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� � 设 �n是阶数 � n的三角多项式空间, 则 �n = span{1, cosx, sinx, �, cosnx, s innx },记 �n = {T � �n |

T (x + �) = T ( x ) }是以 �为周期的三角多项式子空间, 则

�2n = span{1, cos2x, sin2x, �, cos2nx, sin2nx },

记 �
�
n = {T � �n | T ( x + �) = - T ( x ) } 是以 �为周期的反周期三角多项式子空间,则

�
�
2n- 1 = span{ co sx, sinx, cos3x, sin3x, �, cos( 2n - 1) x, sin( 2n - 1) x }.

显然, �n = �n � �
�
n .

对于正整数 m,设 P ( t) = �
m

j= 0

cj t
j
( cj � R, j = 0, 1, �, m )是一个实系数代数多项式,则 P ( t) = Pe ( t)

+ Po ( t),其中 Pe ( t)和P o ( t)分别是偶的和奇的实系数代数多项式,称P
1
2h
� = �

m

j= 0
cj

1

(2h)
j �
j

是由P ( t)导
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出的差分多项式算子.

文献 [ 1]通过引进 Sha rm a-V arma算子研究了在 2n个等距结点处的反周期函数的各种插值问题,得到

这些问题的三角插值多项式 T ( x )的存在惟一性. 由于文 [ 1] 要求被插函数具有若干阶导数, 不适用于被

插函数在结点处不可导情形, 因此,在实际应用上有一定局限性.我们知道, 文 [ 1] 考虑的结点数是偶数,

而在实际应用中,有时常常要讨论在奇数个结点上的插值情形, 而且随着结点数的奇偶性不同, 相应的插

值结果也有许多的不同,所以研究奇数个结点上的插值问题有着重要的意义.本文将通过引进差分多项式

算子 P
1
2h
�,采用不同于文 [ 1]的方法,考虑奇数个等距结点 xk =

k�
2n + 1

( k = 0, 1, �, 2n )处反周期函数

的 2 - 周期插值问题.

1� 插值问题及其主要结论

对 f � C2�和 0 < h <
�

4n + 1
, 定义

[ 2 ]
�
0
f ( x ) = f (x ), �f (x ) = �

1
f ( x ) = f (x + h ) - f (x - h ), �

m
f ( x )

= �(�
m- 1

f ( x ) ) = �
m

k= 0

( - 1)
k
(
m

k )f ( x + (m - 2k ) h ), m � 2.

本文考虑如下问题:

P1:对任意给定的两个复数集 { �k }
n

0和 { �k }
n- 1
0 , 是否存在惟一的三角多项式 T ( x ) � ��4n+1满足条件:

T (x 2k ) = �k, k = 0, 1, �, n. P
1
2h
�T (x 2k+ 1 ) = �k, k = 0, 1, �, n - 1.

我们称满足上述条件的插值问题是奇数个等距结点上以 �为周期的反周期函数的 2 - 周期

0, P 1
2h
� 三角插值.

P2:如果问题 P1的回答是肯定的,我们通常称插值问题是正则的. 找出问题 P1正则的充分必要条件.

P3:当问题 P1是正则的,找出插值基函数.

P4:当 p ( t) = t
m
,且问题 P1正则时, 求出相应的插值算子的收敛阶.

为了证明我们的主要结果,需要下面的几个引理.

引理 1
[ 3] � 对上述实系数代数多项式 P ( t)和任意非零实数 w, 有

Pe
1
2h
� co swx = Pe

isinwh
h

coswx, Pe
1
2h
� sinwx = P e

isinwh
h

sinwx,

Po
1
2h
� coswx = iP o

isinwh
h

sinwx, Po
1
2h
� sinwx = - iPo

isinwh
h

co swx.

记

K 4n+ 1 ( x ) = �
2n+ 1

j= 1
( a2j- 1 cos( 2j - 1) x + b2j- 1 sin(2j - 1)x ), ( 1)

(K f ) ( x ) = �
2n

k = 0
f ( x2k )K 4n+ 1 ( x - x2k ), x2k =

2k�
2n + 1

, k = 0, 1, �, n, ( 2)

其中 a2j- 1, b2j- 1 � R.

