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Stability of Steady State Solution for a Lotka-Volterra
Model with Cross Diffusion
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Abstract: We investigate a Lotka-Volterra model with cross diffusion in a spatially heterogeneous environment. Through
the detailed spectral analysis and linearized stability theory, we prove that the bifurcating solution of the Lotka-Volterra
system with cross diffusion is locally asymptotically stable.

Key words : bifurcating solution, spectral analysis, stability

FER - A ST vy | 223 (] S5 SO PR 0T 1 5 0 f) o 28 B A R EE 152 . Kuto K 7ESCHRL 1]
PEH Y BT BIAEE T Lotka-Volterra 8454 HU #24H
u,=Al (D, +p(x)v)u]+u(a,~bu—c,(x)v), xed2,t>0,

v,=D,Av+v(a,+b,(x)u—c,v), x e£2,t>0,

1
d,u=9,0=0, x € d02,1>0, (D
u(.’o):uo(x) 2071)('70):1)0('%) 207 xe(),

Ko, 0 ZR “(N<3) P R X, 700 ZCH . D, ,D,,a,,b,,c, HRIEFEE, a0, T b,(x) =
0,c,(x)>0 /& Q ISR p(x) /2 Q2 ERPDLHTREH,p=0 75002 L. u(x,t) ,o(x,t) REHHEE R
WEHFREERL. a,,a, 5 BUREPIFREI AR b e, 0T w0 BFEENERIE ). IEHW 5D, , D, {3
PIRPRERBERLY R, ST 0 A (p (x) vu) RN E E 1) p (x) v W AR DX B — Mg )
T Lotka-Volterra 32554 #05 #2 41 , 7 /2 1 Shigesada-Kawasaki-Teramoto'> T 1979 4E 42 i 1 FH 3k i iR 74
ST R R B LG FR Oy S-K-T B8, Xt T S-K-T &4 3 REUBE T, Y H P — 348 AR BGE
O3 R JRUBEF gt B AAAE M AR E PEC B I F 9, WSCHR[ 35 . ISe4pk O — 2L SOkt ot 1 25 1]

biu ¢,

SRR EE X TR A2 | WL SCHR[ 6-10 . 8 (u,0) = [D,Dj ,(a,bk,c(x),d(x))= [

1 2

a, a,

D,’D,’

Y #s HHA.2018-02-16.
BEE&UH . FFE A RRER4 (11501031,11471221 ,11601030) .
EIRBCRA R, T, B2, 58 07 1) 5SS Y O 2. E-mail ; xuqian098@ 163.com



PSR 4R (AR R 55 41 5 4 (2018 4F)

D, D,
e,D,’¢,D,

() 7 bg@)ﬁﬁﬁ@ﬁjﬂ%ﬂhﬂ%ﬁﬁ?ﬂ%ﬁ:

u, =Al (1+kp(x)v)ul+u(a-u—c(x)v), xe42,1>0,
v,=Av+o(b+d(x)u-v), xed2,:>0,
d,u=9,=0, x e dd2,1>0,
u(+,0)=uy(x)=0,0(-,0)=9,(x) =0, xel2,
Kuto K 7ESCHR[ 1] R 15 RE2H (2) A Ak ) R (A 03 0 250 AR SO BERRSE STk [ 1 ] b A 310 18 53 22 °F
BERAE Y20 1 (a,0,b ) W R AR A E 1.

1 HgEHIA
S J55 TRTE 14358 ST 0 0 Jr B R S B 0 | S S R — M 4 1AL

D7 AL (2) BT R B - i 1) R A
Al (1+kp(x)v)ul+u(a—u—c(x)v)=0, xell,

(2)

Av+v(b+d(x)u-v)=0, xed, (3)
d,u=9,0=0, x € 9L
FE X Banach Z5[0] 4 . X = W2 () xW2r (), Y=L () XL’ (Q2) (p>N) , Hip  W2r(02) :=={ue W' (02):
a,ul,,=0f.
Xt AR

-Autg(x)u=Au,xe2, J,u=0,xedl,

K, q(x) & Q FREHREL, IC A, (¢) R LT R A EH/NERIEE, MBS ¢—A, (¢) : C(2) >R &L H.
PRI 3 Uk 1Y)

MRS S, = (a,b) eR*:A,(~(b+ad(x)))=0,a=0].

