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Abstract A nomality criteria for fam ilies of m eran orphic functions that concem the exceptional functions of derwatives
is obtaned whih mpmove and generalize related resultofXu and Pang Let (  0) be a function hobm orphic n a de-
mainG C, andk N Let.” be afanily of memmmorh i finctions defined in G, all of whose poles arem ultip k and
whose zeros all have multplicity at leastk+ 2 If for every functonf 7 f* (z)+ a,(z)f"V (z)+ +a,(2)f(z)

(z), anda,(z), a;(z), , @ (z) beholanorpht functions n doman G, then it is proved that.”7 is nomal inG.
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LetG be adan ain n C, and.7 be a fam ily ofm emmorphic functions defned n G, .7 is sad to be no+
mal inG, in the sense ofMonte] if for any sequencef, .7 there exists a subsequencef,, such thatf, conver
ges spherically beally uniformly nG, to am eranorphic function or  ( see| 1-3]).

In 2002 Xu'" poved the folbwing nomality criterion which mprove and generalize related resulis ofGu,
Y ang Schw ick W ang-Fang and Pang-Zalan an ( see[ 5-9] ).

Theoren A Let ( 0) bea functbn holamorphic n a dananG  C andk N Let.7 be a fanily of
m eran orphic finctions defned n G, all ofwhose poles aremulip le and w hose zeros all have multiplicity at least
k+ 2 If for every functonf .ffk) (z) (z), then.” isnomal nG.

In 2004 W ang and Pang[ " obtained the follaw ng result:

Theoren B Let.” be a fanily of meranomphic functions on danan D, all of w hose zeros are of muli+
plicity at leastm+ 3 Leth Q ao @, , @.-1 beholanorphic functbns onD. If for any f .,?fm) (z)+ G
(z)f" V(z)+ +ao(z)f(z) h(z), then.7Z isnomal nD.

It isnatural to consiler toweak the conditbnm + 3 n Theoren B. In this paper we shall poove the folbw—
ng result
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Theorem 1 Let ( 0) be a finctbn holamorphic n a danan G  C andk N Let.” be a fanily of
m eran orphic finctions defined n G, all ofwhose poles aremulip le and whose zeros all have multiplicity at least
k+2 If forevery functonf 7 £ (z)+ ai(z)f "V (2)+ +a(z)f(z) (z), adai(z) a(z)
ai(z) be holamophic functbns n dam ain G, then .7 is nomal n G.

Reanark 1 The bllow ng exanple shows that Theoran 1 cannotbe extended to the case where a; (z),
a; (z) arem eramorphic functions in the k= 1 case

Exanple 1 LetG= {z lzI< 1), ai(z)= (1/=3/%), (z)=zand7= {nlz G n=12 }
Then fork=1, we havef (z)+ai(z)f(z)=n z However .# isnotnomal inG.

B

1 Sane Lenm as

To prove our resuli we need the follw ng lanmas

Lenma 1" Letf be ameranoph ic function of fnite order i the plang % be a positve nteger If all ze-
ros off are of oer at leastk+ 2 andfk) (z) 1 thenf(z) is a constant

Lenma 2" Letkbea positive nteger and let.”7 be a fam ily of finctionsm emmorphic n a daman D,
such that each functonf .7 has only zews ofmultp licity at leasth and suppose that there existsA 1 such
that |f‘k) (z) 1 A wheneverf(z)=Q If.¥ isnotnomalatzy D, then for each 0 k  there exist a se-

quence of pontsz, D, z  z, a sequence of positive numbers , Q and a sequence of functonsf, %

such that

g”( )=M g( )

n

locally un ifom ly w ith respect to the sphericalmetric whereg is a nonconstantm eran orph ic function on C, all of
whose zeros have multiplicity at leastk such thatg#( ) g# (0)=H+ 1 Moreover g has order at most 2
Lemma 3 Let ( 0) bea functon hoklmorphic h adamanG € andk N Let.”Z bea family of
m eran orphic functions defined in G, all of whose zeros all have multplicity at leastk+ 2 If for every functon
f .,%fk)(z)+a1(z)fk_l)(z)+ +ar(z)f(z) (z), and ai(z), ax(z), , a:(z) be holanorphic fine-
tbns n damain G, then .# is nomal n G.
Proof Suppose that.”7 isnotnomal atzg G. then by Lanma2 there exists a sequencef, .% a se

quence of canplex numbers z,  zo and a sequence of positive number , @ such hat

of )t b

converges spherically unifom ly on canpactsubsets of C g( ) & anonconstantmewmm orphic function on C, all
zeros of g () havemultiplicity at leastk+ 2, and moreover g( ) is of order atmost 2 Obvbusly the function
g(k)( )= (z0) is the unifom Im it of
g () wa(zt )@ () e ) e )= (a0 )=
LY o  Jrai(at o )T Gzt ) F ta(zat 0 Mfi(at 0 ) = (2t a )
Sincef, " (z)+ar(z)f." "V (2)+  +a(z)fu(z)  (z), we can getg" ()= (20) Oorg” ()
- () ObyHuwitz s theorem.