引理 2
[ 4] � 设 K 4n+ 1 ( x )和 (Kf ) ( x ) 分别由 (1)和 ( 2)给出,则

( i)K 4n+ 1 ( x2k ) =
1
2 �

2n+ 1

j= 1

[ ( a2j- 1 + a4n-2j+ 3 ) co s(2j - 1)x2k + ( b2j- 1 - b4n- 2j+ 3 ) sin( 2j - 1) x2k ] , ( 3)

( ii) 对任何自然数 n, (K fv ) ( x ) =
2n + 1

2
[ a4n+ 2-v e

i( v- 2- 4n )x
+ av e

ivx

+ ib4n+ 2- v e
i( v- 2- 4n) x

- ibv e
ivx

] , 其中

fv ( x ) = e
ivx
, v = 1, 3, 5, �, 4n + 1.

证明 � ( i) 因为对 x 2k =
2k�

2n + 1
, k = 0, 1, �, n, 令 m = 2n + 2 - j, j = 1, 2, �, 2n + 1, 有

�
2n+ 1

j= 1
( a2j- 1 cos( 2j - 1)x2k + b2j- 1 sin(2j - 1)x 2k ) = �

2n+ 1

m = 1
( a4n- 2m+ 3 cos(2m - 1) x2k - b4n- 2m+ 3 sin( 2m - 1)x 2k ),
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所以, ( 3) 式成立.

( ii) 由 (K f ) (x ) = �
2n

k= 0

f (x2k )K 4n+ 1 ( x - x2k ), x2k =
2k�

2n + 1
, k = 0, 1, �, n,有

(K fv ) ( x ) =
1
2 �

2n

k= 0
�
2n+ 1

j= 1
{ a2j- 1 [ ( e

i( 2j- 1+v) x 2k + e
- i( 2j- 1-v) x2k ) co s(2j - 1)x - i( e

i( 2j- 1+ v) x2k -

e
- i( 2j- 1- v) x2k ) sin( 2j - 1) x ] + b2j- 1 [ i ( e

i( 2j- 1+ v)x 2k - e
- i( 2j- 1-v) x2k ) cos(2j - 1) x +

( e
i( 2j- 1+ v)x

2k + e
- i( 2j- 1-v) x

2k ) sin(2j - 1) x ] }.

因为 1 � v � 4n + 1, 1 � 2j - 1 � 4n + 1,

�
2n

k= 0

cosjx 2k + i�
2n

k= 0

sinjx2k = �
2n

k= 0

e
ijx2k =

2n + 1, j = ( 2n + 1)m, m � Z,

0, j � ( 2n + 1)m, m � Z,

所以, 对任何自然数 n, 有

(K fv ) ( x ) =
2n + 1

2
{ a4n+ 2- v cos( 4n + 2 - v) x + av cosvx - i[ a4n+ 2-v sin(4n + 2 - v) x - av sinvx ] +

b4n+ 2-v sin( 4n + 2 - v) x + bv sinvx + i [ b4n+ 2- v cos( 4n + 2 - v) x - bv cosvx ] } =

2n + 1

2
[ a4n+ 2- v e

i( v- 2- 4n) x
+ a v e

ivx
+ ib4n+ 2-v e

i( v- 2-4n )x
- ibe

ivx
].

引理 3� 设 K 4n+ 1 (x )由 ( 1) 式给出,则对任何自然数 n,有

( i) K 4n+ 1 ( x2k ) = �0, k ( k = 0, 1, 2, �, n )的充分必要条件是

a2j- 1 + a4n- 2j+ 3 =
2

2n + 1
, b2j- 1 - b4n- 2j+ 3 = 0, j = 1, 2, �, 2n + 1.

( ii) K 4n+ 1 ( x2k ) = 0( k = 0, 1, 2, �, n )的充分必要条件是

a2j- 1 + a4n- 2j+ 3 = 0, b2j- 1 - b4n-2j+ 3 = 0, j = 1, 2, �, 2n + 1.

其中 �0, k =
1, k = 0,

0, k = 1, 2, �, n.
由引理 2易得引理 3的证明.

引理 4� 设 K 4n+ 1 (x )由 ( 1) 式给出,则对任何自然数 n,有

( i) K 4n+ 1 ( x2k+ 1 ) = �0, k ( k = 0, 1, 2, �, n - 1)的充分必要条件是

a2j- 1 + a4n- 2j+ 3 =
2

2n + 1
cos( 2j - 1) x1, b2j- 1 - b4n- 2j+ 3 =

2

2n + 1
sin(2j - 1)x 1, j = 1, 2, �, 2n + 1.

( ii) K 4n+ 1 ( x2k+ 1 ) = 0( k = 0, 1, 2, �, n - 1) 的充分必要条件是

a2j- 1 + a4n- 2j+ 3 = 0, b2j- 1 - b4n-2j+ 3 = 0, j = 1, 2, �, 2n + 1.

