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Abstrac t: LetQ 1 ( n ) = { a | 1[ a[ n, ( a, n) = 1 and a is square- free}. An asym po tic fo rmu la o f |Q 1 ( n) | is g iven and

app lied to linear D iophan tine equation o f two var iables to prove that if n\ 1011, then there ex ist two coprim e square-free

numbers a and b such that n = a+ b.
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表整数为两个互素的无平方因子数的和

孙学功
1, 2
, 刘  炜 1

( 1. 南京师范大学数学与计算机科学学院, 江苏 南京 210097)

( 2. 淮海工学院数理系, 江苏 连云港 222005 )

[摘要 ]  设 n为正整数, 并且 Q 1 ( n) = { a | 1[ a[ n, ( a, n ) = 1, a为无平方因子数 }. 给出了 |Q 1 ( n ) |的渐进公

式, 并将其应用于二元一次方程中, 证明了:当 n\ 1011时, 存在互素的无平方因子数 a和 b,使得 n= a + b.
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  A positive integer q is called square- free if it is the product o f distinct prime numbers or q= 1. Letx be a

positive real number. W e w rite

Q (x ) = | { n |nI Z, n[ x and n is square- free} |.

Gegenbauer
[ 1]

proved tha:t

Q (x ) =
6

P
2x + O ( x ).

Let k, l be tw o posit ive integers w ith ( k, l) = 1. Then w e g ive the follow ing no tations:

q ( k, l) = m in{ kn + l |nI Z, kn + l> 0 and kn+ l is square- free}

and

Q ( x, k, l) = | { kn + l |nI Z, 0< kn+ l[ x and kn+ l is square- free} |.

W ien
[ 2]

proved the follow ing results:

( 1) Fo r any g iven number E> 0,

Q ( x, k, l ) = A k

x
k
+ O ( x

01 5
k
- 0125+ E

+ k
015 + E

),

where
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A k =
6

P
2 F

p| k

1 -
1

p
2

- 1

.

( 2) Fo r any g iven number E> 0,

q ( k, l) = O ( k
11 5+ E

).

In 2002, Da,i Sun and Chen
[ 3 ]

improved the results and got

Q ( x, k, l ) = A k

x
k
+ R ( x, k, l)

and

q( k, l) [ 80 @ 2
v ( k)

k
115

,

where

|R ( x, k, l ) |[ in f
y\1

y+
x

ky
+ 2

v ( k ) + 2 1

ky
+ 2

v ( k) + 1 x

y
2

and v ( k ) be the number of the distinct prime div isors of integer k.

Now let n be positive integer, then w e w rite

Q 1 ( n ) = { a | 1[ a[ n, ( a, n ) = 1 and a is square- free}.

In the present paper, w e prove the fo llow ing resu lts.

Theorem 1 For any posit ive integer n, w e have

| Q 1 ( n ) | =
6

P
2< ( n) F

p |n

1 -
1

p
2 ,

where

| R ( n ) | [ 1

n
+

1

n
< ( n) + 2

v ( n )
Q ( n ).

Theorem 2 If n\10
11
, the equation

n = a + b, a, bI Q 1 ( n )

can be so lved.

Remark Theorem 2 show s that if n \ 10
11

be an integer, then n can be represented as a sum of two

coprime square- free numbers.

1 P roof o f Theorem 1

To prove Theorem 2, w e should prove Theorem 1 firstly.

Proof of Theorem 1 By the definition ofQ 1 ( n ), w e have

| Q 1 ( n) | = E
1[ a[ n, ( a, n) = 1, a is square- free

1 = E
n

a= 1
E

d| a, d| n

L( d ) E
m 2| a, (m, n ) = 1

L(m ) =

E
d| n

E
1[ m [ n, (m, n ) = 1

L( d ) L(m ) E
1[ a[ n, m 2| a, d |a

1 = E
d | n

E
1[ m [ n, (m, n ) = 1

L( d )L(m )
n

m
2
d

=

E
d |n

E
1[ m [ n, ( m, n) = 1

nL( d )L(m )

m
2
d

- E
d |n

E
1[ m [ n, ( m, n) = 1

L( d )L(m )
n

m
2
d

=

n E
d |n

E
m\1, ( m, n) = 1

L(d ) L(m )

m
2
d

+ R ( n ) = E
d |n

nL( d )
d E

m\1, (m , n ) = 1

L(m )

m
2 + R ( n ) =

6

P
2 < ( n ) F

p |n

1 -
1

p
2

- 1

+ R ( n ),

where

R ( n ) = - n E
d | n

E
m > n, (m, n ) = 1

L( d )L(m )

m
2
d

- E
d |n

E
1[ m [ n, (m, n) = 1

L( d )L(m )
n

m
2
d

.

To give the upper bound o f the error term, w e can get

| R ( n ) | [ E
d | n

L( d ) n
d E

m> n, (m, n ) = 1

L(m )

m
2 + E

d| n
E

1[ m [ n, (m, n ) = 1

| L( d )L(m ) | [
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< ( n ) E
m > n, (m, n ) = 1

1

m
2 + E

d |n

| L( d ) | E
1[ m [ n, (m, n) = 1

| L(m ) | [ 1

n
+

1
n
< ( n) + 2

v ( n )
Q ( n ),

where v( n) is the number o f the dist inct prim e divisors o f integern. This completes the proo f o fTheorem 1.

2 P roof o f Theorem 2

Now, w e can ob tain a proo f o fTheorem 2 by Theorem 1.

Proof of Theorem 2 W e def ine tw o sets as fo llow s

A: = { n - x |x I Q 1 ( n ) }, B: = {y |y I Q 1 ( n ) }.

By Theorem 1, when n\ 4, w e can obta in

| A H B | = | A |+ | B | - | A G B | \ 2 | Q 1 ( n) | - < ( n) \

12

P
2< ( n) F

p |n

1 -
1

p
2

- 1

+ 2R ( n ) - < ( n) \

12

P
2< ( n) F

p |n

1 -
1

p
2

- 1

- 2
1

n
+

1
n
< ( n ) - 2

v ( n) + 1
Q ( n ) - < ( n) =

12

P
2n F

p |n
1 +

1
p

- 1

- 2
1

n
+

1
n
< ( n) - 2

v ( n )+ 1
Q ( n ) - < ( n ) \

12

P
2 - 1 n F

p |n
1 +

1
p

- 1

- ( 2 n + 2 + 2
v ( n) + 1

n ) \

12

P
2 - 1 n F

p |n
1 +

1

p

- 1

- 3. 5 @ 2
v ( n)

n =

n F
p | n

1 +
1

p

- 1
12

P
2 - 1 n - 3. 5 @ 2

v ( n ) F
p |n

1 +
1

p
=

n F
p |n

1 +
1
p

- 1
12

P
2 - 1 n - 3. 5F

p| n

2 +
2
p

.

If pr imep \ 13, w e have

2+
2

p
< p

013
.

For any integer n> 1, w e can get

F
p |n

2 +
2

p
[ F

5

i= 1
2 +

2

pt
F
5

i= 1
p

- 0. 3
i F

p| n

p
0. 3 [ 9. 376 88n

0. 3
,

where pi ( i= 1, ,, 5) is the i- th prime.

S ince n\10
11
, w e can obta in

12

P
2 - 1 n - 315F

p | n

2 +
2

p
\ 0. 215 85n

0. 5
- 32. 819 1n

0. 3
> 0.

Hence

|A H B | > 0,

th is completes the proof of Theorem 2.
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