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Abstrac t: A norm a lity c riter ia for fam ilies of m erom orphic functions tha t concern the exceptiona l functions o f der ivatives

is obta ined, wh ich im prove and genera lize related result o fXu and Pang. Let� (� 0) be a func tion ho lom orphic in a do-

m ain G� C, and k� N. Le t F� be a fam ily of me romo rph ic functions de fined in G, a ll of whose po les arem ultip le and

whose zeros a ll have mu ltiplic ity at least k+ 2. I,f for every function f� F, f ( k ) ( z ) + a1 ( z ) f ( k- 1) ( z ) + � + ak ( z ) f ( z )

� �( z ), and a1 ( z ), a2 ( z ), � , ak ( z ) be holom orph ic functions in doma in G, then it is proved that F� is no rma l inG.
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[摘要 ] � 研究了亚纯函数的正规性, 推广了徐焱和庞学成的正规定则. 得到: 设 � (� 0)是 G� C上的一列全纯

函数族, 且 k� N. 设 F是 G上的一列亚纯函数族, 且零点的级数为 2, 极点的级数至少为 k+ 2.对于任意的 f�

F,都有 f (k ) ( z ) + a
1

( z ) f (k- 1) ( z ) + � + a
k

( z ) f ( z ) � �( z ),这里的 a
1

( z ) , a
2

( z ), � , a
k
( z )是 G上的全纯函数, 则

F在 G正规.
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� � LetG be a dom ain in C, and F� be a fam ily o fm erom orph ic functions def ined in G, F� is sa id to be no r-

m a l inG, in the sense o fM on te,l if for any sequence f n � F� there ex ists a subsequence fnj
, such that f nj

conver-

ges spherica lly locally uniform ly in G, to am erom orph ic function or � ( see[ 1-3] ) .

In 2002, Xu
[ 4]

proved the fo llow ing norm ality criterion, wh ich im prove and generalize related resu lts o fGu,

Y ang, Schw ick, W ang-Fang, and Pang-Za lcm an ( see[ 5-9] ).

Theorem A� Let �( � 0) be a funct ion ho lom orphic in a dom a in G� C, and k� N. Let F� be a fam ily of

m erom orphic functions de fined in G, a ll o fwhose po les aremu lt ip le and w hose zeros a ll havem ultiplicity at least

k+ 2. I,f for every function f � F, f
( k )

( z ) � �( z ), then F� is norm al in G.

In 2004, W ang and Pang
[ 10]

obtained the follow ing result :

Theorem B� Let F� be a fam ily of m erom orph ic functions on dom a in D, all of w hose zeros are of m ult-i

plicity at leastm + 3. Let h � 0, a0, a1, � , am - 1 be holom orphic functions on D. If for any f� F, f
(m )

( z ) + am

( z )f
(m - 1)

( z) + � + a0 ( z) f ( z )� h( z ), then F� is norm al in D.

It is natural to consider tow eak the condit ionm + 3 in Theo rem B. In th is paper, w e shall prove the fo llow-

ing resul:t
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Theorem 1� Let �( � 0) be a funct ion ho lom orphic in a dom a in G� C, and k� N. Let F� be a fam ily of

m erom orphic functions de fined in G, a ll o fwhose po les aremu lt ip le and w hose zeros a ll havem ultiplicity at least

k+ 2. I,f for every funct ion f � F, f
( k)

( z ) + a1 ( z ) f
( k - 1 )

( z ) + � + ak ( z )f ( z ) � �( z ), and a1 ( z ), a2 ( z ), � ,

ak ( z ) be ho lomo rph ic funct ions in dom ain G, then F� is norm al in G.

R emark 1� The fo llow ing exam ple show s that Theo rem 1 cannot be ex tended to the case where a1 ( z), � ,

ak ( z ) arem erom orph ic functions in the k= 1 case.

Example 1� LetG = { z: |z | < 1}, a1 ( z ) = ( 1 /z
3
- 3 /z), �( z ) = z and F = { nz

3
|z� G, n = 1, 2, � }.

Then for k= 1, w e have f�( z ) + a1 ( z )f ( z ) = n� z. H ow ever, F� is no t norm a l in G.

