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Abstrac t: It w as po inted ou t that tw o comm on fix ed po int theorem s in fuzzy m e tric space recently g iven by Pant V con�

ta ined som em istakes. Bym odify ing the contractiv e condition, som e new comm on fix ed po int theo rem s in fuzzy me tr ic

space we re established, w hich im proved and genera lized the results of Pant.
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[摘要 ] � 指出 Pant V最近给出的模糊度量空间中的两个公共不动点定理有错误.通过修改压缩条件,在模糊度

量空间中建立几个新的公共不动点定理,改进并推广了 Pant的结果.
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1� Bas ic Definition

The theory of fuzzy sets w as introduced by Zadeh in 1965
[ 1]
. S ince then, many autho rs have in troduced the

concept of fuzzy metric space in d ifferent w ays. In this paper w e dea l w ith the fuzzy m etric space defined by

K ramosil andM icha lek
[ 2]

andmod if ied by Geo rge andV eeramani
[ 3]
.

Defin ition 1� The 3- tup le (X, M, * ) is said to be a fuzzym etric space ( for shor,t FM - space) ifX is

an arb itrary se,t * is a continuous t�norm andM is a fuzzy set onX
2 � [ 0, � ) sat isfy ing the fo llow ing cond i�

t ions:

( FM - 1) M (x, y, 0) = 0,

( FM - 2) M (x, y, t) = 1 for all t> 0 if and on ly ifx= y,

( FM - 3) M (x, y, t) =M (y, x, t),

( FM - 4) M (x, y, t)* M (y, z, s) � M (x, z, t+ s),

( FM - 5) M (x, y, � ) �(0, � ) � [ 0, 1] is cont inuous,

for allx, y, z� X and t, s> 0.

Remark 1� ( FM - 2) and ( FM - 4) imp ly thatM (x, y, � ) is nondecreasing for allx, y inX.

Defin ition 2� LetA and B be maps from a FM �space (X, M, * ) into itsel.f
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( 1) A andB are sa id to be compat ible ( o r asympto tica lly commuting) , if for all t> 0, lim
n
M (ABxn, BAxn,

t) = 1, w henever {xn } is a sequence inX such that lim
n� �

Axn = lim
n� �

Bxn = z for som e z� X [ 4]
.

( 2) A andB are sa id to be po intw iseR �weakly commuting, if there ex istsR > 0 such thatM (ABx, BAx, t)

�M (Ax, Bx, t /R ) for each x � X and t> 0
[ 5]
.

Remark 2� It is clear from the above definition thatA andB w ill be noncompatible if there ex ists at least

one sequence { xn } inX such that lim
n� �

Axn = lim
n� �

Bxn = z for some z� X but either lim
n� �

M (ABxn, BAxn, t)� 1 or the

lim it does no t ex ist for some t> 0.

Recently, PantV
[ 6]

gave the fo llow ing tw o common fixed po int theorem s in FM �space under con tractive con�
dit ions using the no tion of noncompatible maps:

Theorem A
[ 6] � Let f and g be noncompatib le po intw iseR �weakly commuting selfm aps o f a FM �space (X,

M, * ) such that

( i) f (X )� g (X );

( ii) M (x, y, t) > m ax{M ( gx, gy, th), M (fx, gx, th ), M ( fy, gy, th ), M (fy, gx, th), M ( fx, gy, th ) }, 0�

h< 1, t> 0.

If the range of f org is a complete subspace o fX, then f and g have a un ique common fixed po in.t

Theorem B
[ 6] � Let (A, S ) and (B, T ) be po intw iseR �weak ly commuting selfmaps of a FM �space (X, M,

* ) satisfying the cond itions:

( 1) A (X )� T (X ), B (X ) � S (X );

( 2) M (Ax, By, t) > max{M ( Sx, Ty, th ), M (Ax, Sx, th ),M (By, Ty, th), M (Ax, Ty, th ), M (By, Sx, th ) },

0� h < 1, t> 0.

