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Weak Convergence Theorem for
Nonexpansive Semigroups
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Abstract  Let X be a Banach space which satisfies Opial’ s condition let C be a nonempty weakly compact
subset of X.let S be a nonexpansive semigroup on C.We prove that if X& C and ,lin; H T t+h x-T 1t
x ” =0 for all h=0.Then T t x converges weakly to some y& F S .
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Let C be a nonempty closed subset of a Banach space X.let S= T t :¢t=0 be a nonexpansive
semigroup on C i.e.S= T t :t=0 be a family mappings of C into itself such that 7 t +s =T
t- T s HT t x-T t stHx—y“ fort s€ 0 o andx y€C.Weset F= x€C:T ¢

x=u« forall t=0 .
We denote by w, x the set of weak limit points of 7 ¢ x as t—> . X is said to have the Opial
property if x, convergences to x weakly implies

limsup“ X, — x| < lirr;supH X, — y“
n—>

n—>o

for all y#x.

Recently Lau 1 2 Miyadera and Kobayasi 3 consider the problem of weak convergence of the

Tt x x€C toacommon fixed point of S when S is nonexpansive semigroup and C is a closed

convex subset of a uniformly convex Banach space. However the proofs emplyed by Lau 1 Lemma
2.1 Lemma 2.2 and Theorem 2.3 do not extend beyond uniformly convex Banach space satisfying
Opial’ s condition and the proof emplyed by Lau 2  Theorem 3 do not extend beyond uniformly convex
Banach space.

In this paper we prove the weakly convergence theorem for nonexpansive semigroups in a Banach
space satisfying Opial’ s condition.

First we need the following two lemmas.

Lemma 1 ILet C be a nonempty set of a Banach space X S= T t :t=0 be a nonexpansive
semigroup on C.Then for every p€ F x€ C l7 ¢ x- p | converges as 1> .

Proof Since H T t+s x—p” < H T s «x —pH forall t s&€ 0 o .For fixed s=0 taking the
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lim sup as {—>% we obtain llirgsup” Tt x-p l<|T s x- p | which implies that Llirg T ¢ x-
p“ = inf ” T s x—p” ts=0 .

Lemma 2 Let C be a nonempty weakly compact subset of a Banach space X that satisfies Opial’
s condition and let S= T ¢ 0:¢=0 be a nonexpansive semigroup on C.If x € C and T ¢ «x
convergence to y weakly then y is fixed point of S.

Proof For any s =0 since [T t+s x=T s y” < 7T ¢ x- y” taking the lim sup as t—
© we have ,lirgsup ” Tt x-T s y” < ,IHE sup ” T t x - y” The Opial’ s condition implies that
T s y=1v and hence y€ F.

Theorem 1 Let C be a nonempty weakly compact subset of a Banach space X that satisfies Opial’
s condition and let S= T ¢ :¢1=0 be a nonexpansive semigroup on C.If x& C and llirg |7 ¢+ h
x=T ¢ x| =0forall h=0.Then T ¢ x converges weakly to a fixed point.

Proof let y€ w, x» and ¢, » ® such that w — ,,lif?o T t, x=1v.We first show that y €

F S .Bylemma 2 it is enough to show that T' ¢ y converges weakly to y.Let z is a weak limit point

of T ¢t y for any e >0 there exist an integer p and nonnegative s, s, s, ag a; a, such that

D
ﬁai = 1 and
i=0

z—iaiTs,- y“<e 1

i=1

Since lim | T t,+s; x=-T 1, « | =0 for all O<i<p we can choose N such that

HTt,l+six—Tt,,xH<s 2

for all 0O<i<p and n > N.Then we have

P P
HT t, x—z” gHT t, x—ZaiT I, + s; yH +HZ(1L~T l, + 8 vy —2
-1 i1

giai”T t, x =T t, +s; y” +Hﬁ:aiT I, +S; y—i}aiT S yH + €
i=1 i=1

i=1

<74, x—y” + 3e.

This implies that 11:2 sup || T t, x- z“ < lirr;sup|‘ T t, x- y” +3e.

Since € >0 is arbi";rary we have li}‘rolosup” Tn t, x— zH < lip;supH T t, x- y” .

Now the Opial’ s condition impliens that z =y and hence 7"’ t y converges weakly to y.let v is a
weak limit point of T ¢ x then we have v y€ F suppose that v £ y by lemma 1 the Opial’ s condition
we have "linlw T ¢ x—y” :,}EE“ T t, x—y” <"1LIEI)H T t, x - vl :,}L‘E” Tt x—ol
But by the same way we also have nlir{: Tt x-v| < ,,IEE 7T ¢ «- y” .

This is a contradiction and hence we have v = y . This completes the proof.
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