1� Som e Lemm as

To prove our resu l,t w e need the follow ing lemm as:

Lemma 1
[ 8] � Let f be am eromo rph ic function o f fin ite order in the p lane, k be a positive in teger. If all ze-

ros o f f are o f o rder at least k+ 2 and f
( k)

( z )� 1, then f ( z ) is a constan.t

Lemma 2
[ 11] � Let k be a positive integer and let F� be a fam ily of functionsm erom orph ic in a dom a in D,

such that each funct ion f � F� has on ly zeros o fm ult ip licity at least k, and suppose that there ex istsA � 1 such

that |f
( k )

( z ) |� A w henever f ( z ) = 0. If F� is no t norm a l at z0� D, then, for each 0� �� k, there ex ist a se-

quence of po ints zn � D, zn � z0, a sequence o f positive num bers �n � 0, and a sequence o f funct ions f n � F,

such tha t

gn ( �) =
fn ( zn + �n �)

�n
� � g ( �)

locally un iform lyw ith respect to the spherica lm etric, w hereg is a nonconstantm erom orph ic function on C, all of

w hose zeros havem ultiplicity at least k, such thatg
#

( �) � g
#

( 0) = kA + 1. M oreover, g has order at most 2.

Lemma 3� Le t �(� 0) be a funct ion ho lom orph ic in a dom a in G� C, and k� N. Let F� be a fam ily of

m erom orphic functions de fined in G, a ll of whose zeros a ll have mu lt iplic ity a t least k+ 2. I,f for every funct ion

f� F, f
( k)

( z ) + a1 ( z )f
( k - 1)

( z ) + � + ak ( z) f ( z ) � �( z ), and a1 ( z ), a2 ( z ), � , ak ( z ) be holom orphic func-

t ions in dom ain G, then F� is norm al in G.

P roof� Suppose that F� is no t norm al at z0 � G. then, by Lemm a 2, there ex ists a sequence f n � F, a se-

quence of com plex num bers zn � z0 and a sequence of positive number �n � 0, such that

gn ( �) =
fn ( zn + �n �)

�n
k � g ( �)

converges spherica lly uniform ly on com pact subsets of C, g ( �) is a nonconstantm erom orph ic function on C, a ll

zeros of g (�) havem ultiplicity at least k+ 2, and m oreover g (�) is of order atm ost 2. Obv iously, the function

g
( k )

( �) - �( z0 ) is the un ifo rm lim it of

gn

( k)
( �) + �na1 ( zn + �n �) gn

( k - 1 )
( �) + � + �n

k
ak ( zn + �n �) gn ( �) - �( zn + �n �) =

fn

( k)
( zn + �n �) + a1 ( zn + �n �)f n

( k - 1 )
( zn + �n �) + � + ak ( zn + �n �) fn ( zn + �n �) - �( zn + �n �).

S ince fn

( k)
( z ) + a1 ( z )f n

( k - 1 )
( z ) + � + ak ( z ) fn ( z ) � � ( z ), w e can getg

( k )
(�) - �( z0 ) � 0 or g

( k)
( �)

- �( z0 )� 0 by H urw itz�s theorem.

Ifg
( k )

( �) - �( z0 ) � 0, then g ( �) is a polynom ia,l and its degree is k, wh ich contradicts w ith that the ze-

ros o fg ( �) are ofm u ltiplic ity � k+ 2.

Ifg
( k )

( �) - � ( z0 ) � 0, w ithout loss o f genera lity, w e assum e g
( k)

(�) � 1. By Lemm a 1, w e can get

g ( �) is a constan,t wh ich contradicts w ith g ( �) is a nonconstantm erom orph ic function. Lemm a 3 is proved.

Lemma 4
[ 12] � Let f be a transcenden talm erom orphic funct ion of f in ite order and let b ( z ) be a po lynom ial

w hich does not vanish ident ica lly. If f has only zeros of order at least 2, then f�- b ( z) has infinitelym any zeros.

Lemma 5
[ 4 ] � Le tf be a transcendenta lm erom orphic funct ion, k ( � 2), l be posit ive integers. If f has on ly

zeros of order at least 3, then f
( k)

- z
l

has in fin ite ly m any zeros.
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Lemma 6
[ 4] � Letk be a positive integer, and letQ ( z ) be a rat iona l function all ofw hose zeros are o f order

at least k+ 2 and all of whose po les aremu lt ip le w ith the possible except ion o f z = 0. Then, for each positive in-

teger l, Q
( k )

( z) = z
l

has a so lution in C.

