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Abstract：Considerthe equation口m=n! +(n+1)! +···+(n+k)!withⅡ>1，m>1．n≥1．We showthatwhen

口≠O mod223092870，all solutions ofthe equation are 23=2 1+31，32=1 1+21+3 1，25=2 1+3 1+41 and 122

=4 1 +5 1；when a=-0 mod 223092870，letP be the least prime withP斗n，ifthe equation has solutions．then m≤p．

Moreover，we conjecture that the foregoing four solutions are only solutions of the equation．
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[摘要] 考虑方程a“=n!+(n+1)!+⋯⋯+(凡+后)!，其中n>1，m>1，n≥1．我们证明了

当血≠O mod 223092870时，方程所有的解是23=21+3 1，32=l!+2 1+3 1，25=2 1+3 1+4 1，

122=41+5 1；当a=-0 mod 223092870时，令p是满足p卟n的最小素数，如果方程有解，则m≤p．

而且，我们猜想上述的四个解是方程仅有的解．
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0 Introduction

ErdSs and Burr[2]ever conjectured that the largest solution of the equation

2m=nl!+n2 1+⋯+n＆!，where n1<n2<⋯<n☆

is

27=2 1+3 1+5 1．

Shen Lin ever proved this conjecture and found all solutions of Eq．(1)when the power of 2 is

power of 3．Grossman and Luca[3]investigated Eq．(1)when 2“is replaced by a member of a

generate binary recurrence sequence．For other related problems，one can rear to[1][5]．
Let a be a given positive integer with a>1．The following problem is natural and interesting：

nitely many m for which口“can be represented as a sum of consecutive factorials?

In this paper，we investigate the equation

(1)

replaced by a

given non--de-·

are there infi．
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nm=n!+(n+1)!+⋯+(n+七)!，where o>1，m>1，凡≥1 (2)

and show that the answer to the question is negative． In fact，the following results
are proved．

Theorem 1 For口≠0 mod 223092870，all solutions of Eq．(2)are

23=2 1 +3 1，32=1 1 +2 1 +3 1，25=2 1 +3 1 +4 1 and 122=4 1 +5 1．

Theorem 2 For o-0 mod 223092870，letP be the least prime withPh，ifEq．(2)has solutions，then

Bv Bertrand’s postulate[4]，it is easy to show that if n>1，then n!is not a power．Thus we need to con。

sider the eⅡuation when k≥1．In the following，we always assume that a>1，k≥1 and m>1．

For convenience．we give the following notations：let o∈Z
and P be a prime，if r is a nonnegative integer

with pr II n(that is，P’怕but P”1下o)，then r is denoted by o嗥(口)．Let L(n，Jj})=n!+n+1)!+⋯+

(n+k)!．

1 Proof of Theorem 1

Lemma 1 Let o∈Z+and P be a prime．If凡≥3 and n=2p一1，1=1，3，4，5，then om≠￡(n，k)(k≥1)．

proof It is easy to see that

￡(n，1)=(n+2)n!，L(n，2)=(n+2)2n!，L(n，3)=(n+2)n! (凡2+5n+5)，

￡(凡，4)=(n+2)n!(n2(n+5)+4(／1+1)(／1+5)一3)．

Case 1 Z=1．Then P iI／1 1，P2 f(n+t)!(t≥1)．

Hence．for m>1，we have a“≠L(n，k)(k≥1)．

Case 2 1=3．Then，by nI>3 we have

P 11凡!，P|I(n+2)n!，P||(n+2)2n!