Let (A, S ) or (B, T ) be a noncompatible pair of mapp ings. If the range of one o f them app ings is a com�
plete subspace ofX, then A, B, S and T have a unique common fixed po in.t

It is easy to see that the condit ions o f these tw o theo rem s can never be sa tisfied. In fac,t ifx
*

is a common

fixed po int of f and g ( orA, B, S and T ) , w e putx = y= x
*

in ( ii) , w h ich induces a contradict ion. The two

theorem s conta in some ev ident errors, such as �max� and � th� in ( ii) should to be �m in� and � t /h�, respec�
t ive ly. �M (x, y, t) � in ( ii) o f Theorem A should to be �M ( fx, fy, t) �. M oreover, In the proo fs of the theo�
rems, a lso there are some m istakes.

In this paper, bym eans o fmodify ing the contractive cond itions o fTheorem A and Theorem B, w e estab lish

some new common fixed point theorems in FM �space, wh ich improve and genera lize Theorem A and Theorem B.

2� M ain Results

In the fo llow ing, w e alw ays assume that (X,M, * ) is an FM - spacew ith the follow ing property:

( FM - 6) lim
t� �

M (x, y, t) = 1 for allx, y inX.

A ctua lly, in the proof o fTheorem A and Theorem B, the au thor also used the cond ition ( FM - 6) .

Defin ition 3� LetA and B be maps from a FM - space (X, M, * ) in to itsel.f A andB ( or (A, B ) ) are

said to be asymptot ically co incident if there ex ists a sequence { xn } inX such that lim
n� �

Axn = lim
n� �

Bxn = z for some

z inX.

Remark 3� It is easy to see that ifA andB are noncompatible, then they are asympto tically co incident for

certa in.

Defin ition 4� Let f and g be two functions from R
+

in to [ 0, 1] . W e define f > g, if f ( t )�g ( t) for all t>

0, and there ex ists at least one t0 > 0 such that f ( t0 ) > g ( t0 ).

Theorem 1� Let (A, S ) and (B, T ) be po intw iseR �weak ly commuting selfm aps o f a FM �space (X, M, * )

satisfy ing the conditions:

( 1) A (X )� T (X ), B (X ) � S (X );
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( 2) M (Ax, By, t ) > m in{M ( Sx, Ty, t ), M (By, Sx, t ), M (By, Ty, t),M (Ax, Sx, t /h ), M (Ax, Ty, t /h ) },

0< h < 1, t> 0, w ith Ax�By;

( 3) (B, T ) is asympto tica lly co inciden;t

( 4) B (X ) orS (X ) is a closed subspace o fX.

Then A , B, S and T have a un ique common f ixed po in.t

Proof� S inceB and T are asymptotically co inc iden,t there ex ists a sequence { xn } inX such thatBxn� p,

Txn� p as n� � , for som ep inX. A lso, becauseB (X ) � S (X ), for each xn, there ex ists yn inX such that

Bxn = Syn. ThusSyn� p.

� . Suppose thatS (X ) is a closed subspace o fX, then there ex ists a po int u inX such thatp= Su. U sing

condition( 2) , we get

M (Au, Bxn, t)�m in{M ( Su, Txn, t ), M (Bxn, Su, t ), M (Bxn, Txn, t ), M (Au, Su, t /h ), M (Au, Txn, t /

h) }.

Letting n� � we haveM (Au, Su, t)�M (Au, Su, t /h )���M (Au, Su, t /h
n

) � 1 as n� � , so Au = Su.

S inceA and S are po intw iseR - weak commutat ing, there ex ists R> 0 such thatM (ASu, SAu, t)�M (Au,

Su, t /R ) = 1 for all t> 0, that isASu = SAu, and soAAu = ASu= SAu = SSu.

