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On a New Proof of Wittich Theorem of
Complex Difference Equations
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Abstract: The main purpose of this paper is to give a new proof of Wittich theorem of complex difference equations,
which don’t depend on the result obtained by Laine I and Yang C C"in 2007.
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1 Introduction and Result

Let f(2) be a function meromorphic in the complex plane. We assume that the reader is familiar with the
standard notations and results in Nevanlinna’ s value distribution theory of meromorphic functions such as the
characteristic function T(r,f) , proximity function m(r,f) , counting function N(r,f) etc.”” . The notation p(f)
denotes the order of f(z). S(r,f) denotes any quantity that satisfies the condition S(r,f)=o(T(r,f)) as r—
possibly outside an exceptional set of r of finite logarithmic measure. A meromorphic function a(z) is called a
small function of f(z) or a small function relative to f(z) if and only if T(r,a(z))=S(r.f) -

In general ,a nonlinear difference equation has always the form

Plzf1=P@ff (2% ¢), f(z+¢,)=0, (1)
where ¢,,c,,**+,c, are distinct, nonzero complex numbers, P is a polynomial in f and its shifts with meromo-

rphic coefficients. One can rewrite equation(1)in the form

Plzf1= Y a,()f " fle+e) " +f(z+e,)" =0, (2)

rel

where [ is a finite set of multi—indices (A,,A,,***,A,)=A and «,(z) is a meromorphic function. We define a di-

fference monomial in f as

Mlzf1=0,&) /" fle+e) " fz+e,)".
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The degree vy, of M, is defined by
’},MA::)\()_F/\I tee AL
Thus the left hand side of (2) can be expressed as a finite sum of difference monomials and which will be

called a difference polynomial in f, that is

Plef1= Y 0, /" fle+e) of (e +¢)" = X M [zf].

Ael Ael

The degree vy, of P is defined by

Yp=maxy,, .

If v, =7v,, then we call the term M,[z,f] is a dominant term of P[z,f]. Obviously, a difference polynomial
may have not only one dominant term.

We say that a meromorphic solution f of equation(2)is admissible,if T(r,a)=S(r,f) holds for all a=a,(z) ,
rel.

Recently, Zhang and Li"" gave the following Wittich theorem of complex difference equations.

Theorem If the difference equation

Plz.f]1=0,
where P|z,f] is a difference polynomial in f with meromorphic coefficient, has only one dominant term, then
equation(2)has no admissible meromorphic solution of finite order p and satisfying N(r.f)=S(r.f) .

In[5], the author gave some examples to show that the conditions P[z,f] has only one dominant term,
N(r.,f)=S(r,f) and the restriction condition on the growth order of the solution in Theorem are unmovable. In the
proof of Theorem , a result obtained by Laine I and Yang C C'"'in 2007 played a very important role. However, the
proof of this result was very complex. In this paper, we will give a new proof of Wittich theorem of complex differ-

ence equations,which don’t depend on Laine I and Yang C C’s results.

2 Some Lemmas

The following lemmas will be needed in the proof of our results.

Lemma 1l (see[4])Let f(z) be a meromorphic function. Then for all irreducible rational functions in f ,

_Pef) _
0G)

R(z.f)

such that the meromorphic coefficient a,(z2),b,(z) satisfy

T(r,a)=5S(f), i=0,1,---,p,
T(r,b]-)=5(r,f), j:Ovlv'”qu

we have
T(r,R(z.f))= max{p,q} T(r.f) + S(r.f)-
Lemma 2 (see[4, 6] ) Let f be admissible relative to the coefficients of P(z,f)=a,(z)+a,(2)f+ -+
a,(z)f" . Then
N(r,P(z.f)=nN(r,f)+S(r.f) .
Lemma 3 (see[7])Let 7, , m, be two complex numbers such that 1,7, and let f(z) be a finite order

meromorphic function. Let p be the order of f(z) ,then for each £>0 ,we have

f(Z+n1) — rﬂ‘]*"‘?
m@#@+mJ o).

Lemmad4 (see[7])Let f(z) be a meromorphic function with order p=p(f), p< +% ,and ¢ be a fixed

nonzero complex number, then for each &>0, we have
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T(rf z+0)=T(r.f)+ 0" ")+ Ologr).
Lemma 5 (see[8])Let f(z) be a transcendental meromorphic solution of finite order p of a difference
equation of the form
S Plf1=0QlzfT,
where P[z,f] and Q[z,f] are difference polynomials in f(z) and its shifts. If the degree of Q[z,f] in f(z) and
its shifts deg Q[z,f]1<n. Then for each £>0,
m(r.Plz.f )= 00"""") + S(r.f).

possibly outside of an exceptional set of finite logarithmic measure.

