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The Cauchy Problem and the Initial Boundary
Value Problem for the Homogeneous GBBM
Burgers Equations of Higher Order
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Abstract In this paper we consider the Cauchy problem and the initial boundary value problem for the homogeneous
GBBM Burgers equations of higher order. For any bounded or unbounded smooth domain the existence and uniqueness
of global strong solution are established by using Banach-fixed point theorem and a priori estimates for the Cauchy prob-
lem and IBV problem of homogeneous GBBM Burg-ers equations of higher order in W*” ) .
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0 Introduction

In this paper we discuss homogeneous generalized Benjamin-Bona-Mahony Burgers equation

Mu,=Au+ b Vu +u" a Vu 1
which satisfies the IBV conditions
ux 0 =y, x xel)
D*uw x t =0 x t eddx 0 o ‘a‘$,u -1 g
or Cauchy condition
ux 0 =y, x xeR" 3

Here (2 is a bounded or unbounded smooth domain in R® n=1 a beR" reR M is a pseudodifferential op-

erator of order u=2. u denotes the integral part of u. We assume that the operator M has the form

& =m¢aé 4
where the symbol m is a real even function with the following properties
C, 1+ &l "< Im & |<C, 1+]gl " € C,>0. 5
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The classical BBM equation

L >
u, —uw,+ wv+—u =0 6

l 2 x
and the following GBBM equation in arbitrary dimonsions

u, —Au, +divp v =0 7
have been quite extensively studied in several papers 2—4 6 8 13—15 17 . Their main results can be stated

as the following
1 For any bounded smooth domain (2 and max 1 % <p <o there is a unique global strong solution
for the problem 7 2 or 7 3 i W0

2 For any unbounded smooth domain (2 or £2 = R" and max 1 = <p <n there is a unique global

2
strong solution for the problem 7 2 or 7 3 in W’ Q.
In 13 and 14 Miao Changxing have studied the inhomogeneous GBBM equation
u, —Au, +divg u =f u 8
and

u, + -1 '"ZDZ"u—

13
[ vlsm lalsm |glsm

D“aanIDBu -divp v =fu 9

and improved the known results even the case of GBBM equations. This paper establishes the existence and u-
niqueness of global strong solution for the IBV problem and Cauchy problem of homogeneous GBBM Burgers e-

L , . n
quations in W*” () in the case max 1 — <p<o.

Notation In this paper (2 is a bounded or unbounded smooth domain in R" or 2=R" L, (2 is Lebesgue
space W'” 0  W,” £ are Sobolev spaces. |- ||p [ - Hkp denote the L, (2 norms and W'” 0 norms
separately. Generic positive constants will be denoted by € they do not depend on x and ¢ they may depend

sometimes on u, and they may vary from line to line.

1 Main results

Let max 1 - <p <o we define the pseudodifferential operator M with the domain D M =W*" ) N
I

W(;Zip 2 .By 4 and 5 we know M has an inverse operator and M ' is a bounded linear operator from
L, 2 intoD M . The D M becomes a Banach space with respect to the graph norm (| Mu H,,- It is well known
that the graph norm is equivalent to W*” (2 mnorm. Hence we shall use W, , {2 norm on the Banach space
D M in this paper. By Sobolev embeding theorem we know D M L, . ThusforanyueD M we
have Aue L, 0 b Vu eL, 2 u a Vu el, £2 . Soitis easy to get the following lemma.

Lemmal.1 Let 7>0 max 1 = <p<ow ifueC OT D M thenM 'Au M~ b Vu
o
M'u" a Vu eC 0T DM
Definition 1.1 Let 7>0 max 1 = sp<ow u,eD M wecall the funcionu x ¢t €eC 0T
M

D M  a strong solution of the problem 1 2 or 1 3 provided that u x ¢ satisfies the following in-

tegral equation
ut o o=uy x +f]W_1Auds+J’]W_1 b Vu ds+fM_lu'a Vu ds 10
0 0 0

where
ut =uxt .
The main results of this paper are the following theorems.
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Thereom 1.1 Assume {2 is bounded or unbounded smooth domain in R* max 1 & < p <o and the
"

conditions of Lemma 1.1 are satisfied then for any uy e D M there exists a time interval O T and a unique
strong solution u x ¢ of problem 1 2 or 1 3 on O0T.

Thereom 1.2 Assume that the conditions of Lemma 1.1 are satisfied. Letge 1 o  we have

1 Huy, x eD M N W2 ()  then there exists a time interval 0 7 and a unique strong solution

u ¢t of problem 1 2 or 1 3 belonging to the class C' 0 T D M NW=1 Q
2 Ifu, x eD M NW** Q thenut eC 0T DM NW* 0
Thereom 1.3 Assumed that the conditions of Theorem 1.1 are satisfied then for any u, e D M N

W22 0  we have the following results

1 When n <y there is a unique global strong solution u ¢ for the problem 1 2 or 1 3 for
all p=1
2 When n=zp if
O0<r<w n=u
- 11
0 $r$24b1 n>u
n-u
there is a unique global strong solution u ¢ for the problem 1 2 or 1 3 forall < p < 1
o u=
3 If || < we have the same results as 2 for all n 1$p <.
w-
Thereom 1.4 Let n=yu (2 is an unbounded smooth domain or 2=R". If
—=r<® n=u
12
£<r< 2 n>
then for any uye D M N W22 Q  there exists a unique global strong solution for the problem 1 2 or

1 3 for allL$p<w.
um—1

2 The Proofs of Theorem 1.1 and Theorem 1.2

In this section we shall give the proofs of Theorem 1.1 and Theorem 1.2 by using Banach fixed point theo-
rem and some a priori estimates.

