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Representing Integers by a Sun of
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Abstract LetQ, (n)= {a 1< aS<n, (¢ n) =1 and ¢ is square-free}. An asympotic fomuh of 1Q,(n) | is given and
app lied to lnear D bphan tine equation of wo varables to prove that ifn2 10", then here exist tvo coprin e square-free
numbersa and b such thatn= a+ &

K ey words integers square-fiee number MLbis function
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[ ] n , Q,(n)={all<aSn (an)=1a ). 10, (n) I
s s : n2 10" s a b n=a+ b
[ | s ,MLbius

A positve nieger g is called square— free if it is he poductofdistnct prme numbers org= 1 Letx be a
positive real number W e write
Q(x)= I{nhh€ Z n<x and n is square-free} |
Gegenbauerl ! proved that

0 (x)=22x+0([x).

Letk [ be wo positive integerswith (5 [)= 1 Thenwe give the follow ng notations
g(k ) =m nfkn+ [1n€ Z kn+ [>0 and kn+ [ is square-free}

and

O(x k 1) = 1{kn+ Un€ Z 0< kn+ ISx and kn+ [ is square— free} I.
W ien'” proved the follow ng results
(1) Forany given nunber €> Q

Q(x k l):Akik'i‘ 0(x05k-0-25+ e, k05+s)’

w here

Received date 2008-03-12.
Foundation itan: Supported by the N ationa INatiral Science Foundaton of China( 10771103).
Corresponding author Sun Xuegong doctor lecturer majpred n mmber theory Email xgaunlkg@ 163 can



31 4 (2008 )

-1
1

Akzﬁz [1—_4 .
e p

q(}g l): 0(k1.5+8)‘
In 2002 Daj Sun and Chen'” mproved the results and got

(2) Forany given nunber €> Q

Q(x k 1)=Ai= +R(x k 1)
and

q(k 1)<80x 2™ k",

w here

k)+2 1 v(k)+ 1 X
R(x k1)< i I ARRAE T, LS
ekl \"'g{y ky ky y

and v (k) be the number of he distnct prine divisors of integer k&
Now letn be positive nteger thenwe write
Qi(n)={al1<a<n (a n)=1anda is square-free}.
In the present paper we prove the folbw ng resu lts
Theoran 1 For any positive integern, we have

|Ql(n)|:—62¢(n)ﬂ[1__12},
I p

pln
w here

IR (n) |<[J_1;+ 1] b(n)+ 270 ([n).

n
Theoran 2 n 210", the equation

n=a+h a bEQ,(n)

can be solved

Ranark Theoran 2 shavs that ifn 2 10" be an nteger then n can be represented as a sum of wo
coprim e square-free numbers

1 PwofofTheoran 1

To prove Theorem 2 we should prove Theorem 1 firstly
Proof of Theoran 1 By the definiton of Q; (n), we have

n

Q)= 3 L= Z[ Y, u(d)][ 2. u(m)] =

a= 1% a dln

m2la (m n)=1
YN wdwm) ¥ 1= N wdum )| -
din 1<IH<JII_,(ITL, n)=1 l<a<n,m2|{4 dla din l<m<ﬁ (m, n)=1 m
U(d)n ~
Yy, mHdEml o 3L wd)ump -
dln 1<VII<JTL(HL, n)=1 m d dln l<m<ﬁ (m n)=1 m
B(d)P(m) B(d) Him )
nyy Y, Rl ey o YaEd N B gy -
dln m)l,(m, n)=1 m d dln d m?].(m,n):] m

fqu(n)ﬂ[l-—q_ +R(n)
p

pln

w here

2
dinm > [ (mon)=1 m d din l<m<ﬁ (m, n)=1
To give the upper bound of the error tem, we can get

|R(n) 1< [Zﬁ%ﬂﬂ[ > Hmﬂzl]

din m>[n (m,n)=1

R(n)=-ny, Y, HdEm)_% % wd)u(m{m’;}.

+ YD) I Hd)Rm) 1<
din 1<m <fn (m,n) =1
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din 1Sn <m0 (m n) =1 NI

where v(n) is the number of the distnct prim e divisors of ntegern. This canpletes he proofofTheoran 1

2 PwofofTheoran 2

¢()r(21n71+[2 '”“”M >, 1bm) ﬂ <{—1+—,1L] $(n)+ 270 ([n)

Now, we can oblain a proofofTheorem 2 by Theorem 1.
Proof of Theoran 2 W e defne wo sets as folbws

A: = {n-xWk€Qi(n)} B = {y yEQ.(n)).

By Theorem 1, whenn>4 we can obtan

ANBI=1A1+1BI-1AUB 12210, (n) |- $(n) >
¢>(n)H[1-—2}_ + Rin)—b(n) >
P

pln

‘””)11[ ] {ﬁrl] b(n)- 20 n) - b (n) =

lgnlj”[ 1] 1_{J_1_+;1]¢(n)_z'(n)+lo(ﬁ)_ ¢(n) >

[f §nn{1+—] l— (2fn+ 2+ 27" [n) 2
12
JT

pln

-1
- 1n 1+—1] —35X2;("')ﬁ=
pln p

o N (R PR (]
Al (8- - s T2 )
If prinep 2 13 we have
2+_2<p03.

p
For any integern> 1, we can get

5 5
H[2+—2] < H[2+—2] [lp" 110" <o 376 88:°"
pln P =1 P 1= pln
wherep;(i=1 .., 5) is the i- th prine
S'ncen)lO”, we can obtan

L2 Jn-3s]] 2+— 2021585 "~ 328191a" " > 0
T

pln

Hence

UNBI>(Q
his canpletes the proof of Theoren 2
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