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A Remark of Diophantine Equation ax+by=n
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Abstract: Let a,b be positive integers such that(a,b)=1 and let n be a non-negative integer. Define D(a,b;n) to be the
number of non-negative integer solutions(x,y)of the Diophantine equation ax+by=n. Tripathi proved that
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where ¢, =e™" . In this note,we put forward a recurrence relation of D(a,b; n) ,thus giving a new proof of above formula.
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Let a,b be positive integers such that (a,b)=1 and n be a non-negative integer. We denote by
D(a,b;n)=#{(x,y)ax +by=n, (x,y)e(Z_,)} ,
the number of non-negative integer solutions(x,y)of the Diophantine equation
ax+by=n.
It is well known that
D(a,b;n)= [&] +y,
where y=0 or y=1, seel 3,6 for details. We refer the readers to Dickson'"! or Hua'* for an introduction to this

topic and a survey of the literature about related problems.

In 2000, Tripathi”’ proved that
Theorem 1 (Tripathi)Let a,b be positive integers such that (a,b)=1 and n be a positive integer. Define
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D(a,b;n) to be the number of non-negative integer solutions (x,y) of the Diophantine equation ax +by=n. Then

b-1 —M

= 11 &,
Dia,b:n)= b+( ) le s 21 o (1)

/
Where gm — eZm m

The author gave two proofs of the above results. In the first it was determined that the function D(a,b;n) us-
ing generating functions, while in the second it was verified that the expression obtained for D(a,b;n) satisfies

the properties which uniquely characterize the function D(a,b;n) . In this note,a new proof of formula(1)is given.

1 Some Lemmas

To prove Theorem , the following lemmas will be useful.
Lemma 1(Residue Theorem) Suppose f(z) is analytic inside and on a simple closed contour C except

for isolated singularities at z,,z,,-:*,z, ,inside C. Then
[ f(2)dz =20’y Res(f(2), 2=zk).
¢ P

Proof See p.310 in[4].
Lemma2 Let a be a positive integer and £, =e’™ . Then

(2)

Proof First note that(2)is trivially valid for a=1. Recall that

zx =H - (3)

j=0 =1
if a=2 ,it follows from the logarithmic derivative of (3)and taking x=1.

Lemma 3 Under the hypothesis of Theorem 1 and n=2 ,the following recurrence relation is obtained.

Dia,b:n)—2D(a,b;n— 1)+ Dia,b:n—2)= 12i+ S@-Er (4)

= o1-¢ bE 1=

Proof On one hand,it is easy to see that

_\2
_ A= —=( —z)ZZD(a,b; n)z" = ZD(a,b; n)z" - 22D(a,b; n)z""'+ ZD(a,b; n)z""’ =
(1=-z1-2" =0 =0 =0 =0

Z(D(a,b;n)—ZD(a,b;n—1)+D(a,b;n—2))z". (5)

=2

n=2

On the other hand, by using partial fractions expansion theory we deduce

b-1
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(1 _Zu)(f _Zb) = a-1 ] 11,_] = l 1 g Z(EAga + ZBkgb jz . (6)
I_J(l—{(fZ)IJ(l—{fz) = z k=1 v 2 >0\ j= =

where

o (1=2P0-¢s) _ &=
A/ =lim P N -bj\
= (1-21 -2 a(l=¢.")
=20 -8) &)=V
B, = hHL a N “aky "
—at(=21-2)  bl-¢,")
Then(4)follows immediately by comparing the coefficients of z" in(5)and(6).

2 Proof of Theorem 1

Clearly, D(1,1;n)=n+1 and then(1)holds. Without loss of generality, we assume that 1 <a<b. We now

apply the method of induction on n to prove this theorem.

For n=0 ,by using Lemma 2,the proof is clear. We next aim to show that formula(1)is valid for n=1.
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If a=1 and b>1 ,then

l’)l Z _1 l( l) lbfl . 1 )
ka{l—{*_b+2 I+ +b; g o =1.

 Dlab- =L 1§ g
0=Dla,b; )=+ 1 ( ) ]2'1 5 bz - (7)
Let C be a circle centered at the origin having radius r(>1) and consider
h(z)=—L=2

Indeed, it suffices to observe that h(z) has simple poles inside C at z=1, 2= (j=1,a-1), z2=¢)
(k=1,---,b-1) and a pole of order 2 at z=0 with

Res(h(2),z= 1)= lim (: ~ Dh(:)= —ﬁ ,
Res(h(z),z=0)= lim (Z’h(z))=-1,

J . J {;j 1
Res(h(z),z=¢.)=lim(z={ )h(z) = - r =
(h(2),2={,) w:i( EIh(z) a(l—faj)-l-a(l—{aj)

Res(h(2he=20)= lim(z=hie)= - -4

b= bl=¢)

Then, by using Lemmas 1 and 2, we obtain

szf (2)dz = Re s(h(2),z= 1)+ Re s(h(z),z = 0)+2Res ! +2Res(h z={))=
S NI | I B ) ;2' ¢/ ’2 4
ab a’t - ’:f be=1- ”" a“ ! A~:11_§1(,Lk
_L 1 (111§ s“i NG
) 2+(a+b) o Dy ;1 7 D(a,b; 1).
Moreover,
1-z 1-z Izl + 1
[ h(z)dzl =1[. dzl < [ lldzl < |zl =
Jehi L(l—z“)(l—z")zz J T J S
fp 1 +]r ds = r+]1 27,
=D = (=" = r

where ds= (dx)’ +(dy)’ =dzl. It can easily be verified that
lim [A(z)dz=0.

Hﬂw

Thus(7)follows. So far, we get the case n=1.

Now suppose (1)holds for m<n—1. Using induction hypothesis and recurrence relation(4) , we finally in-

fer that
. o 1o -y (é“b—lé“bk"_L l(l lj
D(a,b;n)=2D(a,b;n—1)-D(a,b;n—2)= a; - {;b’ ; ('A _ab+2 a+b +
yzzé ST S LA (o Y9 1’2 -0 +(é,;—1>-§,:“:
¢ - é,;hj b 1- {:/;

n 1), 15 " &"
ab+2( ) az - 1” 21 o
This completes the proof of Theorem 1.
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4 Conclusion

In this paper, a projective dynamics is proposed for minimizing general linear programming. The new meth-

od is based on the variational inequality properties. We extend the variational inequality method to construct a

new ODE system. The new dynamic will be very useful to solve large scale optimization problems.
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