N HEFARAGA TR 1] T E ZUEI RS 3L

I 1" X FAEERE EN (k,p(x),c(x),d(x)) , AFAE—DHJH B IR CH RE b=b, (a) T2
b*(0)=0,}irgb*(a)=—w{ffgf&:{(a,b) eR*:b=b,(a),a=0}.

E SCIE BREL o T T3 5

“A g =(b,+ad(x) ), =0,xe2, 9,4,1,,=0, I, |l 2= 1. (4)
VRS U= (1+hp(x) ) u, HHELL(3) AIH4L N
U
+ a —c(x)v)=0, xe!
g (D0 xe
d(x)U (5)
Av+y -v)= x el
O T ’
3,U=9,0=0, x € o

Gy MITRELH (3) MR (5) A AHIR 1 PR S , 5 SOOTRRZH (5) WP U SR AT
r,={(U,v,b)=(a,0,b):beR |.
SIFE 21 AEREEE (ko (x),c(x),d(x)) WA (5) NP FUREE T, 2325 5 HALYS b=b, <0,
RIFFEAEIERL 5, FRREL b, e X [ FRAL(5) 1E(U,v,b)= (a,0,b. ) € XxR MHEAYIEMHR AT 2R
[(UCs) ,0(s) ,b(s))= (ats(P,+sU,(s)) s (i +sv,(5) ) ,b(s) e XxR :0<s<8,) |,

A, (U (s) v, (s) ,b(s) ) Je A FOLHT BRECH 2 (0)=b, fvlz/ndx=0,cb1=(—A+a>“[a(a@(x)—e(x))wl],
FEHE, Y d(x) S HEET,6(0) >0, Hrr b(O)——b( ) oo

2 o a il R SR R e

AR SCHRT 11 ], 78 SCBRENTT
— 8 —



#  #§,%: Lotka-Volterra S48 4 U7 TR 241 A 1) SR o din b A v

1:X—R ,{([f,g],1):= fﬂg{ﬂldx. (6)
AR U= (1+kp () v)u, FIFRAL(2) 25K

U U U
( j =AU (a —c(x)v), xe£2,1>0,

hp(x)o),  Tkp (o Tehp(x)w
d
vtzAv+v(b+1+lE:()xl;v—v) , x e d2,1>0, (7)
a,U=90,0=0, x € d02,1>0,

U(+,0)= (1+kp(x)vy)uy(x) =0,0(+,0)=v,(x) =0, xell
X7 RRLH (5) T 8 A (U (s) ,o(s) ) AR, F R I A5 A A7 5] 55Ty
L e UG A “ g 20G) -
T+kp(x)v(s) (1+hp(x)v(s))? Lthp(x)v(s)  (1+hp(x)v(s))?
c(x)i(Ns) U akp(x)ff(s) ot 2hp () U(s) , c(2)U(s) .
Lthp()o(s)  (1+hp(x)u(s))? (1+hp(x)o(s))>  (1+kp(x)v(s))® ’ (8)
d(x)U(s) o+ d(x)v(s)
(1+hp(x)v(s))? T+kp(x)o(s)
d,U=9,=0, x € o
GIHET F. XxR —>Y K

Av=Av+b=2v(s) v+

u U

F(u b)—[F'(U’”’b)j_ A o o T (o )
yU,0)= F,(U,v,b) - d(x)U )
Av+v(b+1+kp(x)” »)

$Gibuna s IR = iRy
Fep (0,00, )(Uj ={AU—aU+a(akp(x)—c(x) )v)
! v Av+(b+ad(x) )v
i (4) , i
Ker{F,,(a,0,b,) | =span{ ()},
K, ¢, =(-A+a) '[a(akp(x) —c(x) )¢, ].

