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CongruencesW ith FactorialsM odulop Il
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Abstract Letp be an odd prine and k be an integerw ih 1< A< p ™1/ 0 et [ (p) be the smallest nteger 121
such that for every nteger A the congmence (n,! )*+ ...+ (n) )*= A(mod p ) has a solitbn n positive ntegers n,
-, n,. It is proved that [ (p) =0 (( logp )® bg bgpe k' Veeker) )
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[ ] p (n! )+ o+ (n! )= A(modp), p , k 1S kS
p Y i (p) A - L(p)=0((bg

p)3log bg p* J(1+ 1/ b p) ).

[ ] , )

Throughout this paper p is an odd prine In [ 1], it is conjectured that aboutp /e of the residue classesa
(modp ) arem issed by the sequencen!/. If hiswere sq the sequencen/ modulop should assun e about (1-
1/¢)p distnct valies Same resulis of this spirit have appeared n [ 2]. The above conjecture mm ediately m—
plies that every residue classa modub p can be represented as a productof atmost o factorials U nfortunately
this con jecture appears to be very hard

Studyng the congruences w ith factorials is very interesting but also very canplex V arbus additive and mu#
tp licative congruences w ith factorials have been considered n [ 3- 6] and [ 7- 10].

In particulay ithas been shown in [ 10] that any restlue class Amodubp can be represented in the fom
n! + ...+ n! = Amodp) with l(p):()((]ogp)3 bg logp ). This result is extended n thi paper that is

Theoran 1 Letk be an ntegerw ith 1<k <p(17 Vi) et (p) be the sn allest integerl>l such that
for every mnteger A the congruence

(n! )+ ot (n! )'=Amodp)
has a solutbn in positive ntegersny, ---, . Thenwe have
L(p)=0((bgp) bglogpe k"),
I Two Lenmas

W e denote by J; (N, k) the number of solutions to the congruence
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1 21

Zl:(ni! )= Z (nd )" (modp), (D

= Tl
w here
1<n, - n2,<]V, E<N.
LetF, be a fnite field ofp elanents W e alvays assun e thatF, is represented by the elaments of the set {Q 1
.y, p— 1}, We also defne
¢ (z)= exp(2Nz/p),
which is an additive character of F,.
It is very useful to recall he iden tities
iep(au)E{Q ifu & 0 (modp ), (2)
a=0 p, ifu= 0 (modp)
which we will repeatedly usg in particular to relate the number of solutions of various congruences and exponen-
tial sums
Fistly we gve several lenmas
Lemma 1 For any positve integers [ & N with 1<k<p“_ e kgp), I<N<p and k<N, we have
TN, k)< P2 e 1 s )

Proof Let us define exponential sun

N
Se(N. k) = Qe (a(n! ) )
The identity (2) mp lies that

p-1

LN k) = 23 0s0 N, k)1
0

P a=

)

SR = [N Y e SKTE R e ]

t=1 (1= )NK- 1<m < NK - =1 " (o UNK-1< m<NK-1

Applying the HLHer nequality, we derive

Hence
Ji(N, k) <K 'G, (K, N, k),
where G, (K, N, k) is the nunber of solitbns of he congmence
/ 2
Momi ) =D mi! ) (modp), 1<my, «ymu <N, (3)
= ey

subject to the cond itions Im;—m; [<NK~' for 1<I; ]< 21
W ithout loss of generality, we may assume that
m=mnfm; 1<K 2).
Denotem;=m and put
mi;=m + s, 1<i<2l
where s,= 0 and 0S5, < NK~ ' (2<0i<20). Obviously G, (K, N, k) <26, (K, N, k), where G, (K, N, k) is

the number of solutions of ( 3) with the add itional restriction that

mip=m.
Then after divd ng bym+/ #0(modp), the above congmence (3) takes the fomm
D, .y (m)=0(modp), (4)

w here

Si

@, . (X) = Z,H] X +0) - Z ITx+ )

i=k1lov=1
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The number of solutions of the congmence (4) is collected fram wo sets of variablesm and s, 1< 2%
(1) the first set is such that®,, ..,
INK ™' );

(1)) the second set consists of those forwhich @;, .., (X ) vanishesmodulop as a polynanial ofm.

