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  In this paper, w e investiga te su ff icient conditions fo r the ex istence o f boundary b low-up solutions o f the fo-l

low ing m odel problem

(5 p ( uc) )c= Kf ( u (x ) ), ( 1)

lim
xy 0+

u ( x ) = ] = lim
xy 1-

u( x ), ( 2)

w here K is a posit ive param eter, f I C 1
( R ) o r f I C ( [ a, ] ) ) H C

1
( a, ] ) for som e a I R, and 5 p ( u ) =

|u |
p - 2
u, p> 1.

Large so lut ions of the problem

u ( x ) = f ( u (x ) ), x I 8, ( 3)

u |58 = ] , ( 4)

w here 8 is bounded dom ain in R
N
(N\ 1) have been ex tensively studied

[ 1-13]
. A problem of th isw as first consid-

ered by B ieberbach
[ 6]

in 1916, w here f ( u ) = - e
u

andN = 2. B ieberbach show ed that if 8 is a bounded dom ain

in R
2

such that 58 is aC
2

sub-m a info ld o fR
2
, then there ex ists a un iqueu I C2

( 8 ) such that - u= - e
u

in 8

and |u( x ) - ln( d ( x ) )
- 2

| is bounded on 8. H ere d (x ) denotes the distance from a po intx to 58. R adem ach-

er
[ 10 ]

, using the idea o f B ieberbach, extended to sm oo th bounded dom a in in R
3
. In this case the prob lem plays

an im portant ro le, whenN = 2, in the theory ofR iem ann surfaces of constant negative curvature and in the theory

of automo rph ic functions, and w henN = 3, according to [ 10], in the study of the electric po tentia l in a g low ing
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ho llow m e tal body. Lazer and M cK enna
[ 4]

extended the resu lts for 8 a bounded dom a in in R
N
(N \1) sat isfy ing

a un iform ex terna l sphere cond ition and the non linearity f = f ( x, u ) = p ( x ) e
u
, where p ( x ) is continuous and

strictly negative on�%. Lazer andM cKenna
[ 4]

ob tained sim ilar results when replaced by theM onge-Am pere oper-

ator and 8 is a sm ooth, strictly convex, bounded dom a in. S im ilar resu ltsw ere a lso obta ined for f = p ( x ) u
a

w ith

a> 1. Posteraro
[ 9]

, for f ( u ) = - e
u

andN\ 2, proved estim ates for the so lut ion u( x ) of ( 3), ( 4) and for the

m easure o f 8 com paring this problem w ith a prob lem of the sam e type defined in a ba l.l In part icular, whenN =

2, Posteraro obtained an explicit estim ate of the m in im um o fu ( x ) in term s of the m easure of 8:

m in
8
u ( x ) \ ln( 8P / |8 | ).

Further, the case rep laced by thep-Laplac ian has been d iscussed by D iaz and Lete lier
[ 3]

when f ( u ) = bu
a

w ith a> p - 1 and p> 2.

For general nonlinearities f ( u ) and in one space d im ension, Anuradha et a l
[ 1]

, W ang Sh in Hw a
[ 2]

and

Zhang Zh ijun
[ 14 ]

proved the ex istence and m u ltiplic ity of large nonnegative so lu tions basing on build ing a quadra-

ture m ethod for prob lem ( 3) , ( 4) . V ery recently, Yang H and Yang Z
[ 15]

proved the ex istence and m ultip licity

of large nonnegative solutions fo r the prob lem ( 1) , ( 2) basing on build ing a quadraturem ethod. In th is sect ion,

w e further obta in som e new ex istence and non-ex istence results o f large nonnegat ive solutions to ( 1), ( 2) under

new conditions by using quadraturem ethod, the extends and com plem entary to the cases considered in [ 1, 2, 14,

15] .

1 M ain Results

F irs,t define

F ( s) = Q
s

0
f ( t) dt,

and

I = { s I R: f ( s) > 0 andF ( s) > F ( u) for a llu > s and Q
]

s

du

(F ( s) - F ( u ) )
1 /p < ] }.

