni I
Theoren 3 Ifn=3n+ 1 with any positve ntegerm, then X (I(C,)) =4 forn= 4 3+ 8m1+ 1<XC(I

(C,)) <4 forn= 6n + L and 3+ - <>@(1(C,,))<3+

Note that n Theoren 3 the case forn= 3n+ 1 is subdivided nto three subcases n=4 n=6n+ 1 and

| forn=6n+ 4

n=6n+4 However toourdisapponiment the circular chranatic number of incdence graph I(C, ) was not

canp ktely detem ined except for a bound whenn= 3n+ 1

It iswell known and easy to prove that if a graph G is vertex transitive then % (G )= _V&Ll There fore

aG) -
for any circu lant graph G(n, S), we have X (G )= W because that all circu lant graphs are vertex transitive
Thus to prove that a circulant graph G(n, S) is star extrana] it & sufficient to pwove thatX (G ) = ﬂ(%)L

Fran now on the circular dhiranatic nunber X (G (n, S) ) and the fractional chramatic number % (G (n, S) ) of
circulant graph G (n, S) will be written as X (G) and % (G ) for short respectwely.
To obtan themamn theoram, the folbw ng several lanmas are mportant and usefil as the prelm maries
Lenma 1 Suppose G=G (p S) is a circulant graph and 1S [= 2
(1) S= {1k}, k 5odd andp> (k(k=3)+ 2)r/2 wherer is the unique number 0Sr< k satisfy ng
r=p(modk), thenG is star extram al
— o4 —
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(2) US={L k), k iseven, andp> k(k— 1), then G is star extremal

Lenma 2 IfC, = v 0 ---1, denotes a cycle on n vertices the edge set of C, iswritten as {50, ) U {e;=
vivierw =12 .., n=1), I(C,) is the incdence graph ofC,, G(2n, S) is a circulant graph with S= {1 2},
then I(C, ) is isanophic oG (20 S ).

Proof We define amappngf fram V(I(C,) ) to {1 2 .., 20— 1 2n} such that

flng) =4 270 =

% ifi=j+1
where i j€ {12 ... n— 1 n}. According to the definitbn of ncidence graph and the ncident relation of vert+
ces and edges n C,, we can easily obtan that (ve) (v e, JEE(I(C,)) ifand only if I f(vie)—f(ye,) ]l 2
= 1 or2 which is equivalentto Il f(v.e;) —f(v,e,) | »E S. Considerng the defnition of circulant graph the
lenma folbws

By Lenm a2 to detem ne the circular chranatic nunber and the fractbnal chran atic number of ncidence
graph I(C, ), it suffices to obtain the above o chwm atic numbers of circulant graph G (2n, S) withS= {1 2}.

Lenma 3 IfS= {12}, andn>1 m 21 are integers G (2n, S) is a circulant graph it follows that
G (2n, S) isstar extranal Furthem org

3 ifn = 3n,
1 oo
1 .
3+2n+f ifn= 3m+ 2

Proof For the special case of Lenma 1, we can mm ediately get the follow ing conclisbn  circu lant graph
G(2n, S) withS= {1 2} andn> 1 is star extremal M oreover canbining the fact that circulant graph G ( 2n,
S) withS= {1 2} andn> 1 & star extranal and all circu lant graphs are vertex transitive, our focus can be d+
verted to gan the ndependence number a (G ) of ciraulant graph G(2n S).

In the nextstep wew ill show thata(G )= 2n whenn= 3m+ 1, the proof fora(G)= 2n+ 1whenn= 3n
+ 2and a(G)= 2m when n= 3m is s ilar but easier and so be anitted SetSo= {14 7 -, 3(2n - 1)+ 1},
it can be easily verified thatS, is an independence setof circulant graph G (2n, S ), terefore a (G ) 2. As
sume thata (G ) > 2n, supposeS/: {i, & 5 im+1) bea subset of size 2n + 1 with ii <2 <. iy, 1 such
hatS” & an independence set of circulant graph G(2n, S ), then 0 S 1l 5 <i+ 3 5 <+ 3<i+2 X3 ...
bs 1 Zin + 3220+ I X326n+ 1 By the p geonhole principle there exist ,, ;,€ S such that 1} — i, |
<3or6m+2- 1, -4 1<3 This mplies that vertex 7, and vertex i, are ad jacent by the defnitbn of circulant
graph Therefore S is not independent this is a contradiction. Thus a(G ) <2n. And this lenma holds mme-
diate ly.

Canbining Lenm a2 and Lenma 3 the folbwing theorem is obvbus

Theoren 4 1fC, =vv;--- v, denotes a cycle on n vertices then ncience graph I(C, ) is star extran al

and
3 iftn = m,
1
3+ — ifn= 3n+
X(I(C,)) = ¥(I(C,)) =4 > " !
1 .
3+ o+ 1 fn= 3n+ 2
M oreover
3 ifn= 3m

X(I(Cn))={

4  othew ise
2 Star Extran ality of Same G raphs Related to I(C, )

In the next we will discuss the star extremality of the canplement of I(C, ) and the square of I(C, ). To
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detem ne whether these graphs be star extrama] we first recall these relevant definitions and lemm as
The canplement of graph G denoted by G & a graph w ith a san e vertex set asG n which v; andv; are adja-
cent if and only ifv; and v; are notadjacent n G. The follbw ing lenma gwes a class of circu lant graphs which are

star extrem al
Lenma 4° Suppose that k= k+ l<‘%, S={(k k+ 1 .., k') and G= G(p, S) is circulant graph Ifp

- %< mn{k [}, then G is star extranal

Theoran 5 The canplement of incdence graph I(C, ) is star extremal Moreover X (I(C,) ) =
— 0, 2
X(1(C. )=,
Proof In viev of Lanm a2 and the definitbn of canplement of a graph the graph I(C, ) is isanophic to

circulant graph G (2n, S) withS= {3 4 ., n}. W ith application of Lanm a4 with k=3 k'=n andp= 2n, it is
easily obtaned thatG (2, S) is star extramal It can be calculated that a (G (2n, S)) = 3 without difficu lty,

thus % (G (2n, S) ) :%l because of the vertextransitvity of circulant graph A ccod ng to the defnitbn of star

extremal graph  this theorem holds certan Iy

The square of a graph G, written by G’, has he sane vertex set as G and has an edge beween wo vertices
if the distance between them n G B atmost 2 The square of the ncidence graph I(C, ) will be denoted by
r (C,) for short Nextwe will concentrate on the star extremality of I (C.).

Lenma 5> IfS= {12 ... k-1)}, then the circulant graph G (n, S) is star extramal

Theoren 6 The square graph r (C, ) is star extramal and

2n 4 fn = an
F(C.))=X(Ir(C.)) = =
X(I'(Cu)) =%(I(C.)) V%J 4+;2’ fn=2m+ 1

Proof By the defnition of the square of graph and Lenma 2 the graph r,) i isamorph to circu lant
graphG (2, S ) withS= {1 2 3}. W ith a smilarmethod to that in proof of Lenma 3, we can obtain thata (G

(2n, S) )= V%?J = Vﬂzl. Canbning Lemma 5 and the fact that G (2n, S) is vertex transitive, we obtan this

heoran mmediately by considering the wo subcasesn= 2n andn= 2n+ 1

Fran this theoran, the chranatic numbers of hese graphs]2 (C,) can be easily detem ned
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