TR (8) WAk Hy
o - L “ho()UG)
Fw,w(U(s),v<s>,b>(vj= L+hp(x)v(s)  (1+hp(x)(s))’ (AJ (9)
0 1
EXET G XxR —Y N
o 1 k() U(s) o
G(U(s),v(s),b)=|1+kp(x)v(s) (1+hp(x)v(s))?| Fu.,(U(s),v(s),b), (10)
0 1

HE(9)-(10) , R4 (8) rl k5 Ny
- - U AU
G(U(s) ,v(s),b) (y j =(/\v ]
T R AR S B
EE1 ATEFE (a,k,p(x),e(x),d(x)), 25 d(x) RFE, H5 B 2 & LB (UCs) ,0(s))
2 JR T T AR Y.
ERA JEIERA 0 2 G(a,0,b, ) BUEE—4REME. SMEEFE M (U,0) e X, AT LI H T34
R 9 N



PSR 4R (AR R 55 41 5 4 (2018 4F)

G(a.0.b. )(U) :(1 —kp(x)a Uj :[1 kp(x)a) (AU—av+a(akp(x)—c(x) )vj _

0 ) ] F(D,r)(a,O,b*)( 0 ) A
v v+(b+ad(x) )v
[AU—av+a(akp(x)—c(x) Yot+kp(x)a( Av+(b+ad(x) )v)j “o

Av+(b+ad(x) )v
) (0
G(a,0,b, )[1ﬂlj —(O].

M (4) F1 , 1IE SCRTHI
ik 0 & G(a,0,b,) —" R EE. FUEH 0 BB T G(a,0,b,) BISE—4FMFE. MiFE, i G(a,0,
b YA NERREE a,*ﬁﬂj%%ﬁ@ﬁ%@j XA G(a.0.6. )[Zj =[“<”j R

(11)

g

Adp-ad+a(akp(x)—c(x) ) p+akp(x) (Ap+(b+ad)p)=0od, xell,
Ap+(b+ad)p=0¢, xeld, (12)
d,0=9,0=0, x € 0L

IR ©=0,¢ 740 Jlar, NTREZH (12) ] LIS 5

bd=(-A+a) '(-0d), (13)

KA (-A+a) ' (—od) T H—od AT HX (13) BN, B AT DL ¢ #0.

FRA (4) RSB B30 0 R FRA (12) 0565 2 A AR 1 R AEME, X5 0>0 I, B I
FM REWI T 0 /& G(a,0,b, ) A% 1 ARIE(, JL & RARRAR A S A0,

MRYESCHR[ 12 A 1.7.2, %5 T 0<s <8, FETE LSRR AE M R ZE ] R o, (s) ,,(s) € X N Range
(F(U,v)(aaoyb* ) )ﬁ/@?ﬁ%ﬁ

G(B(S>;Xs)lws))[¢l+wxs)]:A(s)[¢l+wxs)]
’ ’ b +w,(s) ¥ +w,(s) ’

B A(0)=,(0)=w,(0)=0.

R FEAEPR SRR A (b) S FEE T PR @, (b) ,@,(b) € XN Range(F ., (a,0,b,)) & T

&
b b
G(a,O,b)(¢l+wl( )j:)\(b (d)l-'—wl( )J’ (14)
l,//]+a)2(b) l[f|+(u2(b)
&/\(b*)=wl(b*)=w2(b*)=0.
YRR (14) UM T b SR FIFL b=b, LRI A(b, )=w,(b, )=w,(b, )= 0133
a ¢, W)Y (&)
%G(“’O’b*)[ij(“’o’b*)(wxb*)J_A ”’*)[w]]’ ()
iy v O
A (b*)_db)\(b) Loy, -
=0 (6) M (15) nf#EH
d A
<dbG(a,0,b*)(¢J,l> =A"(b.). (16)
Wt (1) R R AR
a ¢\ _(akp(x)¥,
%G(“’O’b*)[wl)_(wl J (7
h(6),(16) F1(17) A H#EH
A(bT )= £2(¢1)%u>0. (18)
MRSk 12] A28 1.7.40 8 F A=
~K(0)= BO)A'(b.) I A(0)= A () 1, (19)