(X ) is a polynanial ofm of degree greater than zero ( but less than

The number of solutions G | (K,N, k) of (4) corresponding to the first set is atm ost
Gii (K, N, k)SINK'(NK™ '+ 1) 'SE(NK™ '+ 1) (5)
For the second setof variables we have that as a polynan ia] @, (X ) vanishesmodulop if and only if
the sequence sy 1, -5 sy is apemutatbn of he sequences; = Q sy --., . Thereforg this happens for atmost/

(NK_l + l)l_ " valiesofs = Q 5, -5 s For these valies the congmence (4) is satsfied for all values ofm =
1 .., N. Thus

b 2l

1

G2 (KN, k)< I (NK”
It bllows from (5) and ( 6) that
G (KN, k)=G, (K,N, k)+ Go(K,N, k) SE(NK '+ 1)"'N+ k(NK '+ 1)<
INK "' &kN "+ ) KRN+ 1)
By our choice ofK and the stirling fomu la we have

+1)7 'V (6)

I+ 1 1

. /(1)
1+KN 'S 1+| —— = 1+0(1/1)

I'N
Thereforg
G, (KN, k)< INK "'+ WK 7,
and hence
LN, E)< KW' (UINK "'+ WK™ )< I(INK'+ WK™ ").

By our choice ofK, we see that
UINK'SIN'K™
and also that for suffciently largelV,

lﬂ{v /(l+ 1) U+ 1) kl/(1+ 1)
K >[7] - lﬂw-

Hence
V(e ) 2= 14 1 1) /(s 1) A 1/(l+ 1) /(141
<IN Y

Ji(N, k)<I(ll) N k
This comp letes the proof of Lanma 1

For positve integers k d, H, N < p, we now consiler double exponential sums of he fom

H N ) P
W (dHN) = Y| Z‘fep(ah(nr)’ﬂ.
Lemma 2 For any positve integer 121, we have
W, (d:H, N ) | (pH J. (N, k))'"”
Proof Applyng heHLlder nequalitywe obtan
H N P N
) 2 . 2d
(W (dHN ) 1P <H Y| 2 (ah(n )| <H X ;ep(ah(nj)l‘” = pJi (N, k).

This comp letes the proof of Lenma 2

2 PwofofTheoran 1

For sane positve integers k5 s [H < p, we denote byT the nunber of solitbns of he congmuence

2s 21
Dhi(nal )+ et (nad )+ D(md ) = A (modp),
i=1 i=1
w here
1<n1], [EEN I‘Lz‘l, mi, ---,m21<p— ], 1<h1, sey ]’Lzs <H
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By the dentity (2), we have

= —li[ i[Zq, (ah(n! ) N [Ze, (a(m! )’f)] Yo 6 (- al).

P«
Separating the tenrnH2A e correspondhg toa=Q wederve
p-1
2% 2k
| T-H"p 1< — Z{Z|Z@(@h(ﬁ’)}|} | e,,(a(mr))|

P a=
Hence by Lenma 2 and Lanma 1, we have the folbw ng nequalities

|<?1(PH]1(P> k))“Z|”Zq, (a(m! ) )| < pH (Ji(p k)" <

s Psv 2 2w 20-1+ (s 1)/ (1) S U(s+ 1) /(B 1)
H'T p k .

2s 25+ 21

| T -H"p

Therefore the nequality

2s 2sh 20— 1

T>Hp

+ 2 2s+20- 1+ (s+ 1)/(1+1) Jl(s+1)/( 1+ 1)

@'ty k
Is+ 1

holsw ih sane absohite constantC > Q Settng = [ logp/, s= [ log logp] andH =[ € *LkT 1], weobtan that
T> Q Thus every residue class Amodulop can be represented by a sum of the san e number/, (p) of factorials

w here
L(p)S<2sH + 2I< (logp)sbg b p j 1V )
This comp letes the proof of Theorem 1
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