其中 �0, k =
1, k = 0,

0, k = 1, 2, �, n - 1.

证明 � 这里只给出 ( i)的证明,同理可证 ( ii)成立.

K 4n+ 1 ( x2k+ 1 ) = K 4n+ 1 ( x2k + x1 ) = �
2n+ 1

j= 1

(P2j- 1 cos( 2j - 1) x2k + Q 2j- 1 sin(2j - 1)x 2k ),

k = 0, 1, �, n - 1.其中

P 2j- 1 = a2j- 1 cos(2j - 1) x1 + b2j- 1 sin( 2j - 1) x1,

Q 2j- 1 = b2j- 1 cos( 2j - 1)x1 - a2j- 1 sin(2j - 1)x1.

设 U4n+ 1 ( x ) = �
2n+ 1

j= 1
(P 2j- 1 co s(2j - 1)x + Q 2j- 1 sin( 2j - 1) x ),由于 K 4n+ 1 ( x2k+ 1 ) = �0, k ( k = 0, 1, �, n -

1)当且仅当 U4n+ 1 ( x2k ) = �0, k ( k = 0, 1, �, n - 1), 因此,由引理 3即可得证.

记

A 2j- 1: = P e

isin( 2j - 1) h

h
- P e

isin(4n - 2j + 3)h

h
,

B 2j- 1: = Po

isin( 2j - 1) h

h
+ P o

isin( 4n - 2j + 3) h

h
, j = 1, 2, �, 2n + 1.
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定理 1� 问题 P1正则的充分必要条件是:

�2j- 1: = A
2
2j- 1 - B

2
2j- 1 � 0, j = 1, 2, �, 2n + 1. ( 4)

证明 � 设 T (x ) � ��4n+ 1,则 T ( x ) = �
2n+ 1

j= 1
( a2j- 1 cos( 2j - 1) x + b2j- 1 sin(2j - 1)x ), 由引理 1,得

P
1
2h
�T (x ) = �

2n+ 1

j= 1
{ a2j- 1Pe

isin( 2j - 1) h
h

- ib2j- 1Po

isin(2j - 1) h
h

cos(2j - 1) x +

b2j- 1P e

isin(2j - 1) h

h
+ ia2j- 1Po

isin(2j - 1) h

h
sin(2j - 1) x }.

因为问题 P1正则当且仅当 T ( x2k ) = 0( k = 0, 1, �, n ), P
1
2h
�T ( x2k+ 1 ) = 0( k = 0, 1, �, n - 1)仅有

零解.

由引理 3和引理 4知,

T (x 2k ) = 0( k = 0, 1, �, n), P
1

2h
�T (x2k+ 1 ) = 0( k = 0, 1, �, n - 1)的充分必要条件是:

a2j- 1 + a4n- 2j+ 3 = 0,

b2j- 1 - b4n- 2j+3 = 0,

a2j- 1P e
isin( 2j - 1)h

h
- ib2j- 1Po

isin(2j - 1) h
h

+ a4n- 2j+ 3P e
isin(4n - 2j + 3)h

h
-

ib4n- 2j+ 3Po

isin(4n - 2j + 3) h
h

= 0,

b2j- 1P e

isin(2j - 1) h

h
+ ia2j- 1Po

isin(2j - 1) h

h
- b4n- 2j+ 3Pe

isin( 4n - 2j + 3) h

h
-

ia4n- 2j+3P o

isin( 4n - 2j + 3) h

h
= 0,

j = 1, 2, �, 2n + 1.

( 5)

而方程组 ( 5) 有惟一解 a2j- 1 = 0, b2j- 1 = 0( j = 1, 2, �, 2n + 1)的充分必要条件是 �2j- 1: = A
2
2j- 1 - B

2
2j- 1 �

0( j = 1, 2, �, 2n + 1), 因此,问题 P1正则当且仅当 �2j- 1: = A
2
2j- 1 - B

2
2j- 1 � 0( j = 1, 2, �, 2n + 1).

设 r2j ( x )和 � 2j+ 1 (x )分别表示所考虑插值问题的基函数,则

r2j ( x ) = r0 (x - x2j ), j = 1, 2, �, n. �2j+ 1 ( x ) = �1 ( x - x2j ), j = 1, 2, �, n - 1.