P4, % . Lotka-Volterra ACHEH 8T FR 4L V- A 0¥ Jm 3 b A e 1k

5 IEE 2 H 6(0)>0 K& (18)-(19) , AT A(0) <0, I A () <0 24 s>0 B, B f1 51 21 2 75 2/ 53 72
fEE(U(s) ,v(s) ) J iR e 1.

3 44k

SCHRL 1] F5E T 28 (B 5 B3R5SR Lotka-Volterra i 38 F5 4 FU0 1 7 R 4l 43 22, V-4 i O A2 A2 1. 1
HEARY 75 L A Lyapunov-Schmidt 73, SCHR[ 115 2 1 1E A i AR 73 20 5504, UEBT T p(x) Flld (x)
A IEAR A IO TS50 0 TR C B 2. SCHR [ 1] B4 TR 95 20 20, A ) R e e v, AR SCE 2
WF5E SCHR [ 1] o RIS 2 5 50 2 PR AE 50 25 05, (a0, b . ) B S i A et e Sk [ 1] 4 2y 28 0
], o FH AN BT 4387 7 3 e M AR e VE RIS TE I 1 43225 o5 R 30T B9 43 22 S A Mg 2 Jmy i 7 A0 2 119, ik
SEPRIHE T DILAE TR RS XA R 2 2.

[ &% 30K ]

[1] KUTO K. Bifurcation branch of stationary solutions for a Lotka-Volterra cross-diffusion system in a spatially heterogeneous
environment[ J]. Nonlinear analysis:real world applications,2009,10:943-965.

[2] SHIGESADA N, KAWASAKI K, TERAMOTO E. Spatial segregation of interacting species[ J]. J Theoret Biol, 1979,79.
83-99.

[3] NIWM,WUY P,XU Q. The existence and stability of nontrivial steady states for S—K—T competition model with cross-
diffusion[ J]. Discrete Contin Dyn Syst,2014,34:5271-5298.

[4] WANG L,WU Y P,XU Q. Instability of spiky steady states for S—=K—T biological competing model with cross-diffusion[ J].
Nonlinear analysis,2017,159.424-457.

[5] WU Y P,XU Q. The existence and structure of large spiky steady states for S=K—T competition systems with cross-diffusion[ J ].
Discrete Contin Dyn Syst,2011,29:367-385.

[6] DU Y, PENG R, WANG M. Effect of a protection zone in the diffusive Leslie predator-prey model [ J]. J differential
equations, 2009 ,246:3932-3956.

[7] DU Y,SHI J P. A diffusive predator-prey model with a protection zone[ J|. J differential equations,2006,229:63-91.

[8] DU Y,SHIJ P. Some recent results on diffusive predator-prey models in spatially heterogeneous environment[ J]. Fields Inst
Comm ,2006,48:1-41.

[9] HUTSON V,LOU Y, Mischaikow K. Convergence in competition models with small diffusion coefficients[ J]. J differential
equations,2005,211:135-161.

[10] LI W T,WANG Y X,ZHANG ] F.Stability of positive stationary solutions to a spatially heterogeneous cooperative system with
cross-diffusion[ J ]. Electro J Differ Equ,2012,223.1-18.

[11] SHI J P. Persistence and bifurcation of degenerate solutions[ J]. J Funct Anal,1999,169.494-531.

[12] KIELHOFER H. Bifurcation theory—an introduction with applications to PDEs[ M]. New York ; Springer-Verlag,2004.

[ REMIE  fhIAHT