S inceA (X )� T (X ), there ex ists a po intw inX such thatAu = Tw. W e assert thatTw = Bw. If no,t by

condition ( 2), there ex ists t0 > 0 such that

M (Au, Bw, t0 ) > m in{M ( Su, Tw, t0 ), M (Bw, Su, t0 ), M (Bw, Tw, t0 ), M (Au, Su, t0 /h),M (Au, Tw, t0 /h ) } =

m in{1, M (Bw, Su, t0 ), M (Bw, Tw, t0 ), 1, 1} =M (Au, Bw, t0 )

a contrad ict ion. H enceAu= Bw = Tw = Su. Po in tw iseR - w eak commutativity ofB and T imp lies that BTw =

TBw andBBw = BTw = TBw = TTw. So, w e can prove that Au = AAu. In fac,t ifAu� AAu, then using ( 2) ,

there ex ists t1 > 0 such that

M (Au, AAu, t1 ) =M (AAu, Bw, t1 ) >

m in{M (SAu, Tw, t1 ), M (Bw, SAu, t1 ), M (Bw, Tw, t1 ),M (AAu, SAu, t1 /h ),M (AAu, Tw, t1 /h ) } =

M (Au, AAu, t1 )

a contrad ict ion. Thus, Au = AAu= SAu and Au is a common fixed po int o fA and S. S im ilarly, w e can prove that

Bw = BBw = TBw, .i e. , Bw is a common fixed po int ofB andT. SinceAu = Bw, Au is a common f ixed po int of

A, B, S and T.

�. Suppose thatB (X ) is a c losed subspace o fX. SinceB (X ) � S (X ) andBxn� p, there ex ists a po int u

inX such that p= Su, and so the proo f is sim ilar to the prev ious case thatS (X ) is closed.

It is easy to prove that the common fixed po int o fA, B, S and T is un ique. In fac,t if there ex ists a po int�

inX w ith �= A�= B�= S�= T�but ��Au, then by cond ition ( 2) , there ex ists t* > 0 such that

M (�, Au, t* ) =M (A�, AAu, t* ) >

m in{M ( S�, TAu, t* ), M (AAu, S�, t* ), M (AAu, TAu, t* ), M (A�, S�, t* /h ),M (A�, TAu, t* /h) } =

M (�, Au, t* )

a contrad ict ion. ThereforeA, B, S and T have a un ique common fixed po in.t

Exchang ing the stat ions ofA, B, S and T, x and y in Theo rem 1, respectively, w e obtain the fo llow ing the�
orem:

Theorem 2� Let (A, S ) and (B, T ) be po intw iseR �weak ly commuting selfm aps o f a FM �space (X, M, * )

satisfy ing the conditions:

( 1) A (X )� T (X ), B (X ) � S (X );

( 2) �M (Ax, By, t ) > m in{M ( Sx, Ty, t ), M (Ax, Sx, t), M (Ax, Ty, t), M (By, Sx, t /h ), M (By, Ty, t /h ) },

0< h < 1, t> 0, w ith Ax�By;

( 3) � (A, S ) is asymptotically co inc iden;t

( 4) �A (X ) orT (X ) is a closed subspace ofX.
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Then, A, B, S and T have a un ique common fixed po in.t

Remark 4� Theorem 1 and Theorem 2 are bo th correct ion and generalization o fTheorem B.

SettingA = B = f and S = T = g in Theorem 2, we get the fo llow ing resu l.t

Theorem 3� Let f and g be asymptotically coincident and po intw ise R �weakly commuting selfmaps o f a

fuzzy me tric space (X, M, * ) such that

( i) f (X )� g (X );

( ii) M ( fx, fy, t) > m in{M ( gx, gy, t ), M (fx, gx, t), M (fx, gy, t), M ( fy, gx, t /h ), M ( fy, gy, t /h ) }, 0�

h< 1, t> 0, x� y.

If the range of f org is a closed subspace o fX, then f and g have a un ique common fixed po in.t

Remark 5� Theorem 3 is an improvem ent and generalization o fTheorem A.
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