2� P roof o f Theorem

Proof of Theorem 1� S ince norm ality is a loca l property, w ithout loss o f generality, w e m ay assum eG = D

= { z: |z | < 1}, and

�( z) = z
l
+ a l+ 1z

l+ 1
+ � = z

l
�( z ), z�D

w here l� 1, �( 0) = 1, �( z ) � 0 for 0< |z | < 1, and it is enough to show that F� is norm al at each z�D. By

Lemm a 3, we only need to prove that F� is norm a l at z = 0.

Consider the fam ily G= {g ( z ) = f ( z ) /�( z) : f� F, z� D }. If f� F, then f
( k)

( 0) + a1 ( 0)f
( k- 1)

( 0) + �

+ ak ( 0) f ( 0) � � ( 0) = 0, so that f ( 0)� 0 . O therw ise if f ( 0) = 0, since all zeros o f f have m u ltiplicity at

least k+ 2, then f�( 0) = � = f
( k)

( 0) = 0, wh ich contrad icts w ith f
( k )

( 0) + a1 ( 0) f
( k - 1 )

( 0) + � + ak ( 0) f ( 0)

� 0. Thus, for any g� G, { g ( 0) = f ( 0) /�( 0) = � }.

W e first prove that G is norm a l in D. Suppose, on the contrary, that G is not norm al at z0 � D. Then by

Lemm a 2, there ex ist a sequence of functions gn � G, a sequence of com plex num bers zn � z0 and a sequence of

positive num bers �n � 0, such that

Gn ( �) =
gn ( zn + �n �)

�n
k � G (�)

converges spherically uniform ly on compact subsets of C. G ( �) is a nonconstantm erom orph ic function on C, a ll

zeros ofG (�) havem u ltiplicity at least k+ 2, and m oreoverG ( �) is of order at m ost 2.

W e distingu ish tw o cases:

Case 1� zn /�n � � . By sim p le calcu lat ion, w e have

gn

( k)
( z ) =

fn

( k)
( z)

�( z )
- Cn

1
gn

( k - 1 )
( z )
��( z )
�( z)

- Cn

2
gn

( k - 2)
( z )
��( z )
�( z )

- � - gn ( z )
�

( k)
( z )

�( z )
.

Thus, using notat ion ẑn = zn + �n � for brev ity, w e have

� � � � Gn

( k)
( �) = gn

( k)
( ẑn ) =

fn

( k)
( ẑn )

�( ẑn )
- Cn

1
gn

( k - 1 )
( ẑn )
��( ẑn )

�( ẑn )
- � - gn ( ẑn )

�
( k )

( ẑn )

�( ẑn )
=

fn

( k )
( ẑn )

�( ẑn )
- Cn

1
gn

( k - 1 )
( ẑn ) (

l

ẑn

+
��( ẑn )

�( ẑn )
) - � - gn ( ẑn ) (

l!

( l- k )! ( ẑn )
k +

Ck

1 l!

( l- k+ 1)! ( ẑn )
k- 1

��( ẑn )

�( ẑn )
+ � +

�
( k)

( ẑn )

�( ẑn )
) =

fn

( k )
( ẑn )

�( ẑn )
- Cn

1 gn

( k- 1)
( ẑn )

�n
(

l�n
ẑn

+
�n ��( ẑn )

�( ẑn )
) - � -

gn ( ẑn )

�n
k (

l! �n
k

( l- k )! ( ẑn )
k +

Ck

1 l! �n
k - 1

( l- k+ 1)! ( ẑn )
k- 1

�n ��( ẑn )

�( ẑn )
+ � +

�n
k
�

( k )
( ẑn )

�( ẑn )
).

On the other hand, w e have lim
n� �

( �n /ẑn ) = 0, and

lim
n� �

�n �
( i)

( ẑn )

�( ẑn )
= 0, ( i= 1, 2, � , k )

uniform ly on com pact subsets o fC. Therefore, on every com pact subsets of C wh ich conta ins no po les o fG ( �),

w e have

fn

( k )
( ẑn )

�( ẑn )
� G

( k)
(�).

