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Abstract; In this paper we study the multigrid method of P, — Q, elements ( where P, denotes P, nonconforming quadri—
lateral finite element) for solving Stokes problem. Since P, — Q, elements violate the LBB condition they can not be
used for solving Stokes problem directly. Recently we proposed a stabilized method of P, — Q, elements for solving
Stokes problem. Based on this stabilized method we propose a W — cycle multigrid method and show the optimal con—
vergence of W — cycle multigrid method with a sufficiently large number of smoothing steps. Finally numerical experi—
ments are presented to confirm our theoretical results.

Key words: P, nonconforming quadrilateral finite element Stokes problem multigrid method stabilized method

P, -0, ( P, P, ) Stokes
-Au+ Vp =f 0
Veu=0 0
u=90 r
NekR I = 902 Lipschitz
P, Park : . 2003 Park Sheen 2 P,
. P, 3 3~5
5 4 P, 6
4 2
P, . P, -0, LBB
Stokes 27 8 P, -(Q, LBB
Stokes Lagrange P,

1 201141-07.
: (10871100) .
: . E-mail: pinghuangl1984@ 163. com



( ) 35 1 (2012 )

-Q, Stokes
. P, 9 Poisson
P, -0, Stokes 14
1 P,
NekR I' = 32 Lipschitz {J.} i<k 2
v T J. : Qel, b(i=
1 2 3 4) 0 4 m(i =1 2 3 4) b_b, ( by = b)) 0 =
11 x -11 b(i=1 2 3 4) 1
FoiQ—Q Fu(b) =b, 1<i<4
h, = max{diam( Q) Q  J,}
hy = h /2" Ny g Ny N, J, . N, ,
J, .
Po={p p. = pu, I J. t=12 - N}
P, ={p, p, = pui, | p: J, i=12 - N}
E, ={e e ey e J, i=12---N,,}
M, ={m; my = my  |m E, e i=12 - N,}.
10 m =0 p=1 H"'({£) Sobolev [
o p=2 (D 1 |l H(O)
H'(0) r 0 Li( Q) L’(0) n 0
C h,
P, . P(Q) =
Span{1 «x v}
1 ue P (0) u(m,) +u(m;) =ulm,) +u(m,). u(i =1 2 3 4) u,
tu; = u, +u, ue P(Q) u(m;) =u, (1=1 2 3 4).
2 1<i<4 b, e P,(0Q)
é.(m) ={1 J=1 i+1mod4
0
span{ ¢, ¢, ¢3 b} = P (0Q) . b1 by by by 3 P (Q) .
1
NC" ={v:Q—Rlv1,eP(Q VQel v m e M\I' }
NCy ={v, e NC"l v,(m) =0 VYme I NM}.
NC; J, P,
2 p U M,(J) P, : Di(j=1 2
N,,) e NC'
om = "M (1)
0 m e MAM()) .
D(j=12 = N, NC*
3 ,:H () N Hy(Q) — NCy



1P, Stokes

Ma(m) =2 (p) +elp))  ¥meM, Vo (0 NH(O

P P2 m .
1 H () = (H(0)® Hy(0) =(Hy(0)* ve H(0) N H(0)
Iy(m) = (v(p) +v(p)) VYmeM,
Py P2 m .
3 b € H(Q) N Hy(0)
I =M llon+h(S Id-1Ld]2,) " <Chldl.q
Oy
Stokes P,
8 . Stokes
-Au+ Vp =f £
[ Veu=0 0 (2)
u=0 r
(2) © (up) e Hy(0) xLi(0)
{a(u v) +b(v p) = F(v) Vv e H(0) (3)
b(u q) =0 V¢ e L)
a(u v) = J;)Vu: Vvdx
b(v p) =—fﬁpV'vdx
F(v) :fﬁfﬂfdx.
4 piel. & gel’() ¢, =04
Q. L(Q) >R I
1
q; = 7‘ 7 ‘Jgiqu.
Hllcq: ;qid)i
di(i =12 - N.p) Ji :
V. ZNCS =(NC(,;)2 Sy, ={‘]EL2(0) (]‘Q e P(Q) VYO el} Sk =SkﬂLﬁ(Q).
(u, p;) eV, xS§
@k( u, pve q) = F(v, q) V(v q)) €V, xS§, (4)

