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Existence of Explosive Solutions for a Class of
Quasilinear Ordinary D ifferential Equations
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Abstract By the quadrature m ethod an exp bsve solution for a chss of quasilinear ord nary differentnl equations w ih
boundary conditons are obtaned
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In this paper we investigate sufficient conditbns br the exstence of boundary b bw—up solutions of the fo+
bw ng model poblan

(D, (u') ) = N(u(x)), (1)
;liglu(x): 00:;li11_1u(x), (2)

where A is a positive paran etey fEC1 (R) orf€EC([a °°))nC] (a, ) for same a€ R and @, (u) =

lu ™y p>1
Large solitbns of he problem

u(x)=f(u(x)) x€Q (3)

U loo = 0 (4)

where @ isbounded damain nR" (N 2 1) have been extensively sudied ™. A problem of thiswas first consik

ered by Biebetbach' ' n 1916 where f(u)= — ¢ andN = 2 Bieberbach showed that if Q is a bounded danain

n R such that0Q is aC’ submainfol ofR’ then there exists a uniquen € CZ(Q) such that— u= - ¢ n Q

and lu(x) - ln(d(x))_2 | is bounded on Q Hered (x ) denotes the distance fran apointx to 0Q R ademach-

et using the dea of Bieberbach extended to anooth bounded daman in R’. I this case the problem plays

an mportant ok, whenN =2 n the theory of R iamann surfaces of constant negative curvature and in the theory

of autanophic functions andwhenN =3 according to [ 10], in the study of the electric potential n a glow ng
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hollow metal body Lazer and M K ennd ¥ extended the resulis for @ abounded danain n R (N 21) satisfyng
a unifom external sphere condition and the nonlnearity f= f(x, u)=p(x)e, wherep(x) is continuous and
strictly negative on I Lazer andM Kenna "' ob tained sin ilar results when replaced by the M onge-Am pere oper
ator and Q is a amooth strictl convex bounded daman Sin ihr resultswere alo obtaned forf=p (x)u" with
a> 1 Posteran ', forf(u)= - € andN 22 proved estmates for the sohitbn u(x) of (3), (4) and for the
measure of Q canparing this poblem w ith a problen of the sane type defned n a ball In particular when/V =
2 Posteraw obtaned an explicit estmate of the m nimun ofu(x) n tems of the measure of
miu(x) 2 h(8T/1Q1),

Further the case replaced by thep—Laplacan has been d secussed by D iaz and Leteler” when f(u) = bu'
wiha>p-1 andp> 2

For general nonlnearities f (v) and n one space dinensbn, Anuradha et al, W ang Shin Hwa” and
Zhang Zh ijm[ 4 proved the existence and mu ltiplicity of large nonnegative solitons basng on buid ng a quadra-
ture m ethod for problen ( 3), (4). Very recently YangH and Y ang AR proved the existence and multp licity
of large nonnegative solutions Hr he problem (1), (2) basing on buidng a quadraturemethod In this sectin,
we furher obtain sane new existence and non-existence resulis of large nonnegate solutions to (1), (2) under
new conditbns by using quadrature method the extends and canplementary to the cases considered n [ 1, 2 14
15].

1 Mamn Results
First defne

F(s) = }(t)dt

and
du
(F(s)=F(u))

I={(s€ER f(s)>0andF(s) > F(u) forallu > s and ] 75 < L

Suppose thatu is a nonnegatve solton of poblen (1), (2).
Let
psz (i’(llfl)u(x).
Fist we shall prove thatu is symmetric tox= 1/2 Letu be apositve sohiton of (1), (2). Then u has

only onem nimum pointin (Q 1) ( there is no localm aximum pointofu in (Q 1)) and v & the unigue solitbn

of the prob len
” v
T T -
v( €)= w
v'(e)=u'(e),

n[€ %), € & given arbitrarily constant and & is them ninun pointofu by the standard ord hary differential e-
quatbn theory. ( Supposeu has wom inmum ponts in ((Q 1), we can reach a contradictbn by d irectly ntegra-
ting (1). The s ilar argument mp lies that there isno becalmaxinum pontofu in (Q 1). ) Lety= 1-x forx
€ (&% 1- € andu(y)=u(l-x). Thenu(y) satisfies the pwoblem