In a sim ilar w ay w e get
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�nGn

( k- 1)
(�) = gn

( k- 1)
( ẑn ) =

fn

( k- 1)
( ẑn )

�( ẑn )
- Ck - 1

1
gn

( k- 2)
( ẑn )
��( ẑn )

�( ẑn )
- � - gn ( ẑn )

�
( k- 1)

( ẑn )

�( ẑn )
.

Then
fn

( k - 1)
( ẑn )

�( ẑn )
� 0, and w e get

f n

( k - 2 )
( ẑn )

�( ẑn )
� 0, � ,

f n ( ẑn )

�( ẑn )
� 0 by using a sim ilar w ay. Then w e get

a1 ( ẑn ) fn

( k- 1)
( ẑn ) + a2 ( ẑn ) fn

( k- 2)
( ẑn ) + � + ak ( ẑn )fn ( ẑn )

�( ẑn )
� 0

and

fn

( k)
( ẑn ) + a1 ( ẑn )f n

( k- 1)
( ẑn ) + � + ak ( ẑn )f n ( ẑn )

�( ẑn )
� G

( k)
(�).

S ince
fn

( k)
( z ) + a1 ( z )fn

( k- 1)
( z ) + � + ak ( z )fn ( z )

�( z)
� 1, byH urw itz� s theorem, w e know that eitherG

( k)
(�)�

1 or G
( k )

( �) � 1 for any �� C that is not a pole o fG (�). C learly, these also ho ld for a ll�� C. IfG
( k)

(�)�

1, then by Lemm a 1, G ( �) is a constan,t a contradiction. IfG
( k )

( �) � 1, then

G ( �) =
1

k!
�

k
+ Ck- 1�

k- 1
+ � + C0,

w hich con trad icts the fact that all zeros ofG ( �) have m ultip licity at least k+ 2.

Case 2� zn /�n � �, a finite com p lex num ber. Then

gn (�n �)

�n
k =

gn ( zn + �n ( �- zn /�n ) )

�n
k = Gn (�- zn /�n )� G ( �- �) = �G ( �)

spherically un iform ly on com pact subsets of C. C learly, all zeros o f �G (�) havem ult ip lic ity at leastk+ 2, and �

= 0 is a po le of �G ( �) w ith m u ltiplicity at least l, and the o ther po les o f �G ( �) are mu lt iple.

SetH n ( �) = f n ( �n �) /�n
k+ l

. Then

H n ( �) =
�( �n �)

�n
l

fn (�n �)

�n
k
�(�n �)

=
�(�n �)

�n
l

gn ( �n �)

�n
k .

No te that lim
n� �
�(�n �) /�n

l
= �

l
un iform ly on com pact subsets of C, thus

H n (�)� �l �G ( �) =H (�)

uniform ly on compact subsets of C. Obv iously, a ll zeros ofH ( �) havem u ltiplic ity at least k+ 2, and all nonzero

po les o fH (�) arem ultiple, andH ( 0) � 0 since �G has a pole o f order at least l at �= 0. W e also have

H n

( k)
(�) -

�(�n �)

�n
l �H

( k)
(�) - �

l

uniform ly on every compact subset of C wh ich conta ins no pole o f �G.

C la im H
( k)

(�0 )� �l.

O therw ise there ex ists �0 such thatH
( k)

(�0 ) = �0
l
. ThenH is holom orphic at �0. W e consider two subcases.

Case 2. 1� �0 � 0. Obv iously, the functionH
( k )

( �) - �
l

is the unifo rm lim it of

H n

( k)
( �) + �na1 ( �n �)H n

( k - 1)
( �n �) + � + �n

k
ak (�n �)H n (�n �) -

�(�n �)

�n
l =

fn

( k)
(�n �) + �n

l+ 1
a1 (�n �)H n

( k- 1)
(�n �) + � + �n

k+ l
ak (�n F )H n ( Qn F ) - U( Qn F )

Qn

l =

fn

( k)
( Qn F ) + a1 ( Qn F )f n

( k - 1 )
( Qn F ) + , + ak ( Qn F )f n ( Qn F ) - U( Qn F )

Qn

l .