Ok( w, pive q,) = a(u, v,) +b(v, p) +b(u, q) -6(p, q,)
a,(u, v,) = fnvkuk: vV ,v,dx
bi(v, pr) =~ fﬁpk Vo vda
G(Pk ‘Ik) = JQ(Pk - Hipk) (Qk - Hllf‘h)

F(v, q) = Jgf. v, dx



35 1 (2012 )

(V) ‘o = V(Vk‘(;)
v .(vk‘())'

—
<
=~
.
<
=
~
=]
1

vl ={3 [vii™

Qel
1 (u, p,) eV, xS,

Ok( u, piiv. q)
v B Toell e+ gy o> Nt Ipeloa).
(u, p,) eV, xS,
Qlu, pive q) = F(v, q,) Y(v, ¢) € V, xS,
(up) e (H(Q) NH(D))*H(Q) NI

(u, p,) eV, xS§ (3)

lw-wll,+ lp-plloa<Ch(llull.g+ lIpll q-

qe’(0)

1
772‘1 Iy = Wﬁ)qu VO e

V, (Iy) =7V -+v) VveH(Q xH(QD).

I, :V,, xS, —V, x8,

]:—I(v q) = (]ffuv q) V(v g e Vi XS
7

((viq)) (vs @)y = (v, v) 12(0) +hi(‘]1 0,) 12(0) V(v q) (v, q,) € V, xS,
8

L7V, xS, —>V,_, xS,

([f_l(vl q) (v q5)) 4 = ((vy q) IZ—](VZ 0) )

V(viq) eV, xS (v, ¢) e V., x§,,.
4 T/



1P, Stokes

(1) (vqg eV, xS (vq) eV, xS§

((vg (01)), =0.
(2) (v q eV xS,

(v a) (01), =((va) (01),,

(3) (vq eV xS,

L (vq) €V, x8,.
(4) (vq) eV, xS§,

[f_l(V(I) e Vi, xS,

9

BV, xS, >V, xS,

(B(vi @) (vs 42)) s = Qu(vy q13v, ) V(v q) (v, ¢,) € Vp, xS,
5 v, xS, B,
BV, xS8 -V, xS,

fuvk'vdx=0 Vv eV,
(vgqg eV, xS,
(Bva) (01), =0y q01) == [V, =vde~|(q-1ITq) (1 -I1)de =0
4(1)  (6) B.(vq) €V, xS,

5
BV, xS -V, x8§,
B, V, xS, .
6 p( B,) B,
o(B) <Ch? k=12 -
10
(v g) o0 = (B (v g (vag)” V(veg eV, xS,
11
7 (7)
(1) (v q eV, x8§,
(v g) How=Clvican+hilalod
(2) (vi 1) (v, q) eV, x5,
10w qisvs o) | < (v q) N5 (s q0) Ul
(3) (v g eV, xS§,
o e =, sup 04282 D
Gaeves (v ) [l
11

PV, xS, -V, x8,,.
(viq)) eV, x8, (v, q) eV, x5,
bk—l(Pllzil(vl q.): (v, ¢,)) = Ok((vl ’]1);12-1("2 7)) -

12 f. eV,

(6)



D (i=1234) J, NC' Q b, . TeT,., QCT.