Suppose that u is a nonnegat ive so lut ion of problem ( 1) , ( 2) .

Let

Q= inf
xI ( 0, 1)

u ( x ).

F irst, w e sha ll prove thatu is symm etric to x= 1 /2. Letu be a positive so lut ion o f ( 1) , ( 2) . Then u has

on ly onem in imum po int in ( 0, 1) ( there is no loca lm ax imum po int o fu in ( 0, 1) ) and u is the un ique so lut ion

of the prob lem

vd= -
f ( v)

(p - 1) |vc|
p- 2,

v(E) = v0,

vc( E) = uc(E),

in [E, N0 ), E is g iven arb itrar ily constant and N0 is them in im um po int o fu by the standard o rd inary d ifferent ia l e-

quat ion theo ry. ( Suppose u has tw om inim um po in ts in ( 0, 1) , w e can reach a contradict ion by d irectly integra-

t ing ( 1). The sim ilar argum ent im p lies that there is no localm ax im um po int of u in ( 0, 1) . ) Lety= 1- x for x

I ( N0, 1- E] and �u (y ) = u (1- x ). Then �u ( y ) satisfies the problem

�uyy = -
f (�u)

( p- 1) |�u |
p - 2 in [ E, 1- N0 ),

�u( E) = v0,

�u ( E) = uc(E).

Thus, u ( x ) and �u ( y ) satisfy the sam e in it ia l value problem. Let G be the m in im um po int o f�u, then G= N0.

S inceu ( x ) = �u( y ) in (E, N0 ) and ux (N0 ) = - �uy ( 1- N0 ) = 0, then G= 1- N0. Th is imp liesN0 = 1 /2 and u( x )
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= u (1- x ) for x I ( E, 1 /2), from E be ing arbitrarily, therefore, u is symm etric to x = 1 /2 and uc< 0 in ( 0,

1 /2) and uc> 0 in ( 1 /2, 1). Tha t is, u (x ) must ach ieve its m in imum at x= 1 /2.

M u lt ip ly ing ( 1) through by uc( x ), w e obtain

( 5 p ( uc) ) cuc(x ) = Kf ( u) uc(x ),
w hich can be integrated y ielding

( p- 1)
p

|uc|
p
= KF ( u( x ) ) + C. ( 5)

IfQ= in f
xI ( 0, 1)

u ( x ), then u ( 1 /2) = Q. Substitut ing x = 1 /2 in ( 5) , w e have

C= - KF ( u (1 /2) ) = - KF ( Q).

Thus

u c(x ) = -
pK
p- 1

1 /p

(F ( u ) - F ( Q) )
1 /p
, Px I ( 0, 1 /2), ( 6)

and by symm etry,

uc( x ) =
pK
p - 1

1 /p

( F ( u ) - F ( Q) )
1 /p
, P x I ( 1 /2, 1).

D iv iding through by (F ( u ) - F ( Q) )
1 /p

and integrating ( 6) from 0 to x, w e obta in

Q
u (x )

u ( 0)

ds

(F ( s) - F ( Q) )
1 /p (F ( u ) - F (Q) )

1 /p
, Px I ( 0, 1 /2). ( 7)

Substitut ing x = 1 /2 in ( 7) , w e see thatG ( Q) m ust ex is,t G ( Q), K and Qmust sat isfy

G ( Q) = 2 p - 1

p

1 /p

Q
]

Q

ds

(F ( s) - F (Q) )
1 /p = K

1 /p
. ( 8)

In factw e have the fo llow ing lemm a.

Lemma 1 A ssum e thatp > 1. Then, g iven K> 0, there ex ists a so lution u to ( 1), ( 2) w ith inf
xI ( 0, 1 )

u( x )

= QI R if and on ly if

G ( Q) = 2 p - 1
p

1 /p

Q
]

Q

du

(F ( s) - F ( Q) )
1/p = K

1 /p
, fo r QI I.

