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Abstrac t: In th is pape r, w e introduce and study a new system o fg- - accre tivem apping inclusions in Banach spaces. U-

s ing the reso lvent opera to r technique forg- - acc retivem appings, we prove the ex istence and uniqueness o f the solutions

for th is system o fg- - accretivem apping inclusions. W e a lso construct a new Ish ikaw a ite ra tive algorithm fo r so lv ing th is

system of g- -accretivem app ing inc lusions and discuss the conve rgence of itera tive sequence genera ted by the a lgor ithm.
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[摘要 ] 在 Banach空间中引入和研究了一类含 g- -增生映象的变分包含, 利用与 g- -增生映象相联系的预解

算子技巧, 证明了这类 g- -增生映象包含解的存在性和惟一性. 对这类 g- -增生映象包含的逼近解我们也构造

了一个新的 Ishikaw a迭代算法,并讨论了由此算法生成的迭代序列的收敛性.
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1 V ariational Inclusions and Prelim inaries

V ariationa l inclusions problem s are among the m ost interest ing and intensively studied c lasses o fm athem at-i

ca l prob lem s and havew ide applicat ions in the fields o fm echan ics, physics, optim ization and contro,l non linear

programm ing, econom ics and transportation equ ilibrium, and eng ineering sciences, e tc. For the past years,

m any ex istence resu lts and itera tive algorithm s for various var iat iona l inequality and variational inc lusions prob-

lem s have been studied. For details, w e can refer to [ 1-6] and the references therein.

In the presentw ork, our study is m ot ivated by Re fs [ 1-4] . In th is paper, w e shall introduce and study a

new system o fg- -accretive m app ing inc lusions in B anach spaces. U sing the resolvent operator techn ique forg-

-accretivem appings, w e prove the ex istence and un iqueness of the so lut ions for this system of g- -accretive

m apping inclusions. W e also construct a new Ish ikaw a iterat ive a lgorithm for so lv ing th is system o fg- -accretive
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m apping inclusions and d iscuss the convergence o f iterative sequence generated by the algo rithm. The resu lts

presented in th is paper generalize and im prove the recent correspond ing results variational inequalit ies( inc lu-

sions) problem s in Re fs[ 1-4].

Throughout th is paper, letX be a real Banach space w ith dua l spaceX
*
, , be the dua l pair be-

tw eenX andX
*
, 2

X
deno te the fam ily of all the nonem pty subse ts ofX. The genera lized duality m app ing Jq: X

2
X*

is defined by

Jq ( x ) = { f
*

X
*
: x, f

*
= x

q
, f

*
= x

q- 1
}, x X,

w here q> 1 is a constan.t

Lemma 1
[ 7]

LetX be a real uniform ly sm ooth B anach space. ThenX is q-un ifo rm ly sm ooth if and on ly if

there ex ists a constantCq > 0, such that for a llx, y X,

x + y
q

x
q
+ q y, Jq (x ) + Cq y

q
.

D efin ition 1 LetX be a q-uniform ly sm ooth Banach space and T, A: X X be two sing le-valued m ap-

pings. Then T is said to be

( i) accretive if T (x ) - T ( y ), Jq ( x- y ) 0, x, y X;

( ii) ( , )-re laxed cocoerc ive w ith respect toA, if there ex ist constants , > 0 such that

T (x ) - T ( y ), Jq (A (x ) - A ( y ) ) - T ( x ) - T ( y )
q
+ x- y

q
, x, y X;

( iii) -Lipsch itz continuous if there ex ists a constant > 0 such that

T ( x ) - T ( y ) x- y , x, y X.

D efin ition 2 Le t : X X X and g: X X be sing le-valued m app ing s, M: X 2
X

be se-t valued m app ing.

Then

( i) is sa id to be -Lipsch itz continuous, if there ex ists a constant > 0 such that

( x, y ) x- y , x, y X.