Proof of Theorem 1.1

Let T>0andset X T =C 0T D M the space X T is a Banach space with the maximum norm

I M7 = sup |1 Il -

O0=<t<T

First we define an operator G X T — X T by
Gu =u0+J'M71Auds+ M' b Vuds+ | M'u" a Vu ds. 13
0 0 0
It is easy to know that G is well defined by Lemma 1.1 Next for any initial value uy, € D M  we consider
the unit ball
By=ut lut eXT Jut —u x|, <1 14
in X T . Now we prove that GB, C B, for suitable 7. For this purpose we do some a priori estimates. Since
M~"is a bounded linear operator there is a constant C >0 such that
IM~tul, ,<Clul, YuelL, Q. 15
By the definition of the equivalent norm and u=2 we have
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1M~ Aull, , <Cllull,, <Clull,,<C 1+]ul,, 16
M b Vu |, <cl b Vu [,<lblClul,,<C 1+]lu,ll,, 17
for all u e B, On the other hand Sobolev embeding theorem implies
Ll <Cllul,, Yuew 0 18
So
lul.<C 1+ lul,, Vues, o
And we have
IM'w a Vu ||HP$CHVr a Vu |, <
<C 1+|ul,, VueB, 20
Combining 13 16 17 20  we have
l6u = ugll,, < [ 0 aull, ds + [ a7 b Fu |, ds+ [ dw o Ta |, ds
<CT 1+ ||u0||#l) 21
therefor GB,C B, when T is taken suitably small.
At last we shall prove that G B,—B, is a contraction mapping for suitable 7. For any u ve B, we have
l6u - Goll,, jHM Au-Av |, ds+j M b Ve = b Ve s+
J’HM_1 wa Vu -9 a Vo ||M, 22
0
By 15  we have
M~ Au-Av H/”,\CHALL Av” <CHu—UHM, 23
M=t b Vu - b Vo |,,<Cl b Vu - b Vo |,
sC\bHIVu—Vv||p$C\b\||u—vHM 24
M v a Vu v a Vo H -1 a Vo ||p
‘(l‘ ” VATALEE er+l||p
=]
$C‘a‘|H6u+ 1- u—v‘“lp 25
foru veB, then u+ 1 -0 veB, where 0<<1 by 18 then
lous 1-0 ol <C 1+l
then
M v a Vu v a Vo ||M,\‘a‘C”u—v‘11,$C||u—vHﬂp 26
Using 23 24 26 we obtain
lGu - Goll, ,<CTllu-v],, 27
Thus if we choose T suitably small G becomes a contraction mapping from B, into itself. Hence by Banach
fixed point theorem G has a unique fixed point w ¢ € B,. Thus we complete the proof of Theorem 1. 1.
Proof of Theorem 1.2 ILet 7>0 we consider Banach space
YT =C 0T DM NW:" Q 28
ZT =C 0T DM nWw’ N 29
Under norms |- Hy r IE ”z ; which are defined by
fuw - I, , :osgl:lgr( Hu|MP+HuH%q) YueY T 30
- Ay = sup Nul,, +lul,,  Yuez T 31

respectively. Substituting X T by Y T Z T respectively in the proof of Theorem 1.1 we easily obtain the

proof of Theorem 1. 2.

3 The Proofs of Theorem 1.3 and Theorem 1.4

In this section we shall establish the global existence theorem for the strong solution to the problem 1

— 14 —
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2 and 1 3 . For this purpose we first introduce a lemma which play an essential role in the global exist-

ence theory.

Lemma 3.1 Assume u, W22 0 ND M then the strong solution u ¢ =wu x t  for the problem
1 2 and 1 3 on 0 T xJ) satisfies
lulle ,<luglle e =C T Yie 0T . 32
Proof Multiplying equation 1 by u and integrating over 2 we get

J;)Mu,udx = LAuudx +L b Vu udx +J;2ur a Vu udx 33

Note that

[Muude = ¢ ¢ a g de ijfﬁ,fﬁfd§=%€f%\m§ Yo g |Pde

1..d L d
2Ly e tag k= o, ey
By integration by parts and the divergence theorem we obtain
d
Lt <clult, 35
that is
t
luli s < gl 2 + €[l ads 3

By Gronwall inequality we obtain 32 .