Lemma 2 Le tA> 0, f I C1
( R ) or f I C ( [ a, ] ) ) HC1

( ( a, ] ) ) for som e aI R andm I I, G (m ) <

] , if and on ly if

H (m ): = Q
]

m

ds

(F ( s) )
1 /p < ] . ( 9)

Proof Note that

G (m ): = 2 p - 1
p

1 /p

Q
]

m

ds

(F ( s ) - F (m ) )
1 /p < ] , fo rm I I,

if and on ly if

Q
m+ D

m

ds

(F ( s) - F (m ) )
1 /p < ] , D> 0

and

Q
]

b

ds

(F ( s ) - F (m ) )
1/p < ] , b > m.

Letm I I, s ince I is in [ 0, ] ), there ex ists D> 0, such that [m, m + D] < I, and f ( s) > 0, P sI [m, m + D] .

Define c(m, D) = m in
sI [m, m + D)

f ( s), w e see that c(m, D) > 0 and

Q
m+ D

m

ds

( Q
s

m
f ( t) dt)

1 /p
[ Q

m+D

m

ds

( c(m, D) ( s - m ) )
1 /p =

1

( c(m, D) )
1/p Q

m+ D

m

ds

( s - m )
1/p

=

 1

( c(m, D) )
1 /p # D

p- 1
p

p - 1

p

=
p# D

p- 1
p

(p - 1) ( c(m, D) )
1/p < ] .
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Obviously,

Q
]

b

ds

(F ( s ) )
1 /p Q

]

b

ds

(F ( s ) - F (m ) )
1/p < ] .

On the other hand, if

Q
]

b

ds

(F ( s) )
1 /p < ] , ,i e. P E > 0, vB > b,

such tha t

Q
Bd

Bc

ds

(F ( s) )
1 /p <

E
2
, B d > Bc> B.

S inceF ( s) is increasing on I, w e see that

0 <
s

(F ( s) )
1 /p [ 2 Q

s

s
2

dt

( F ( t ) )
1 /p < E, P s > 2B,

.i e, lim
sy + ]

s

(F ( s) )
1 /p = 0. Thus, there ex ists B1 > 2m such thatF ( s) \2F (m ), s\B1. C onsequent ly,

F ( s) - F (m ) \ 1

2
F ( s), P s \ B1,

Q
]

B 1

ds

(F ( s) - F (m ) )
1 /p [ 2

1 /p Q
]

B 1

ds

( F ( s) )
1 /p < ] .

Theorem 1 If there ex ists A[ p, such that

lim
sy + ]

sup
f ( s)

s
p - 1

( lns)
A= L, L I [ 0, ] ), (10)

then, prob lem ( 1), ( 2) has no so lu tion inC
1
( 0, 1), for any K> 0.

Proof By ( 10) , there ex ist�L > L andB 2 > 0, such that

f ( s) [ �Lg ( s), g ( s) = �L ( 1+ s)
p- 1

[ p ( ln(1+ s) )
A

+ A( ln( 1+ s) )
A- 1

], P s\B 2,

w hich im plies

F ( s) [ �L Q
s

0
g ( t) dt = �L ( 1 + s)

p
[ ln( 1 + s) ]

A
, P s \ B2,

Q
]

B2

ds

(F ( s) )
1 /p \ 1

�L Q
]

B 2

ds

(1 + s) [ ln(1 + s) ]
A /p =

1
�L

ln( ln( 1 + s ) )
]
B

2
= ] , A= p,

p
�L ( p - 2)

[ ln(1 + s) ]
( p-A) /p ]

B2
= ] , A< p.

H ence, G (m ) = ] , .i e, prob lem ( 1) , ( 2) has no so lut ion, for any K> 0.

Theorem 2 If there ex ists A> p, such that

lim
sy + ]

inf
f ( s)

s
p - 1

( lns)
A= L, LI (0, ] ], (11)

then, there ex ists a so lu tion uI C
1
( 0, 1) to prob lem ( 1) , ( 2) for som eK> 0. M oreover, G (m ) is w ell def ined

and cont inuous, for allm I I.