( ) 35 1 (2012 )
(fi v 2o = (fv) L2(0) Vv, e V.
k .
B(y 2 =(wg) (9)
MG(k (yy z) (w g)) k (¥o 20) € Vi, x5,
() k=1 MG(1 (y, 2) (wg)
MG(1 (¥ 2) (wg)) =B (wyg).
(2)  EkE>1  MG(k (y, z) (wg))
(1)
(320 = 2) + 4 BUw &) =By 5)) 1<I<m
m k A, = Ch* B
(i)
(wg) =0"((wg) -B(y, z))
(vo q) =(00)
(vig) =MG(k-1 (v q) (wg) i=12
(3)
MG(k (yy 2) (w &) = (¥, 2) +L,(v, q).
. (d,, p) k-1 B, (u,_, p.) =
(fii 0) k ]i—l(ﬁk—l Pii) rok
k (d, p,)
(1) k=1
(@, p) =B (f 0).
(2) kE>2
(i) (uy p)) =L (@, py)
(ii) (w, p)) = MG(k (w p) (f,0)) 1s<ls<nr
(iii) (4, p,) = (u; pj).
5
8" v e NC' Q e Ji( 1)
1}\0 = ;IZ:UE&D
d(i=1234) NC' Q b, c, C,
Cl(v, —v))> + (v, —v,)°} < ‘v‘f() < C{(v, —vy)” + (v, —v,)7}.
2 8
4
12 . k-1 1 T, k=
3T, Jio( 2) Qe TeTl,, QCT.
9 velV,
[T oo < ClV oo
veV,, w=J_veV, Q e J( 1)
4
wl, = ;—;wgp; (10)



1P, Stokes

l Jiv oo (1) (10)
4 4

I v oo = Iwlico < Chi X w'(m) < Chi Y wi.

i=1 =1

(1) Q Jioi 3 0, 1 by e Py,
v(M,) +v(M) v(M;) +v(M,) +v(Ms) +v(M)
w, = w, = v(M;) w; = w, = v(M,)
2 4
6
k 2 2 2 2
”]k—lv”O()gChk vi(M) <Clvlos
i=1
Ps T s Do
h, my !’J; i
P 1I i
_.;__ - T T My T,
—————— i I M, Ps M
Q Cl ' P2 P U UTUT,
m, my E 0 O ‘
------ t I ________‘________
| ot i My T M, T,
. I Q0
by m, b, l P M, Pa P?
E1 #HaJ PEENETQ B2 ZxLHES T B3 #la . ENER
Fig.1 Arbitrary element Q in the Fig.2 The macroelement Fig.3 The vertices of subdivision J;_,
subdivision J, subdivision T,
(2) 0 3 r 3 ¢ 3 by b, b,
v(M,)) +v(M v(M
v 0wy 20wy = M) OO

I ivllog<Clviion <ClvI]gs
(3) Q r 3 0, 0
[ Jv oo <Clvigs
||J£—1v||oo$c||v||0T YO el

b
[ i oo <ClVvioa Vv eV,

10 (vq eV, xS,

H“ﬁq(" q) \Hm< H‘C(V q) \HOH-
(5) (8) 9
H‘If;_l( \HM = H\ ]1;1"‘] ‘Hék = H‘Ji 1V“‘(2)Q+hi ”‘]”3!)$

(”V”on"'hkl”qnon) —C‘H (v q) mo;m

11 veV,,

v - szlv loo=<Ch IV,
Q e J,( 1) TeT,, QCTI( r=T,ur,uT,uUT, 3)
veV,,
1 < :
hwb—72%@ (11)
1 . :
r = 72";:@24- (12)

=



d(i=1234) J, NC Q b, &, (i=12 9) J,_,
T pi
( 1) Q Ji 3 04 bs € P;\-—l
v, + Vs
Wy =
w L{v2+v5 vV, + Vs Vg + Vs v8+v5} Vs  Vy +V, + Vs + Vg
3T 41 2 2 2 2 2 8
vt
Wi =
(1) (12)
v, +v
V‘o(bz) :%
1 1 1 1 3 1 1 1 3
plolb) = { =g v g e e = e
v, + Vs
v‘()(bét) = 2 .
(12) (16) (17) (18)
_V‘()(bz) +v‘o(b3) 1 3 5
vig(my) = 5 =gVt gVt gt g
v|,(my) _ v Lolh) +vlo(h) D AN VR N O
o\My) = B =- gVt gt t gt s
(11) (13) (14) (15)
) W, + W 5 1 V, + Vv, + 7V
]le‘()("%) = 22 3=EV4+7V5+$
F ol (m) Wt w, —iv +Lv +v4+v6+v8
k1P bt s 2 T 16 2 23 16
(19) (21)
s Yo Y2 Ve Vs Ve Vs _
(v =Jiaw) Lolms) 8 1671678 16 16
1 1
E(—2v1+v2+v4+2v5—v6—v8)sﬁ(Z\vl—v5\+\v2—v6\+\v4—v8\)
(20) (22)
(V_J:»lv)‘()(nh)gL(z‘Vl_v5‘+‘vz_v6‘+‘V4_vs‘)-
16
(V_Ji—lv)‘()(mi) =0 =12
8 (23) (24)