S ince fn

( k)
( z ) + a1 ( z )f n

( k - 1 )
( z ) + , + ak ( z )f n ( z ) X U( z ), w e can getH

( k)
( F) - F

l
S 0 orH

( k )
( F) - F

l

X 0 byH urw itz. sTheorem. S ince there ex ists F0 such thatH
( k)

( F0 ) = F0
l
, then w e getH

( k )
( F) - F

l
S 0. Thus

H ( F) =
F

k+ l
l!

( l+ k )!
+ a1 F

k- 1
+ a2 F

k - 2
+ , + ak,

w here a1, a2, , , ak are constants, and

)28)

南京师大学报 (自然科学版 )                              第 32卷第 1期 ( 2009年 )



H
( k- 1)

( F) =
F

l+ 1

l+ 1
+ ( k- 1)! a1.

S ince all zeros ofH ( F) have m ultip licity at least k+ 2, thenH
( k- 1)

( F) m ust have a zero w ith m ultiplicity at

least 4. H ence a1 = 0. S im ilarly, w e can deduce that a2 = a3 = , = ak = 0. It fo llow s thatH ( F) = F
k+ l

l! / ( l+

k )! . Then �G ( F) = F
k
l! / ( l+ k )! , w hich contradicts the fact that all zeros of �G ( F) have mu lt iplic ity at least

k+ 2.

Case 2. 2 F0 = 0. ThenH n ( F) is ho lom orphic andH n ( F) y H ( F) un iform ly on a ne ighbourhood of 0. In-

deed, H ( F) is ho lom orphic at 0, so �G ( F) has a po le of exact o rder l at 0. On the o ther hand, for each n, the

po le ofgn ( Qn F ) at 0 has also exact order l. Then, F= 0 is the zero of 1 /�G ( F) and 1 /gn ( Qn F ) is o f order l. Note

that sincegn ( Qn F ) /Qn

k
y �G ( F), spher ically un iform ly on compact subsets o fC, there ex ist a positive integer n0

and r> 0 such that

|
Qn

k

gn ( Qn F )
-

1

�G ( F)
| [

1

�G ( F) |

for a lln\ n0 and each FI { F: |F | = r}. By Rouche. s theorem, 1 /gn ( Qn F ) has no zeros inD cr = { F: 0< |F | <

r } for n\ n0, and then gn ( Qn F ) has no poles inD cr fo r n\ n0. ThusH n ( F) is ho lom orph ic in D cr, andH n ( F)

y H ( F) un ifo rm ly on a nerghbourhood o f 0. H ence, the sam e argum ent as in Case 2. 1 also app lies fo r Case

2. 2.

Now, w e haveH
( k)

( F) X F
l
. By Lemm a 4( for k= 1) and Lemm a 5( for k \ 2) , H ( F) m ust be a rational

function. H owever, Lemm a 6 show s thatH
( k)

( F) = F
l

has a so lut ion in C, a contradict ion. W e have proved that

G is norm al on D.

It rem a ins to show that F is norm a l at z = 0. Since G is norm a l in D, then the fam ily G is equ icont inuous

in D w ith respect to the spherica l d istance. On the other hand, g ( 0) = ] for each gI G, so there ex ists D > 0

such tha t |g ( z ) |\ 1 for allgI G and each z I DD= { z: |z | < D}. It fo llow s tha tf ( z ) X 0 for all f I F and zI

D D. Suppose that F is not norm a l at z = 0. S ince F is no rm al in 0< |z | < 1, the fam ily 1 /F= { 1 /f: f I F }  

is ho lom orphic inD Dand norm al in D cD= { z: 0< |z | < D}, but it is not norm al at z = 0. Thus there ex ists a se-

quence { 1 /fn } < 1 /F w hich converges loca lly un iform ly in D cD, bu t not in DD. Them ax imum m odulus princ-i

ple im plies that 1 /fn y ] in D cD. Thus fn y 0 converges loca lly un iform ly in D cD, and hence so does {gn } < G,

w here gn = fn /U. But |gn ( z ) | \ 1 for zI DD, a contradiction. This com pletes the proof of Theorem 1.
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