其中 r0 ( x )和 �1 ( x )分别满足以下条件:

r0 ( x2k ) = �0, k, k = 0, 1, �, n. P
1

2h
� r0 (x2k+ 1 ) = 0, k = 0, 1, �, n - 1. ( 6)

�1 ( x2k ) = 0, k = 0, 1, �, n. P
1
2h
� �1 ( x2k+ 1 ) = �0, k, k = 0, 1, �, n - 1. ( 7)

下面的定理给出了基函数 r0 ( x )和 �1 ( x )的显式.

定理 2� 若 ( 4) 式成立,则满足 ( 6)式和 (7)式的基函数分别是

r0 ( x ) =
2

2n + 1�
2n+ 1

j= 1

1
�2j- 1

[D 2j- 1 sin(2j - 1) x - C2j- 1 cos( 2j - 1) x ] , ( 8)

�1 ( x ) =
2

2n + 1�
2n+ 1

j= 1

1

�2j- 1

{A 2j-1 co s[ (2j - 1) ( x - x1 ) ] - iB2j- 1 sin[ ( 2j - 1) ( x - x1 ) ] }. ( 9)

证明 � 设 r0 ( x ) = �
2n+ 1

j= 1
( a2j- 1 cos( 2j - 1) x + b2j- 1 sin(2j - 1)x ), 有

P
1

2h
� r0 (x ) = �

2n+ 1

j= 1
{ a2j- 1Pe

isin( 2j - 1) h

h
- ib2j- 1Po

isin( 2j - 1) h

h
co s(2j - 1)x +

b2j- 1P e
isin(2j - 1) h

h
+ ia2j- 1Po

isin(2j - 1) h
h

sin(2j - 1) x }.

若 r0 (x )满足 (6)式,则由引理 3和引理 4知,
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a2j- 1 + a4n- 2j+ 3 =
2

2n + 1
,

b2j- 1 - b4n- 2j+3 = 0,

a2j- 1P e
isin( 2j - 1)h

h
- ib2j- 1Po

isin(2j - 1) h
h

+ a4n- 2j+ 3P e
isin(4n - 2j + 3)h

h
-

ib4n- 2j+ 3Po

isin(4n - 2j + 3) h
h

= 0,

b2j- 1P e

isin(2j - 1) h

h
+ ia2j- 1Po

isin(2j - 1) h

h
- b4n- 2j+ 3Pe

isin( 4n - 2j + 3) h

h
-

ia4n- 2j+3P o

isin( 4n - 2j + 3) h

h
= 0,

j = 1, 2, �, 2n + 1.

因为 �2j- 1: = A
2
2j- 1 - B

2
2j- 1 � 0, j = 1, 2, �, n, 所以解方程组,可得

a2j-1 =
- 2

(2n + 1)�2j- 1
C 2j- 1, b2j- 1 =

2
( 2n + 1) �2j- 1

D 2j- 1,

其中 C2j- 1: = Pe

isin( 4n - 2j + 3) h
h

A 2j- 1 + P o

is in( 4n - 2j + 3) h
h

B2j- 1,

D 2j- 1: = i P o

isin( 4n - 2j + 3) h
h

A 2j- 1 + P e

isin(4n - 2j + 3) h
h

B 2j-1 , j = 1, 2, �, 2n + 1.

这就蕴含着 ( 8)式.

设 � 1 (x ) = �
2n+ 1

j= 1
( a2j- 1 co s(2j - 1)x + b2j- 1 sin( 2j - 1) x ),有

P
1
2h
� �1 (x ) = �

2n+ 1

j= 1
{ a2j- 1Pe

is in( 2j - 1) h
h

- ib2j- 1Po

isin( 2j - 1) h
h

co s(2j - 1)x +

b2j- 1P e

isin(2j - 1) h
h

+ ia2j- 1Po

isin(2j - 1) h
h

sin(2j - 1) x }.

若 � 1 (x )满足 (7)式,则由引理 3和引理 4知,

a2j- 1 + a4n- 2j+ 3 = 0,

b2j- 1 - b4n- 2j+3 = 0,

a2j- 1P e

isin( 2j - 1)h

h
- ib2j- 1Po

isin(2j - 1) h

h
+ a4n- 2j+ 3P e

isin(4n - 2j + 3)h

h
-

ib4n- 2j+ 3Po
isin(4n - 2j + 3) h

h
=

2
2n + 1

cos( 2j - 1) x1,

b2j- 1P e

isin(2j - 1) h
h

+ ia2j- 1Po

isin(2j - 1) h
h

- b4n- 2j+ 3Pe

isin( 4n - 2j + 3) h
h

-

ia4n- 2j+3P o

isin( 4n - 2j + 3) h

h
=

2

2n + 1
sin( 2j - 1)x1,

j = 1, 2, �, 2n + 1.