—ﬁ# n/€1-§)

u( €) =,
w(€e)=u' (€).
Thus u(x) andu(y) satisfy the same nithl value problen. Let Tl be them ninum pont ofu, hen N= &,
Snceu(x)=u(y) n(€ &) andu, (&)= —u,(1-&)=Q thenN= 1-&. This inplies&= 1/2 and u(x)
— 45 —

u}. y =
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=u(l-x) forx€ (€ 1/2), fran € beng atbitrarily therefore © is symmetric tox= 1/2 and ©'<0 n (Q
1/2) andu'> 0 n (1/2 1). Thatis u(x) must achieve itsm nium atx= 1/2
Muliplng (1) throughbyu/(x), we obtan
(D (u')) u'(x)= ¥(uu' (x),
which can be integrated yielding

L”;—“m’ = M (u(x) ) +C. (5)

Hp:.&?&ﬁ; u(x), henu(1/2)=Q Substiutngx= 1/2 in (5), we have
C=-N(u(1/2))=- N (D).
Thus

u'(x)= —[j’_—ﬂ ! (F(u)-F(0))", Vx€ (0 1/2), (6)
and by symm etry
u’(x)z[;”_—)‘l I/P(F(u)—F(p))'/", V€ (12 1)
Dwiding though by (F (u)-F ()" and ntegrating (6) fran 0 tox, we obtan

I ds 1
,J:)) (F(S) _F(p))l/p (F(u)_ F(p)) ) Vxe (Q 1/2) (7)

Substitutingx = 1/2 in (7), we see thatG(P) must exist G(P), A and P must satisfy

-1 ds
= 2= =\
e { pﬂ | v

In factwe have he folbw ing lenma
Lemma 1 Assume hatp> 1L Then gwen A> 0, there exists a solutonu to (1), (2) with P (i&fl) u(x)

=PER fand onlky if

= p_i% du = A7 rPE
G(P) 2{ ) I(F(S)_F(p))./p , forpt I
Lenma 2 Leta> Q f€C'(R) orf€C([a ))NC' ((q ) ) forsmea€ R andm€ [ G(m )<

oo, if and only if

2

o —ds
H(m) = ]’(F(S)),4,< . (9)

Proof Note that
_ 14 d
o p= 3 oo T
Clm) { pﬂ J(F(s)—F(m))“” <o b €4

Jﬁ ds < oo 6> 0
(F(s)-F(m))" =

if and onky if

and

l dS < >
F F 1/p 9 b m.
( (S) (”L) )

Letm€ I sincel is n [Q o), there exists & Q such hat/m, m+ 8§/C L andf(s)>Q VY s€ [m m+ §.
Define ¢(m, §) = ¢ min 6/(3), we see thatc(m, 6)> 0 and

e d T d 1
¢ frevvan (elm 8 (s=m )™ o, ) [ L
’ W (s—m)

=l el
1 Or e §r
6 147. _ 1: D 6 1/p < X
(¢(m &))" p=1 (p-1)(c(m, 5))
P
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Obviousk,

I ds 1 ] ds 1/
(F(s))" 4 (F(s)-F(m))"
On the other hand if

]’W&j)w)<m, ie VE>Q IB> 4
such that

B

SnceF (s) is ncreasing on [, we see that

<« ——< ZILI< e Vs> B
(F(s))" (F(1))"