( ii) g is sa id to be r-strongly -accretive, if there ex ists a constant r> 0 such that

g (x ) - g ( y ), Jq ( x, y ) 2 x - y
2
, x, y X;

( iii) M is said to be -accre tive if

u - v, Jq ( ( x, y ) ) 0, x, y X, u M (x ), v M ( y );

( iv) M is said to be g- -accret ive ifM is -accretive and ( g + M ) (X ) = X fo r a ll > 0.

Lemma 2
[ 6]

Letg: X X be a r-strong ly -accretive m apping, : X X X be -Lipsch itz cont inuous

andM: X 2
X

be an g- -accret ivem apping. Then the reso lvent operatorRM, : X X is
r
-L ipschitz continuous,

.i e. ,

RM, ( x ) - RM, ( y )
r

x - y , x, y X.

Lemma 3
[ 8]

Let { an }, { bn } be tw o nonnegative rea l sequences sa tisfy ing the fo llow ing condition: there

ex ists a natural num bern0 such that

an + 1 ( 1- tn ) an + bn tn, n n0,

w here tn [ 0, 1] ,
n= 0

tn = , lim
n

bn = 0. Then an 0( n ).

LetX be a real q-un iform ly sm ooth Banach space, S i, T i, g i: X X, i: X X X ( i= 1, 2) be non lin-

ear single-va lued m app ings. Suppose thatM i: X 2
X

beg i- i-accret ive m app ing s ( i= 1, 2) . Now w e consider

the fo llow ing prob lem:

F ind x, y X such tha t

0 g1 ( x ) - g1 ( y ) + 1 (S1 ( y ) + T 1 ( y ) ) + 1M 1 ( x ),

0 g2 ( y ) - g2 ( x ) + 2 (S2 ( x ) + T 2 ( x ) ) + 2M 2 ( y ),
( 1)

w here i > 0( i= 1, 2) are tw o constants. Prob lem ( 1) is ca lled a system o fg- -accretivem apping inc lusions in

2
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Banach spaces.

For a su itable cho ices of them appings S1, S2, T 1, T 2, g1, g2, 1, 2, M 1,M 2 and the spaces X, prob lem ( 1)

includes m any system of variat iona l inequa lity( inc lusion) prob lem s as specia l cases, see for exam ple
[ 1-4]

and the

re ferences there in.

2 M a in Results

Lemma 4 ( x, y ) is a solution o f prob lem ( 1) if and only if ( x, y ) satisf ies the fo llow ing re lation

x= R
g1
M 1, 1

[ g1 ( y ) - 1 ( S1 ( y ) + T 1 ( y ) ) ] , 1 > 0,

y= R
g2
M 2, 2

[ g2 ( x ) - 2 ( S2 (x ) + T 2 ( x ) ) ] , 2 > 0.
( 2)

Proof Th is d irectly follow s from Def in ition o f reso lvent operato rRM, .

A lgorithm 1 For arbitrarily chosen in itia l po in tx0 X, compu te the sequences {xn }, { yn } such that

xn+ 1 = (1- n )xn + nR
g 1
M 1, 1

[ g1 (yn ) - 1 ( S1 (yn ) + T 1 ( yn ) ) ],

yn = (1- n ) xn + nR
g 2
M 2, 2

[g2 ( xn ) - 2 (S2 ( xn ) + T 2 ( xn ) ) ],

w here { n }, { n } [ 0, 1], n 0.

Theorem 1 LetX be a q-uniform ly sm ooth Banach space. For i= 1, 2, let i: X X X be i-Lipsch itz

continuous m app ings, gi: X X be r i-strong ly i-accre tive and a i-L ipschitz continuous m app ings, M i: X 2
X

be

g i- i-accret ivem appings. LetS i: X X be bi-Lipsch itz con tinuous, T i: X X be ( i, i )-relaxed cocoercive w ith

respect to g i and i-L ipsch itz continuous. If there ex ist constan ts i > 0 such tha t

( i) 0<
1

r1
( a

q

1 - q 1 1 + q 1 1
q

1 + Cq

q

1
q

1 )
1
q + 1 b1 < 1,

( ii) 0<
2

r2
( a

q

2 - q 2 2 + q 2 2
q

2 + Cq

q

2
q

2 )
1
q + 2 b2 < 1,

w here Cq is the constant as in Lemm a 1. Then problem ( 1) has a un ique so lut ion.