(k)

Ifg(k)( )= (z0) Q theng( ) isapolynanial and its degree isk which contradicts with that the ze-
ros ofg( ) are ofmuliiplicity Fk+ 2

Ifg(k)( )= (z0) Q wihout loss of generality we assun eg(k) () 1L ByLenmal we can get
g( ) is aconstant which contradictswithg( ) is a nonconstantm eranorphic function Lemma3 is poved

Lenma 47 Letf bea transcenden tal m eran orphic functbn of finite order and letb(z) be a polynan ial
which does not vanish identically Iff hasonly zews of order at least2 thenf — b(z) has infinitelymany zews

Lenma 5" Letf be a transcendentalmeran orphic fincton, k('  2), [bepositve ntegers Iff has only
zeros of order at least 3 ﬂlenfk) — 2z has nfn itey many zeros
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Lenma 6" Letk be a positive integer and kt(Q (z) be a ratbnal function all of whose zeros are of order

at leastk+ 2 and all of whose poles aremulip b with he possble excepton ofz= Q Then for each positive -
(k) l ..
teger, Q" (z)=2z has asolution n C

2 PwofofTheoran

Proof of Theorem 1 Snce nomality is a local property w ithout bss of generality we may assime G =D
={z lzl< 1), and

(z):z[+a1+1zl+l+ =7 (z), z D
wherel 1 (0)=1 (z) 0 for0O< lzl< 1 and it is enough to show hat.” is nom al ateachz D. By
Lenma 3 we only need to prove hat.”” isnomalatz= Q

Consiler the fmily S= fg(z)=f(z)/ (z):f T z D}. Uf 7 thenf" (0)+ai(0)f" " (0)+
+a (0)f(0) (0)=0Q sothatf(0) 0. Othewise iff(0) = Q since all zews off have multiplicity at
leastk+ 2 thenf (0)= =f"(0)=0Q which contradictswith /"' (0)+a(0)f" " (0)+ + a(0)f(0)

0 Thus foranyg % {g(0)=f(0)/ (0)= }.

W e fist prove that & is nomal nD. Suppose on the contrary, that 2 is not nomal atzg D. Then by

Lenma 2 there exist a sequence of finctions g, 4 a sequence of canplex numbersz,  zo and a sequence of

positive nunbers ,  (Q such that

¢ ( j=Elat ) o

n

converges spherically unifom ly on canpact subsets of C G( ) & anonconstantmewm orphic function on C, all

zeros of G () havemultiplicity at leastk+ 2 and moreoverG () is of order at most 2
W e distnguish wo cases

Casel z/, . By smple calcubton we have
(k)
(k) fo (%) 1 (k-1) (z) (k 2) (z ) ( z)
n Z—_Cn n C n
& (z) (z) g (z) (z) (z) (z) -8 (Z) (z)
Thus using notatbn 2, =z, + , for brevily we have
(k) /4 N (k) /4
(k) k), _fn (%) 1 (k-1) ,, (%) . (z,,)_
Gn ( ) - gn (zn ) - (én) - Cn gn (zn) (2,1) - - gn (Zn) (én) -
f;z(k) (211 1 (k-1) l (211) l
—_Cn n AIL ) - - &n An - 5t
i g (2 (7 (2n)) g(z)((l—k)! 2y
o ! ), Ua))
Yl-k+ ) o(2)N (a) (2.) 7~
B el ) L e () E(B) 1S
(%) " . 2, (%) Sk (a)
¢ rot . (8), S (z,l))
(l-k+ 1! (2)7" (%) (2)
On the other hand wehave Im( ,/;, )=Q and

(i)
L)
"lm %) =0 (i=12 k)

unifom ly on campact subsets of C Therefore, on every campact subsets of C which contans no poles ofG ()
we have

(k N
[ (a)

z) ¢ ()

In a smilarway we get
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(k= 1) (h=1) ;4
n G/L (k_ I) = n (k_ ]) 2’1 _f (Z" ) - C - 1 n (k_ 2) 2”. ( ) - n n (Z" )
( ) I ( ) (Z;L) -1 & ( ) ( ) g ( ) (Z;L)
=1, (k-2) ., .
Then% Q and we get% 0 ,% 0 by using a smilarway Thenwe get
z’l zn z".
a (zn )f (= (zn) +a (zn )f;l (=2 (An ) + + a; (211 )f;t (éu) O
(%)
and
(k) /4 A (k=1 2 2
Lo (B)+a(EB)fn " (B)+  +ar(E)fn(2) ¢ ()
(%) '
(k) (k= 1)
+ n + ta n :
Snce L () raiz) (z) a (2)f: (2) L, byHuw iz stheoran, we know that eitherG " ()

(z)
1 orG(”( ) 1 for any C that isnot apole ofG( ). Clearly these also hoH forall c 1" ()
L then by Lenmal, G( ) is a constanf a contradiction IfG(k)( ) 1 then