_lin (F(S))M?_ Q Thus there exists B;> 2n such thatF(s) 22F (m ), s2B;. Consequentl;
s +00 S

ig

F(s)-F(m) —F(s) Vs 2B,

ds < 't ]
) X 2 —7
I (F(s)=F(m))" (F(s))"
Theoran 1 If here exsts a<p  such that
1£nwsupp—lﬁ(—h L LE[Q o), (10)
hen problen (1), (2) hasno soliton inC' (Q 1), forany A>Q
Proof By (10), there existL>L andB,> (Q such that

F(s)SLg(s), g(s)=L(1+ )" '[p(h(l+s) ) +a(h(1+s))" "] Vs2B,

which mplies

F(s) <L ;Lf(t)dz: L(1+s)" [ h(1+s)]" Vs2B,

1 o _ -
j © B 0 ) T In(n(1+5))ln, = o a=p
L (F (s %z 1+ s)/In(1+ s)7"" ~ —a)p |
(F(s)) 2 ( ) [ In( )1 L(pg_ 2)[111(1_'_8)]@ T~ e a<p
Hence G(m )= o0, i¢ problem (1), (2) has no sohtbn for any A> Q
Theorean 2 If here exBts a> p,  such that
i i e 1 1€ (0 o) (1)

hen there exists a sohtonu€ CI(Q 1) toproblem (1), (2) for same A> 0. Moreover G(m ) iswell defined

and contnuous for allm € I
Proof By (11), there exist € (Q L) andBs> Q such that
f(s) 2e(s) g(s)= (1) [p(In(1+5))" + a(h( 1+ 5))" ] Vs2Bs,
which mplies

F(s) 21 }(s)ds: I(1+ s) [In(1+5s)]", Vs2Bs

b 1 ds 1 p o
I(F(s))‘“ l 1(1“)[11(1“)]“ =Tyl MBI ,

fora>p. Thus G(m )< oo. By Lemmal and Lenma2 we obtain that there exists a solution u€ C' (Q 1) 1o

problean (1), (2) for sane A> Q Moreover G(m ) iswell defined and continuous for allm € I
Corollary 1  If there exists a<p, such that
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. f(s) _ -
Cl}nwwps(hs)p(h(]m))a—L,LE [Q oo].

Then problan (1), (2) has no sohtion nC'(Q 1), for any A> Q
Corollary 2 If here exists a>p, such that

in inf f(s) =1, L€ (Q o
L s (st (0 %)

hen there exists a solution u€ CI(Q 1) to probleam (1), (2) for same A> Q M oreover G (m ) Bwell defined

2l

s+

and contnuous form € I
Corollary 3 If here exists a<p, such that

i(S)
Jm u[ ]—L,LE[()OO,
sup )

then problen (1), (2) has no solton n c' (Q 1) for any A> Q
Corollary 4 If here exists a>p, such that

. f(s) - oo
shgm[spl A~ ] =L, L€ (Q ],

hen there exists a sohiton u€ Cl(() 1) to problam (1), (2) for any A> Q

2 Application

The follow ng exanple illustrates an applicaton of the main results for his paper
Exanple Consider the problen

(O, (u')) = \é,

Jmu(x)= oc0= lmu(x)

X 0+

This example for whichf(u)= ¢ demonstrates Lemma 1 Note hatF (u) = € np lies

6(p) = z[f’—ﬂ et

(e —e)

1 dv
G(P) = a{f’—] ot

%)
sec '@ we obtan

1/p 2 —
C(P) = @[’% 2 Itm{"'2)4’9d9= pre” (%1)”’ cse(T/p) .

. L .
Lettngw = e ', we obtain

. e
Lettngw = e '

Fran Jlig G(P)=0", pjioq G(P)= oo, G(P) isstrictly decreasing on (Q o ). These results mply hatG
is abijectve mappig fm (Q 00 ) onto (Q o). Thus given A> O there exists a unique @> 0 such thatG(P)
= M. Hence by Lemma I, there is a nonnegative solutbn to (1), (2) for each A> Q Hence A=

) e ((p-1)p)(ese(Tp) ).
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