Proof By ( 11) , there ex ist lI (0, L ) andB3 > 0, such that

f ( s) \ lg( s), g ( s) = (1+ s)
p - 1

[ p ( ln(1+ s) )
A

+ A( ln( 1+ s) )
A- 1

] , P s\B2,

w hich im plies

F ( s) \ l Q
s

0
g ( s) ds = l( 1 + s)

p
[ ln( 1 + s) ]

A
, P s \ B3,

Q
]

B
3

ds

(F ( s) )
1 /p [ 1

l Q
]

B
3

ds

( 1 + s) [ ln( 1 + s) ]
A /p =

1

l

p

p - A
[ ln(1 + B 3 ) ]

p- A/p
< ] ,

for A> p. Thus, G (m ) < ] . By Lemm a 1 and Lemm a 2, w e obtain that there ex ists a so lution uI C1
(0, 1) to

problem ( 1) , ( 2) for som e K> 0. M oreover, G (m ) is w ell defined and continuous, for allm I I.

Corollary 1 If there ex ists A[ p, such that

)47)

Zhao Jianq ing: Ex istence of Exp los ive So lu tions for a C lass of Quasilinea rO rdina ry D iffe rentia l Equations



lim
sy + ]

sup
f ( s)

s ( lns)
p
( ln( lns) )

A= L, L I [ 0, ] ] .

Then problem ( 1) , ( 2) has no so lution inC
1
( 0, 1), for any K> 0.

Corollary 2 If there ex ists A> p, such that

lim
sy + ]

inf
f ( s)

s( lns)
p
( ln( lns ) )

A= L, LI (0, ] ),

then there ex ists a solution uI C 1
(0, 1) to problem ( 1) , ( 2) for som e K> 0. M oreover, G (m ) is w e ll def ined

and cont inuous, form I I.

Corollary 3 If there ex ists A[ p, such that

lim
sy ]

sup
f ( s)

s
p - 1

( ln, lns
n - 1

)
p
( ln, lns

n

)
A = L, L I [ 0, ] ),

then prob lem ( 1) , ( 2) has no so lut ion in C
1
( 0, 1) for any K> 0.

Corollary 4 If there ex ists A> p, such that

lim
sy ]

in f
f ( s)

s
p - 1

( ln, lns
n - 1

)
p
( ln, lns

n

)
A = L, LI (0, ] ],

then there ex ists a so lut ion uI C1
( 0, 1) to problem ( 1) , ( 2) for anyK> 0.

2 App lication

The follow ing exam ple illustrates an applicat ion of the m ain results for th is paper.

Example Consider the problem

(5 p ( uc) ) c= Ke
u
,

lim
x y 0+

u( x ) = ] = lim
xy 1-

u (x ).

Th is exam ple for wh ich f ( u ) = e
u

dem onstrates Lemm a 1. Note thatF ( u) = e
u

imp lies

G (Q) = 2 p - 1
p

1 /p

Q
]

Q

du

( e
u

- e
Q
)

1 /p .

Letting w = e
u /p

, w e obtain

G ( Q) = 2p p - 1

p

1 /p

Q
]

eQ/p

dw

w (w
p
- e

Q
)

1 /p .

Letting w = e
Q/p

sec
2/p
H, w e obta in

G (Q) = 2p p - 1

p

1 /p

e
- Q/p Q

P/2

0
tan

(p- 2) /p
HdH= pPe

- Q/p
(
p - 1

p
)

1 /p
csc(P /p ) .

From lim
Qy ]

G (Q) = 0
+
, lim

Qy 0 +
G (Q) = ] , G ( Q) is strictly decreasing on ( 0, ] ). These resu lts im ply thatG

is a b iject ive m app ing from ( 0, ] ) onto (0, ] ). Thus, given K> 0 there ex ists a unique Q> 0 such thatG ( Q)

= K
1 /p

. H ence, by Lemm a 1, there is a nonnegative so lut ion to ( 1 ) , ( 2 ) for each K> 0. H ence, K=

p
p
(P)

p
e

- Q
( (p - 1) /p ) ( csc( P /p ) )

p
.
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