因为 �2j- 1: = A
2
2j- 1 - B

2
2j- 1 � 0, j = 1, 2, �, n, 所以解方程组,可得

a2j- 1 =
2

( 2n + 1) �2j- 1

[A 2j- 1 cos( 2j - 1) x1 + iB2j- 1 sin(2j - 1)x 1 ],

b2j- 1 =
2

( 2n + 1) �2j- 1

[A 2j- 1 sin(2j - 1)x1 - iB2j- 1 cos( 2j - 1) x1 ] , j = 1, 2, �, 2n + 1.

这就蕴含着 ( 9)式, 证毕.

所以,我们所考虑的插值问题的显式解是 T (x ) = �
n

j= 0

�j r0 (x - x2j ) + �
n- 1

j= 0

�j� 1 (x - x2j ).

若 P ( t) = t
m
,此时称之为奇数个等距结点上反周期函数的 2 - 周期 ( 0, �

m
)插值,有如下推论.

推论 1� 若 P ( t) = t
m
, 则问题 P1正则当且仅当 m是奇数.
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推论 2� 若 P ( t) = t
m
, m是奇数, 则满足 (6)式和 ( 7)式的基函数分别为

r0 (x ) =
2

2n + 1�
2n+ 1

j= 1

sin
m
( ( 4n - 2j + 3) h)

sin
m
( ( 2j - 1) h ) + s in

m
( (4n - 2j + 3) h )

cos( 2j - 1) x, (10)

�1 (x ) = (- 1)
m - 1
2

2h
m

2n + 1�
2n+ 1

j= 1

sin( 2j - 1) ( x - x1 )

sin
m
( ( 2j - 1) h ) + sin

m
( (4n - 2j + 3) h )

. (11)

2� 插值算子的收敛阶

设 f ( x )是以 �为周期的反周期函数,记

(Q
m

n f ) ( x ) = �
n

k= 0
f ( x2k ) r0 ( x - x2k ) + �

n-1

k= 0
[ (�

m

f ) ( x2k+ 1 ) / ( 2h )
m

] �1 ( x - x2k ),

其中 r0 ( x )和 �1 ( x )分别满足 (10)式和 ( 11)式.

为了讨论插值算子的收敛阶,我们需要一个引理.

引理 5� 若 r0 ( x )和 �1 ( x ) 分别满足 ( 10)式和 ( 11)式,则

�
n

k= 0
| r0 ( x - x2k ) | = O ( n ), �

n- 1

k= 0
| �1 ( x - x2k ) | = O ( n

-m+ 1
), (12)

其中符号 � O �与 n及 x无关.

类似于文献 [ 5]中引理 5的讨论易证得此引理.

定理 3� 设 f ( x )是以 �为周期的反周期函数, P ( t ) = t
m
, 若 m为奇数, 则

| (Q
m

n f ) (x ) - f ( x ) | = O ( nE 4n+ 1 ( f ) ), (13)

其中 E 4n+ 1 ( f )是 f (x )的最佳逼近, 符号 �O �与 n, f及 x无关.

证明 � 设 T 4n+ 1 ( x ) � �
�
4n+ 1是 f ( x ) 的最佳逼近多项式, 则

[ 6] � f (x ) - T 4n+ 1 ( x ) � c = E4n+ 1 ( f ),其中

� f� c = sup{ | f ( x ) |: 0 � x � 2�}.由推论知,当 P ( t) = t
m
, m为奇数时,有

T 4n+ 1 ( x ) = �
n

k = 0
T 4n+ 1 ( x2k ) r0 (x - x 2k ) + �

n- 1

k= 0
[ (�

m
T 4n+ 1 ) ( x2k+ 1 ) / ( 2h )

m
] �1 ( x - x2k ),

其中 r0 ( x )和 �1 ( x )分别满足 (10)式和 ( 11)式.因此,

(Q
m

n f ) ( x ) - f ( x ) = �
n

k= 0
[ f ( x2k ) - T 4n+ 1 ( x2k ) ] r0 ( x - x2k ) +

�
n- 1

k = 0

�
m
( f - T 4n+ 1 ) ( x2k+ 1 )

( 2h)
m �1 (x - x2k ) + [T 4n+ 1 ( x ) - f (x ) ],

这样, 由 (12)式即可得 (13) 式成立.
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