4

Iy =T oo < Chi X2 (v = Jiw) | o(m))* = Chi{ ((v = Jiw) |o(my))” +

i=1

4
((V—J’ZL]V) ‘Q(mzt))z} <Chi{(vl _v5)2 +(v2_v6)2+(v4_v8)2} gChiZ ‘V‘?T;

(2) @ r 3 0,
Vv, + Vs
w; = 2
w, =
(1) (12)
14 ‘ Q( b)) =0



1P, Stokes

v, +V
V‘Q(bs) =%
11 3 1 1 1 3 1 1
v],(b,) = 7(?v1 5V = o +?v5) = it T et s
(12) (27) (28) (29)
_velh) +ve(by) 1 3 1 1
V‘(}(ml) = ) —§v1+§v2—§v4+§v5
Vol hs) +ve(by) 1 5 1 3
V‘O(m4) = 2 ) — =§V1+§V2_§V4+§v5
(11) (25) (26)
w, + W v, +V
J:—Iv‘()(mzt) = 32 L= 24 :
v, =0 v, =0 ]ﬁ_lv\(,(ml) =0
, 1 3 1 1 1
(v - Jiv) ‘Q(ml) =§V1+§Vz—§v4+§"5<§(v2—v4+vl—v5)
(30) (31)
' 1 3 1 1 1
(v_']i—lv) ‘0(m4) :§v1 +§Vz—§v4+§"5<§(v2—v4+v, —vs)-
(v = J;v) ‘Q(mi) =0 =23
8 (32) (33)

”V_],ILIVH(ZJQgc}ﬁZ(("_]ﬁq") ‘()(”%‘))2 =Chi{((v_]ﬁ71v) ‘()(ml))z'i'

i=1
2

(v =19 [ o(m)) ) < CRL(ws = v) > + (v, =)} < CIE |w |3,
(3) Q 3 I 3 Ql
v =T 5o < Chi X ((v = Jiw) | o(m))? =

i

2

Chi{((v_-]iflv) ‘Q(ml))z +((7v_-]i71v) ‘Q(mz))z} gChZ‘v‘lTl'

||V-]1271V||on$0hk vl - Vv eV,
12 (v q) e (H(0) NH(D)) x(H (O NL(£0)
H‘[::—l(nk—lv 772—1(1) _(Hkv 77'(/:‘]) H‘ok = Chi{ ‘v‘zn + ‘q‘1n}-
Qe J( 1) TeT,, QCT( Tr=T, T, UT,UT,
Jﬁ_]Hk_lv = w
13
W‘O _?;w@j
d(i=1234) J, NC' Q 4 b, .0 1
3 Q, 1 b, e PL?I. 3 5

. 1 3 1 3
JIA:-lHl;-lV ‘ ()( m,) = ?v(Pl) + ?v(Pz) + ?v(lh) + ?v(l’s)

. 1 1 3 3
Ji-lnk-lv ‘ ()( m,) = ?v(Pl) + ?v(Pz) + ?V(]M) + ?V(Ps)

: 5 1 v +v +y
JiadD v [ o(ms) = 1 ev(pa) + 5v(ps) + (p.) (11)66) (p)

' 5 1 v(ip,) +v +y
Jid, v | olmy) = EV(Pz) + jv(Ps) + (py) (1p66) (ps)



v(M,) +v(0)

| o(m) = O (38)
v(0) +v(M,)
M| y(my) = L2 (39)
v(ps) +v(M;)
My | o(my) = =25 ——" (40)
v(ps) +v(M,)
Hkv‘()(mzi) = : ) : (41)
P e P (T) (34) ~(41)
(]ii—lnk—lpl - 11,P)) ‘()( m) =0 i=1234 (42)
(42)
4
[ J]Z--lnk-lv - Iy ||§0 = ChiZ((-]ﬁ—lHk—lv - 11,v) ‘()( mi))2 =
iz
4
ChiZ((]Z—IHk—I(v +P) - II,(v+P)) ‘Q(mi))z = Chip iyf”,) v+ P, ||éoc T (43)
i=1 1€
Scaling 13
Plg}lf(n lv+P . 1'<Ci,leiglf(n ||"}+}A>1 ||0w7‘$ci,leigf(n ||ﬁ+i)| ”27‘$C“”'\‘27‘S Ch, ‘V‘z'r
(44)
(43) (44)
l Ji I v = Iy () < Chilvl,,. (45)
Q r 3 r (45)