Proof of Theorem 1.3 Let u ¢ be the associated strong solution obtained by Theorem 1.1 we assume
that u ¢ is defined on the maximal interval 0 T and T < . To obtain global existence it is sufficient to
prove

gl o, <o 37
otherwise we easily conclude the contraction.
Case I n<u.
By Sobolev embedding theorem and Lemma 3.1 we get
lull, sllulls,<C T <. 38

Applying the operator M to both sides of the identity 10 and taking L,-norm by 38 we get

IMall, < IMagl, + [ JAulds + [ |6 T ds+ [ a Vu |,ds

t
< Jugll,, + €[ Jull, s 39
that is

t
Ll < Tl , + € lul, s 40

By Gronwall inequality we obtain
Hu||,LP$C T <o VYie 0T. 41

Case II n=pu.
First we consider the case of ﬁs p < ﬁ Applying the operator M to both sides of 10 and taking L, -
norm we get
I3l < ot + [l 05+ 11l 05+ [ u o v, 42

[2#—1 2,u—1
n n-—u

It suffices to prove 37 on the case of r e ] otherwise for r =0 or r e

(0 L@) we
n
have
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when r =0
v a Vu [,=1 a« Vu [,<lallul,, 43
When r e (0 24/%) by Young inequality we obtain

nr nr Zp-l
rg 1 _ -
lu ( 2u—1)+2u—1 lul 44
- <(1-—" S b
Iul” a Vu |1,<( s )H @ Vu by a0 v 45
Thus the case r e (0 24’Li) turn into the case r e [2 p-l 2p-l
n n n-u
By Hélder inequality
lu a Vu [|,<lu £ [ Vul, 46
. o1l w-1 1 . T
in which — = ot Sobolev embedding theorem implies that
lul e <Cllully <€ T < a7
= 7
Ivull,<Cllull,, 48
This gives
lu" a Vu ||],$CHu||M, 49
From 39 and 49 we have
il < Tl + €[ Tl ds 50
By Gronwall inequality we get
lul,,<C T <» VYie 0T. 51
Case III  we consider the case /ﬁ$p <o [0 <.
For any R g < L 1 Sobolev embedding theorem implies that
j m-
w=r 0 weT 0 . 52

Thus foru, e D M NW** O N w2 0 according to Theorem 1.2 and the process of the proof above
we know that
lul,,<C T <.
53
Since W7 () L,  we have

l a Vu ll,<Clull,, lall Vul,<Clull

<C|lul 54

1p wp®

Combining 42 and 54 we get 50 . Hence Gronwall inequality implies that 36 . The proof of Theorem
1.3 is completed.

Proof of Theorem 1.4 First we consider the case p > L T
w-

Applying the operator M . to both sides of 10 and taking L,-norm we have
-1 -1 ! is ! 1
IMEul, < UM% uy v 0, + [ I Fawl,ds + [ 1% b v | ds +

[ M o gu ,ds 55

w=l1

where & =m¢g wa & . Notice that the operator M L 2 —D M¥ is bounded linear and p
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i L
IM=vAul, <ClM ™ Vull, ,<Cl Vul,<Clul,_,, 56
i L
== b vu |,<lM> b vu |, <cl b vu |, <lblClul,,<Clull,_, 57
By Sobolev embedding theorem we have
||M7:Tura Vu 1,$HMVIT u a Vu |11,]$C|u’ a Vu |m 58
in which 1 = 1 +L. By Hélder inequality
prn p
lu" a Vu le$Hu - Vqu. 59
From the condition of r and Sobolev embedding theorem imply
lull,, <llule,<C T < 60
From 55 ~ 60  we obtain
ller ) < gl s+ € Tl ds 61
By Gronwall inequality
lul,.,,<C T <. 62
For ril <p Sobolev embedding theorem implies
lull. <Cllull,_; ,<C T <= 63
Now applying the operator M to both sides of 10 and taking L, -norm we get
| Mull, < [ Mu, +j0||Au ds +j0|\ b Vu |,ds +j0||u/~ a Vullds 64
From 63 and 64  we get
Ll < o, + €[ Tl ds 65
By Gronwall inequality we have
lul,, <C T <» Yie 0T. 66
Next we consider the case of p = n T
w-
For any n [=P< q$L2 Sobolev embedding theorem implies W*” (2 W*'7 () thus we have
_ w-

u, x € W22 0 ND M W' 0. Applying M “ to both sides of 10 and taking L -norm just like the

discussion of 62  we have

lull,.,,<C T <o VYie 0T 67
From Sobolev embedding theorem and 67  we obtain
lull, <lull,,,<C T <= VYie 0T 68

Similar to the process of the proof in the first point we also have 37 . Thus Theorem 1.4 is valid.
Remark 3.1 If theterms b Vu +u’ a Vu are replaced by more generalize form divg u  which

satisfies the condition in 13 14

dueC RR |pu [<Cl+]ul 69
we can get the similar result as Theorem 2.1 Theorem 2.2 Theorem 2.3 and Theorem 2. 4.
Remark 3.2 Similar to the discussion before we can study the inhomogeneous GBBM Burgers equation of
higher order
Mu, =Au +divp u +f u 70
with the IBV condition 2 and Cauchy condition 3  where ¢ u and f u satisfies the conditions in 13

14 . And we also have the similar results.
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