Proof For any g iven i > 0( i= 1, 2), de fine a m app ing F: X X as fo llow s:

F (x ) = R
g

1
M

1
,

1
[ g1 (y ) - 1 ( S1 (y ) + T 1 ( y ) ) ], ( 3)

w here y = R
g

2
M 2, 2

[g2 ( x ) - 2 ( S2 ( x ) + T 2 (x ) ) ] , x X.

For a llx1, x2 X, it fo llow s from ( 3) and Lemm a 2 tha t

F ( x1 ) - F ( x2 ) R
g1
M 1, 1

[ g1 ( y1 ) - 1 ( S1 ( y1 ) + T 1 (y1 ) ) ] -

R
g 1
M 1, 1

[ g1 ( y2 ) - 1 ( S1 (y2 ) + T 1 ( y2 ) ) ]

1

r1
( g1 ( y1 ) - g1 ( y2 ) - 1 (T 1 ( y1 ) - T 1 ( y2 ) ) + 1 S1 ( y1 ) - S1 ( y2 ) ). ( 4)

By assum ptions, w e have

g1 ( y1 ) - g1 ( y2 ) - 1 (T 1 ( y1 ) - T 1 ( y2 ) )
q

g1 (y 1 ) - g1 ( y2 )
q
- q 1 T 1 ( y1 ) - T 1 (y2 ), J q (A 1 ( y1 ) - A 1 ( y2 ) ) + Cq

q

1 T 1 ( y1 ) - T 1 (y2 )
q

( a
q

1 - q 1 1 + q 1 1
q

1 + Cq

q

1
q

1 ) y1 - y2
q
, ( 5)

S1 ( y1 ) - S1 ( y2 ) b1 y1 - y2 . ( 6)

Com bining ( 4) - ( 6) , w e have

F ( x1 ) - F ( x2 )
1

r1
( 1 + 1b1 ) y1 - y2 , ( 7)

w here 1 = ( a
q

1 - q 1 1 + q 1 1

q

1 + Cq

q

1

q

1 )
1
q .

S im ilarly, w e can prove that

y1 - y2
2

r2
( 2 + 2b2 ) x1 - x2 , ( 8)

w here 2 = ( a
q

2 - q 2 2 + q 2 2
q

2 + Cq

q

2
q

2 )
1
q .
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By ( 7) and ( 8), w e have

F ( x1 ) - F (x 2 ) h1h2 x1 - x2 , ( 9)

w here h1 =
1

r1
( 1 + 1b1 ), h2 =

2

r2
( 2 + 2b2 ).

It follow s from cond itions ( i) and ( ii) that 0< h i < 1 ( i= 1, 2). Thus, ( 9) imp lies thatF is a contractive

m apping. H ence, by the Banach con traction princ ipe, there ex ists a unique x
*

such thatx
*

= F ( x
*
). Let

y
*

= R
g

2
M

2
,

2
[ g2 ( x

*
) - 2 ( S2 ( x

*
) + T 2 (x

*
) ) ] .

From the def inition o fF, w e have

x
*

= R
g

1
M

1
,

1
[A 1 (y

*
) - 1 (S1 ( y

*
) + T 1 ( y

*
) ) ],

y
*

= R
g2
M 2, 2

[A 2 (x
*
) - 2 (S2 ( x

*
) + T 2 ( x

*
) ) ].

It fo llow s from Lemm a 4 that ( x
*
, y

*
) is the un ique solution o f prob lem ( 1). This com p le tes the proo.f

Theorem 2 For i= 1, 2, let i, g i, S i, T i, M i andX be the sam e as in Theorem 1, and let cond ition ( i)

and ( ii) and o fTheorem 1 ho ld. Let the iterat ive sequences {xn }, { yn } are generated by A lgo rithm 1 and satis-

fies:

n = 0

an = , lim
n

( 1 - n ) = 0. ( 12)

Then the iterat ive sequences { xn }, { yn } converges strong ly to the un ique solution (x
*
, y

*
) o f prob lem ( 1) .