I i I, v = 11,y oo < Ch; ‘V‘zn-
0
||7T/f(1_‘1||on$6hk“1‘1n-

| IZ—I(Hk—lv 77'2-1‘]) - (v 77(;:‘]) Il or ={ |l Jﬁ—lnk—lv -1,y | (2312 + hi [ 772-1(] - 77'2‘] l 39} <

{Chi‘V‘in"'hi”ﬂ'gflq_‘]”én"'hi ||‘]_7T(13(I||én}1/2$0hi{ ‘V‘zn"‘ ‘(1‘1{2}-

9 ~ 12 12

4 (y Z) € VkXSk (9) (y* Z*) € VkXSk (9) 2 (yo Zo) €

vV, x 8§,
Ny =y z=2) g, sCm™ |[[(y =35 2 -2) lllg,
5 (y 2) e kask (9) MG(k (y, z) (w g)) e VA-XSk (9) k
H‘(y z) =MG(E (y, 2) (w g)) ‘H()k < Cm™'”? H‘(y_% z - z) H‘Ok'
6 (u, py) EVkXSk (4) (@, p,) EVkXSk (4) r
m r
lw, —d, g +h( N, —d, 1, + [Py =Dl o) $Chﬁ( lull,o+ lPIa)-

6

2=(01) x(01) (up) e(H(D NHI(ND)) x(H (D N
Li( ) (2) u = (u u)'
w, =20 (1 =) y(1 =y) (1 -2y)
u, =—=2x(1 —x) (1 =2x)y*(1 =y)?
p=x -y
— 10 —



1P, Stokes

0 W 1w
. able terative numbers for W-cycle
Table1l I i bers for W-eycl
. l iter( m m)
107 m TOL = 107°
1 1 2 3 4 5
5 . 1 iter(4 4) 9 8 9

iter(5 5) 9 8 7 9 8

1 Park C. A study on locking phenomena in finite element methods D . Seoul: Department of Mathematics Seoul National U-
niversity 2002.

2 Park C Sheen D. P,-nonconforming quadrilateral finite element methods for second-order elliptic problems J . SIAM J Nu—
mer Anal 2003 41: 624-640.

3 Han H. Nonconforming elements in the mixed finite element method J . J Comp Math 1984 2: 223-233.
Rannacher R Turek S. Simple nonconforming quadrilateral Stokes element J . Numer Methods Partial Differential Equa—
tions 1992 8: 97-11.

5 Douglas J] J R Santos J] E Sheen D et al. Nonconforming Galerkin methods based on quadrilateral elements for second or—
der elliptic problems J . RAIRO Math Model Numer Anal 1999 33: 747570.
Arnold D N Boffi D Falk R S. Approximation by quadrilateral finite elements J . Math Comp 2002 71: 909-922.

7  Grajewski M Hron J Turek S. Numerical analysis for a new nonconforming linear finite element on quadrilaterals J . J
Comp Appl Math 2006 193: 38-50.

Stokes P, J. 2010 32(1): 8196.

Man H Shi Z. P, nonconforming quadrilateral finite volume element method and its cascadic multigrid algorithm for elliptic
probloms J . J Comput Math 2006 24: 59-80.

10 Girault V. Raviart P A. Finite Element Methods for Navier-Stokes Equations M . New York: Springer-Verlag 1986.

11 . P, Schwarz J . 2009 31(2): 209-
224.

12 Brenner S C. A nonconforming mixed multigrid method for the pure displacement problem in planar linear elasticity J . SI-

AM J Numer Anal 1993 33: 116-135.
13 . M . : 2004.