Hence，for m>1，we have a“≠￡(n，k)(七≥1)．

and P2 I(n+f)!(￡≥3)

Case 3 l=4． Note that n2+5n+5=(n+4)(n+1)+1，we have P卟n2+5凡+5．

Thus，by凡≥3 we have P II(n+2)n!，P||(n+2)2n!，P Il(n+2)n!(凡2+5n+5)，

and P2 I(n+￡)!(￡≥4)．

Hence．for m>1，we have a“≠L(／1，七)(k≥1)．

Case 4 1=5．Bv nt>3，we have PI>5．IfP=5，then n=2p一5=5=2×3—1．This
is Case 1．Now we

assume that P>5．By n=2p一5．we have Pl n+5．Then

P’n2(n+5)+4(n+1)(n+5)一3，P下n(／l+5)+5．

Thus

P II(n+2)n!，P II(n+2)2n!，P II(n+2)n!(n2+5n+5)，

p¨(n+2)n!(n2(n+5)+4(凡+1)(n+5)一3)，and P2 I(n+t)!(￡≥5)．

Hence．for m>1，we have a“≠￡(n，七)(k≥1)．

This completes the proof of Lemma 1．

Lemma 2 For n=1。2．4，all solutions of Eq．(2)are

23：2 1+3 1，32=1 1+21+3 1，25=21+3 1+41 and 122=4 1+5 1．

Proof Case 1 n：1．it is easy to compute that if后≤7，then the only
solution of Eq．(2)is 32=1 1 +

2 1 +3 1．

By L(1，8)=3 2×5 137+27×34×5×7，if口“=L(1，k)(南≥8)，then

32||a“，m=2 and a2i3 mod 5，a contradiction．

Hence，a”=L(1，k)if and only if k=2．

Case 2 n：2．it is easY to compute that if尼≤5，then the only solutions
of Eq．(2)are 23=2 1+3 1 and

25=2 1+3 1+41．

Bv L(2，6)=23×739+27 x32 x5×7，if a”=L(2，k)(k>16)，then

23|I a“，m=3 and 03---4 mod 7，
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which contradicts with the fact that口3 iO．1 or 6 mod 7 for o∈Z．

Hence，口”=L(2，乃)if and only if后=1 or 2．

Case 3 n=4，it is easy to compute that if后≤3，then the only solution of Eq．(2)is 122=4 1+5 1．

By L(4，4)=24×32×41+27×32×5×7，if o“=L(4，k)(kI>4)，then

24 Il o“，m=2，02-=3 mod 7 or m=4，04 E3 mod 7，
，2、

both contradict with the fact that(号}-一1．
Hence，口“=￡(4，k)if and only if k=1．

This completes the proof of Lemma 2．

Lemma 3 For n=8，12，14，15，16，20，Eq．(2)has no solutions．

Proof Case 1 n=8，it is easy to compute that o“≠￡(8，尼)(k≤3)．

By L(8，4)=28×3
2

x52 x7×109+210×35×52×7×11，if om=L(8，k)(而≥4)，then

32 lI口“，m=2，and
n

28×52×32
-=3 mod 4，a contradiction．

Hence，we have a“≠三(8，是)(k≥1)．

Case 2 几=12．it is easy to compute that o“≠三(12，k)(k≤2)．

By￡(12，3)=212×35×52 x73×11+2¨×36×5
3

x72×11×13，if om=L(12，k)(七≥3)，then

35 l|o“，m=5 and 52 11 a“，m=2，a contradiction．

Hence，we have口“≠L(12，k)(k≥1)．

Case 3 凡=14，by L(14，1)=211×3 5×52×72×11×13+211×36×53×72×11×13，if口m=L(14，k)

(k≥1)，then

35 I|o“，m=5 and 52 l|Ⅱ“，m=2，a contradiction．

Hence，we have o“≠(14，k)(k≥1)．

Case 4／2=15，it is easy to compute that o“≠L(15，k)(ki>2)．

By L(15，3)=2¨×36×53×7 2×11×13×172+216×3 8×53×72×11×13×17，if om=L(15，k)(k≥

3)，then

211 lI口“，m=11 and 36 II n“，m=2，3 or 6，a contradiction．

Hence，we haveⅡ“≠三(15，七)(k≥1)．

Case 5凡=16，it is easy to compute that口“≠L(16，k)(七≤3)．

By￡(16，4)=216×38×53 x72 x 11×13×341+218×3
8
x 54 x 72×11×13 x 17×19，if口m=L(16，居)

(kt>4)，then

53 Jj nm，m=3 and 216 JJ口m，m=2，4，8 or 16，a contradiction．

Hence，we have o“=L(16，k)(k≥1)．

Case 6 n=20．we have

￡(20，1)=218×3 8×54×72×11×13×17×19+218×39×54×73×11×13×17×19，if om=L(20，k)