3 Proof of Theorem

Proof We rewrite equation(2)in the following form

Plaff+e) - f (z+e)=Pf.0,.0)+ Y, (&) /" fle+e) " f(z+¢,)" ==Qzf) + Qfzf]=0.

pe
where Q|z,f] ,resp. Q(z,f) ,is a difference polynomial , resp. a polynomial in f , with meromorphic coefficients,
JCI is afinite index set.
Thus, equation(2)changes into the following form
Wzf1=0@f) . (3)

Since(3)has only one dominant term, we may denote

Qzf1= Y a,@f " fle+e) flz+e)"s ya=1,

rel

Qe =B, 4B, @f ™+ +By2) qF Ve
where B,(2)70 ,and T(r.a)=S(rf) , T(rB)=S(f) for AeJ.j=0.--.q.

Next, we discuss four cases separately.
Case 1 g=vy,+1.We rewrite equation(3 )in the following form
Uef F=Qaf 1=(B,- (S + - +Bo@)=B,)f .
where ([z,f] is a differential polynomial in f with meromorphic coefficients and the total degree of Q[z.f] is
<q¢g-1 , thus by lemma 5, we obtain m(r,f)= O¢"""*)+ S(r.f) . Therefore, T(r.f)=m(r.f)+N(r.f)=0¢""")
+S(r.f) ,this is a contradiction. So we may assume that ¢ =<7y, —1 in next three cases.

Case2 vy,=3 and ¢=1.
Yo~ !

Now, writing Q(z.f)= ZB/(z)f/ . we may assume below that either B, _,(z)=0 or B, ,(2)=0. In fact, if

=0
B,,-1(2)=0 ,we may make a preliminary transformation
Byn-z(z)
(’)’Q - I)Byﬂ—l(z)

oo : - -2 Sy : :
substituting into(3) , we find that the coefficients of term u’*~ vanish identically by a simple calculation.

f=u-

>

Next, we see that outside of a finite exceptional set of 7 values,

m(r, flTj=0(r']H€)+S(r,f), (4)
Q(z,7)#0.

hold simultaneously.

In fact, denoting ,u,j:max{)x/ (AgApeeA)=A e]}(j=0,1,---,n).Substituting f=7'+i(7’7’50) into(3),

since [z,f] has only one dominant term and ¢ <7y, ,we have
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Ael

((ZQATMMMMMHJ _ (’8’]7_'1 Foeee +1317. +,80)]u’””0u(z " c])”""u(z*' C")#“ = Sqmnm,+~-»+u,,—1(u) , (5)

where S ., ., ..., () is adifference polynomial in u of total degree at most ¢ +u, +u, + -+ +u, — 1. Obviously,

u is an admissible solution of (5). Choosing 7eC to satisfy ag“uﬁm% -(B, 7"+ +B,7+B,)7#0 ,which
7

iel
may fail for at most finitely many values of 7 only,in fact, the number of such 7 is at most 7y, . By lemma 5 and
pw)=p(f)=p ,we have m(r,u)=OF""""*)+ S(r,u) . Therefore, (4)follows.

Take now distinct complex constants 7,, +-+, 7. to satisfy(4). The constants 7, -, 7,, will be specified lat-

Ya

er on. It is immediate to deduce, for each 7y, <vy,(A €/J) ,that

8P W O VA0 AT ey (6)

Ya Ya

I(f=7) I(f-7)

J=1 j=1

In fact, we may write

@, " fe+e) S z+e)"

= )
7 =a,(2)

1 (f-7)

S fere) fGre) fere) 1
f_Tl f_TAﬂ f_TAOH f_TA +A f_Ty‘,A f—T”A+1 f_Ty“ '

oM

Since

m|r I =m|r,1+ T <m|r,—1 +0(1)=0(rp71+€)+5(rf) (7)
’f_ ‘T# D) f_ Tp. 7f-_ T# LY yL)
for w=1, -+, 7y, and by lemma 3, we have

m(r, f}(f_"‘:;)] < m(r, f(z; c‘)) + m(r, f{Tj =0¢"" : Y+ S, f). (8)

for i-=1,2,-+-,n and j=1,2, -+, v, . Therefore, (6 )follows by(4),(7)and(8).

Let us now define

Q[Z,f] - Q(Z’T/) .
f_ T J

Obviously, Q[z,f] - Q(z,7)=Q(zf)- Qz,7) is divisible by /-7, ,and therefore(9)implies
NG F(z,7))=50f).j=1,2, . 7o - (10)

F(zr):= =1,2, 9, (9)

by lemma 2. We consider

Yo Yo Yo A. Q Z,’T)

h(z): = Z]‘AJF(Z,T) Q[zf]z Z : (11)

to be specified immediately. By( 10),it is clearly that N(r,h)=S(r,f) ,and

for some complex constants A, -++, A

by(4),we obtain

Ya

( iAQ”J 06 ")+ S(r.f). (12)

Now let us choose the constants 4,, -+-, A to satisfy

Ya

= (13)

which results from the elementary partial fractional representation. By (13)and(6)it is clear that

- Q 2, -l+e
(r Q[zf]z J: H(Epf]) =00 )+ S80). (14)
-

Jj=1
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Combining(12)and(14) ,we get that m(r,h)= O¢" ")+ S(r.f) and so T(r,h)=0@""""")+ S(r.f).
Assuming now that i doesn’t vanish identically ,we obtain by(11)and(13)that

O=f]=h 1 (- 7)+ i(AJQ(z,T})i_ﬁﬂ( a Ti)j . (15)

namely,

Vo

(=) =h@ T (f-m)+ Z(A/Q(z,r/),,_ﬁj (/- >j . (16)

From (16) , we conclude by lemma 1 that ¢qT(r, f)=v,T(r, f)+S(, f), thus v, T(r.f)=qT(r, f)+ St )<
(Yo = DT (r, f)+S(r, f) ,therefore we get the contradiction T(r, f)=S(r, f) .