G( ):k_} k+Ck,1 iy + Co,

which contradicts the fact that all zeros of G( ) have multp licity at least b+ 2

Case2 2z /, , afinite canplex number Then

gn ( n )_ gn (zn + IL( Zn / n))
& =

n n

=G ( —z/.) G( - )=G()

spherically unifom ly on canpact subsets of C. Clearly, all zeros ofG () havemulipliity at leastk+ 2 and
=0 is apok of G( ) withmultiplicity at least [ and the other poks of G( ) are multple

k+ 1

SetH,( )=fu( » )7+ . Then
Ho( )= (nl) fk( ) _ ("z)g"(}:)-
n n (" ) n n
Note that lin (, )/,'= lunifonnly on canpact subsets of C  thus

Ho() G )=H()
unifom ly on campact subsets of C Obvously all zeros ofH () havemultiplicity at leastk+ 2 and all nonzewn

poles off () aremultiple andH (0) O sinceG has a pole of order at least [ at = Q We also have
(nl) HY ()=
unifom ly on every canpact subset of C which contains no pole ofG.
ClamH™ (o) "
O then ise there exists o such thatH "’ (0)= o] ThenH is holam orphic at o. W e consider wo subcases
Case21 , Q Obviousl, the fanctonH " ( ) - " i the unibm lin it of

H,"()-

H( )+ war( . H " (. )+ + S a(., H. (., )-—>=

LU+ a0 )+ (e H L (Qr) = UQE)
Q' B

LY 0Qr) v a(Qe)f TV Q) ¥ a(QE)f(QF) - U(Qr)

Q' ‘

Sincef, " (z)+ar(z)f." " (2)+ . + ai(z)fu(z)X U(z), we can getH " (F)- E’s 0orH" (F)- F
x 0 byHuw itz. sTheoran. Snce there exsits K such thatt " (k)= K, thenwe getH (F)— Fs Q Thus

]F]H]l’ b1 k-2
H(F):(H_—k),+a11r + ar  +, +a,

where a, @, , , a; are constants and
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FL+ 1
I+1
Snce all zeros of H ( F) have multp licity at leastk+ 2 thenH

H"V(F)=7—+ (k- 1)! a.

(k=1 ( F) must have a zew w ith multiplicity at

least 4 Henceai= Q Smilarly we can deduce thatax= a3=, = a=Q Itfollows hatH (F)= ¥ /( 1+

k). ThenG (F)= F? /(l+k)!, which contradicts the fact that all zews of G (F) have muliplicity at least
k+ 2

Case2 2 F,=Q ThenH,(F) sholamowphic andH , (F)y H ( F) unifom k on a ne ghbouthood of @ In-
deed H (F) is holamorphic at Q soG ( F) has a pole of exactorder/ at0. On the other hand for each n, the
pole ofg, ( Qr) atO has also exactorderl Then, F= 0 isthe zero of 1/G(F) and 1/g.(Qr) isoforderl Note

that snceg,(Qr) /Qky G(F), sphercally unifom ly on canpact subsets ofC, there exist a positive ntegerng

and r> 0 such that
k

_Q 1 I 1

[ -

g (Qr) G(F) " G(F)I
foralln\ ng and each U {F IFI=r}. By Rouche. stheorem, 1/g, ((Qr) has no zeros nD¢= {F 0< IFI<
r} forn\ ny, and theng, ((r) has no poles mD¢ forn\ ny. ThusH, (F) is holamomphic n D¢, andH,(F)

y H (F) unifomly on a nerghbouthood 0ofQ Hence the sane argument as in Case 2. 1 also apples br Case
22

(k)

Now, we haveH

finction. However Lemm a 6 shows thatH

(F)X E By Lenma4( fork= 1) and Lenma 5( fork\ 2), H (F) must be a rational
w (F)= F has a solitbn n C, a contradictbn W e have proved that
% is nom al on D.

It remais to show that.” isnomalatz= Q Since & is nomal nD, then the fan ily & is equ icontnuous
nD with respect to the spherical dstance On the otherhand g(0)=1] for eachgl/ % so there existsD> 0
such that lg(z) I\ 1 for allgl Y and eachzl DpD= { z 1z1< D). Itfolbws thatf(z) X O forallfl . andzl
D D Suppose hat.7 isnotnomalatz=0. Shce.” isnomal n0< lzI< L the fan iy 1/.9= {1/ fl 7]
is holam orphic inD Dand nom al nDc¢= {z 0< lzI1< I}, but it & not nomal atz= Q Thus there exists a se-
quence {1/f,} < 1/7 which converges locally uniformly nDc) butnot nD[) Themaxmum modulus princ+
ple mplies hat1/,y ;7 mnDcD Thusf,y 0 convewges locally unifommly nDd) and hence so does {g.} < §
where g, =f, /U But lg, (z) I\ 1 forzl D) a contradiction. This canpletes the pwoof of Theoran 1
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