(k≥1)，then 72 ll n“，m=2 and

兰3 mod 7．

Hence，we have口“≠￡(20，尼)(尼≥1)．This completes the proof of Lemma 3．

Proof of Theorem 1 By Lemma 1 and Lemma 3，we know that if 4<t／,≤23，then Eq．(2)has no solu·

tions．Thus，if Eq．(2)has solutions，then 24 1 lⅡ“or 17,≤4．

If 24 1 o“，then o兰0 mod 2×3×5×7×11×13×17×19×23，

that is

a兰0 mod 223092870．
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If n≤4．bv Lemma 1 and Lemma 2，we know all solutions of Eq．(2)are

23：21+31，32=l!+2 1+3 1，25=2 1 4-3 1+41 and 122=4 1+5 1．

Hence．when o孝0 mod 223092870，all solutions of Eq．(2)are

23：2 1+3 1。32=1 1+21+3 1，25=2 1+31+41 and}122=41+5 1．

This completes the proof of Theorem
1．

2 Proof of Theorem 2

Bv the pmof of Theorem 1，if Eq．(2)has solutions and o￡0 rood 223092870，then n一>24．In the follow‘

ing，we assume that n t>24．

By P being the least prime with P l'a，we have n≤p一1 and p>一29

Case 1 2 n+1．

If a“=n!+(／2+1)!+⋯+

Thus m<。ord2(n!)<n≤p一1．

Case 2 2＼卜n+1．

(n+后)!(．|}≥1)，then 2。7。2‘“2’ Ⅱ．

By Bemlnd 7s p。stulate，there exists a prime q such tha‘虿n<q<n．Then 2q>m

If am=n! +(乃+1)!，then om=(凡+2)n!．By q4＼卜(n+2)n!，we have m≤3<p．

If am=n! +(凡+1)! +(n+2)!，then om=(／2+2)2n!．By q7卟(n+2)2n!，we have，孔≤6<p

If am=n! +(n+1)! +(n+2)! + n+3)!，then口m=(n+2)n! (儿2+5n+5)．

By q3>譬≥3n2>n2+5n+5，we have 93下凡2+5n+5．Thus 97卟(n+2)2n!(n2+5n+5)·

Hence，m≤6<p．

Now we assume that k I>4．

Let 2“||(n+2)(n2+5n+5)n!．By 2卟n2+5n+5，we have 2“II(n+2)n!．

Bv 2＼卜几+1，we have 2。+1 1(n+￡)!(t>14)．

Thus，if am=(n+2)(n2+5n+5)n! +⋯+(n+k)!，then 2“lI am．

Hence m≤ot=ord2((n+2)!)≤n+1≤p．

This completes the proof of Theorem 2．

Remark Up to now，we have verifted that when 24≤n≤50，Eq．(2)has no solutions．Thus，if Eq·(2)

has other solutions di珏brent f．rom the foregoing four solutions，then
a-0 mod 614889782588491410．Hence，we

have enough reasons to support the following conjecture．

Conjecture A1l solutions of Eq．(2)are

23=2 1+3 1，32=1 1+21+3 1，

25=2 1 +3 1+4 1，122=4 1+5 1．

[References]

『1]Carlip W，Jacobson E．On the stability of certain Lucas sequences
modulo 2。[J]．Fibonacci Quart，1996，34(4)：298—

305．

『2] Erd6s P，Graham R L．Old and new problems and results in combinatorial number theory，Van
der Waerdeng theorem and

related topics[J]．Enseign Math，1980，28(3一)：325—44·
『3] Grossman G．Luca F．Sums of Factorials in Binary Recurrence Sequences[J]．J Number Theory，2002，93(2)：87一107·

『4] Hua H L．Introduction to Number Theory[M]．Berlin：Spring—Verlag，1982．

『5]Jacobson E．Distribution of the Fibonacci numbers modulo 2‘[J]．Fibonacci Quart，1992，30(3)：211q15·

一10一

[责任编辑：陆炳新]

  万方数据