Next we may assume that A vanish identically. Using(11)and(13)again,we have

Yo

0f=/]= Z[Ajo(z,fj)iﬁiﬁ (f- Ti)j .

J=1
Comparing with the original differential equation , we obtain the identity

Vo Yol

Z(A_f(?(m,-),._ﬁ#,(f— rf>j= YaE)s (17)

=1 =0
We may equate the coefficients on both sides of (17) , making use of the fact that either a, (2)=0 or

a, ,(z)=0.Inthe case of a, _(2)=0 ,we get

Ya

ZAJ.Q(Z,T/)EO. (18)

and specifying 7, =+, 7, such that the determinant of

Q(ZHTI) Q(ZHTZ) Q(zl”rv“)
Q(ZZ?.TI) Q(zzv.Tz) Q(ZZ’TVH)

Selecting now z, *--, z,

Q(ZVQ’TI) Q(z“/n’Tz) o Q(zyﬂ’Tyﬂ)
is not equal to zero, thus we obtain A,=4,=--+=4 =0 from (18) , which contradicts our assumption. If then

a, ,(z2)=0 ,we obtain

0. (19)

Yo Yo
Z(AJQ(Z,TJ.) D Tij
=1 i=Lij

A similar reasoning results the same contradiction A,=4,=--=4, =0 from(19).
Case3 1vy,=2 and ¢g=1.

In this case, the equation(3)becomes one of the following two forms

J+e)+Di())=Bi(2)/+B() , (20)

or

Ste,)f@re)+Dy(f)=B(2)f+Bu() » (21)

where ¢, , ¢, , ¢, are nonzero complex numbers, B,(z) , B/(z2)#0 , D,(f) and D,(f) are finite sums in the shifis
of f with meromorphic coefficients and y,,y, <1.

Squaring both sides of equations(20)and(21),we have
P(fa+e)) +Di()=B S+ 28,80+ By’ (22)

or

(fe+e,)) (flz+e)) +DyN =B f*+28; Bif+B: . (23)

where Di(f) , D;(f) are polynomial in f and its shifts with meromorphic coefficients,and vy ., v, <3. Thus

the case 2 changes into case 1 and satisfies the assumption in Theorem. According to case 1, equations (22 )and
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(23)have no admissible meromorphic solutions. Therefore , equations (20)and (21 )also have no admissible mero-
morphic solutions.

Case 4 ¢=0. In this case,equation(3)reduces into the following form

Since ¢<7y,-1,we have y,=1. If y,=1, then equation(3)must be the following form
a(2) f(z+¢)=By(2), (25)

where «(z)70 is a meromorphic function satisfying 7'(r,a(z))=S(r.f) and ¢ is a complex number. By (25) , we
have T(r,f(z+¢))=S(r,f) thus T'(r,f)=S(r,f) by lemma 4,this is a contradiction. Therefore, y,=2.
Subcase 1 B,(z)# 0. Multiplying f on both sides of equation(24) ,then we have the following new equation

AlzfF= Y a, @)/ fle+e) fz+e) =By f. (26)

rel

Since 7y,=3, case 4 changes into case 2, thus (26) has no admissible meromorphic solutions with
N(r.f)=S(r.f). Therefore,equation(24)also has no admissible meromorphic solutions with N(r,f) = S(r.f). .
Subcase 2 B,(z)=0. We may make a transformation f=g+y(z), where 7y(z) is a meromorphic function

satisfying T(r,y(z))=S(r.f) . Substituting into(3) , we obtain the following difference equation
N[z,g]: = Zau(z)gu"(g(z + cl))”'- . -(g(z + c”))ﬂ” =b(z) . (27)
nek
where N[z,g] is a difference polynomial in g with meromorphic coefficients a,(z) satisfying T(r,au(z)) =S(r,g) ,

N(z,0,:--,00=0 , K is a finite set of multi- indices (g pp =+ ) =@ , b(z)= —ZaA(z)y(z)Aoy(z+cl)A‘“-

Ael)
¥(z +c”)A” . We may choose 7y(z) ,such that b(z)70. By lemma 4, we have T(r,b(z))=S(r,f)=S(r,g). Obviously,
Yy =%q =2 and (27) has only one dominant term. Thus, this case changes into one of the cases of case 2, case 3
and subcase 1. Thus, (27) has no admissible meromorphic solutions with N(r,g)=S(r,g) . Hence, we conclude

that(24)has no admissible meromorphic solutions with N(r,f)=S(r,f) . The proof of Theorem is completed.
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