Proof since ( x
*
, y

*
) be the so lution o f prob lem ( 1), App ly ing A lgorithm 1 and Lemm a 4, w e have

xn + 1 - x
*

= ( 1- n ) (xn - x
*
) + n (R

g
1

M
1
,

1
[g1 ( yn ) - 1 (S1 ( yn ) + T 1 ( yn ) ) ] -

R
g1
M 1, 1

[ g1 ( y
*
) - 1 ( S1 ( y

*
) + T 1 (y

*
) ) ] )

( 1- n ) xn - x
*

+ n

1

r1
g1 (yn ) - g1 ( y

*
) + 1 [ ( S1 ( yn ) + T 1 ( yn ) ) - (S1 ( y

*
) + T 1 ( y

*
) ) ]

(1- n ) xn - x
*

+ n

1

r1
( 1 S1 ( yn ) - S1 (y

*
) + g1 ( yn ) - g1 ( y

*
) - 1 (T 1 (yn ) - T 1 ( y

*
) ) ).

(11)

S inceg1 is a i-L ipschitz continuous, T 1 be ( 1, 1 )-re laxed cocoercive w ith respect to g1 and 1-Lipsch itz

continuous, w e have

g1 ( yn ) - g1 (y
*
) - 1 (T 1 ( yn ) - T 1 ( y

*
) )

q
g1 ( yn ) - g1 ( y

*
)

q
- q 1 T 1 ( yn ) - T 1 ( y

*
),

Jq (g1 ( yn ) - g1 ( y
*
) ) + Cq

q

1 T 1 ( yn ) - T 1 ( y
*
)

q
( a

q

1 - q 1 1 + q 1 1
q

1 + Cq

q

1
q

1 ) yn - y
* q

.

(12)

S inceS1 is 1-L ipsch itz continuous, w e have

S1 ( yn ) - S1 ( y
*
) b1 yn - y

*
. (13)

By ( 11) - ( 13) , w e obta in

xn + 1 - x
*

( 1- n ) xn - x
*

+ n

1

r1

( 1 + 1 b1 ) yn - y
*

, (14)

w here 1 = ( a
q

1 - q 1 1 + q 1 1
q

1 + Cq

q

1
q

1 )
1
q .

S im ilarly, by A lgorithm 1 and condition ( iii) , w e can prove that

yn - y
*

(1- n ) xn - y
*

+ n

2

r2
( 2 + 2 b2 ) xn - x

*

(1- n ) xn - x
*

+ n xn - x
*

+ ( 1- n ) x
*

- y
*

xn - x
*

+ ( 1- n ) x
*

- y
*

, (15)

w here 2 = ( a
q

2 - q 2 2 + q 2 2
q

2 + Cq

q

2 J
q

2 )
1
q .

It fo llow s from ( 14) and ( 15) that

+ xn + 1 - x
*

+ [ [ 1- An ( 1- h1 ) ] + xn - x
*

+ + An h1 ( 1- Bn )L, (16)

)4)
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w here h1 =
S1

r1
( H1 + Q1 K 1 ).

Let an = + xn - x
*

+ , tn = An ( 1 - h1 ), bn =
h1

1- h1

( 1 - Bn )L. It is easy to verify that the cond itions of

Lemm a 3 are satisfied. Thus, by ( 16) and Lemm a 3, w e have lim
ny ]

an = 0, .i e. , + xn - x
*

+ y 0 ( n y ] ).

And by ( 15), w e a lso obtain that + yn - x
*

+ y 0( ny ] ).

Th is comp letes the proo .f

R emark 1 Theorem s 1 and 2 genera lized and im prove the corresponding results in [ 1-4] .
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