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Generalized Drinfel’ d Quantum Double for
Weak T-Coalgebras
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Abstract In this paper we introduce the notions of a weak Doi-Hopf group module and a group skew pair as a respec-
tive generalization of a weak Doi-Hopf module and the usual skew pair. We establish a class of generalized Drinfel’ d

doubles which is a class of weak Hopf group coalgebras by a group skew pair.
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In 1990 Drinfel’ d constructed a class of quasitriangular Hopf algebras called the Drinfeld quantum doub-
le which can give rise to a solution to the well-known Quantum Yang-Baxter Equation see 4 . In 1991
Majid showed that the categories of the Drinfel’ d quantum double’ s representations is equivalent to the catego-
ries of Yetter-Drinfel’ d modules see 6 . Drinfeld’ s quantum double has inspired generalizations in several
directions see 7 ~9 . In this paper we introduce the notions of a weak Doi-Hopf group module and a group
skew pair as a respective generalization of a weak Doi-Hopf module in 1 and the usual skew pairin 5 . We
establish a class of generalized Drinfel’ d doubles which is a class of weak Hopf group coalgebras by a group skew
pair. Finally we prove that the Yetter-Drinfel’ d modules over a weak Hopf group coalgebra are special cases as

weak Doi-Hopf group modules.

1 Generalized Drinfeld s Double

Definition 1.1 A weak semi-Hopf mw-coalgebra H= H, m, 1, A &

a

is a family of algebras H

aem

m, 1, ,c.and at the same time a 77-coalgebra H, A= A,, & ,z., such that
i The comultiplication A, ;, H,,— H,®H,is a not necessary unit-preserving homomorphism of alge-

bras such that

A p®idy Ay, 1oy, = Aip 1y L 1,®4,, 1, 1
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A, ®idy Ay, 1, = 1,04, 1,

y

A, 1, ®1 2
foralla B yem.
ii The counit & H— k is a k-linear map satisfying the identity
e gh = gv,, € x,,h =¢ gx,, &€ x,,h 3
forallg h xeH,.
Definition 1.2 A weak Hopf 77-coalgebra is a weak semi-Hopf 7-coalgebra H= H, m, 1, A &

a aem

endowed with a family of k-linear maps S= S, H— H__,

aem

called an antipode such that the following da-

ta hold
m, S,-1®idy, A, ah =1,,& hl,, 4
m, idy @S,-1 Ay, h = 1, h1,,
Se B1a 82415 &30 =5 8 6

forall heH, geH, and aem.
Remark H, m, 1, A, & S, isa weak Hopf algebra. The set of axioms of Definition 1.1 is not
self-dual. A weak Hopf 7r-coalgebra H is said to be of finite type if H_ is finite-dimensional as a k-vector space

for all o € 7. Note that it does not mean that & ___H_ is finite-dimensional unless H, =0 for all but a finite

aem

number of @ € w . The antipode S= S of the weak Hopf 7r-coalgebra H is said to be bijective if each S,

is bijective.
Definition 1.3 A weak Hopf 7-coalgebra H= H, m, 1, A ¢

]

wen 1 called a weak crossed Hopf 7r-
coalgebra or weak T-coalgebar if it is endowed with a family of algebra isomorphisms ¢ = ¢, H,—
H, -1 o pe, the crossing such that

i each ¢, preserves the comultiplication and the counit i.e. foranya B yew we have

P Agy =Aip 1 ayate, 7
EQp, =€
ii ¢ is multiplicative in the sense that
Cop =@ foralla Bem. 9
Definition 1.4 Let H be a weak T-coalgebra and let B be a weak T-algebra. A weak 7r-skew pair is a tri-
ple B H o simply o endowed with a family of k-linear maps o0 = o,, B,QH;— k ,4__ such that
the following conditions are satisfied.
e ForanyaemandaeB, yeH,
o, 1, v =y ando,, al, =g, a . 10
e Foranya B yemandaeB, x yeH,
Oup @ XY =0up @y, Y Oup @y, X . 11
eforanya B yemandaeB, beB, xel,
Oupy @b x =0,, a x,, o055 b x,5 . 12
e foranya« BemandaecB, yeH,
Tuy @ ) =O0ppippt {p @ Gp ¥ - 13

Example 1.5 Let H be a weak T-coalgebra with a bijective antipode S and let B be a weak T-algebras
with an antipode 4. let B H o be a weak 7-skew pair. Assume that B =@ _B,. We define actions for
any he H, beB,

héab:bZaa- bl h b;ah:blaaaab2a Sa_lsa_'l] h

aa a

where since every B_ is a coalgebra we can use notation A b =b, &b, forany be B, with any a e .
Then it is not hard to verify that B=® B, — <« is an H-bimodule 7-graded algebra. For example to
check the condition &, h —1=h <1 for all he H,. In fact we have
oy, h~11 =0, 1,, l oy, 1,, h =0, 11 =¢lh
— 30 —
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=ell,, ¢l h =0, 1, 0I",, 1", h
=o, L, Lo, 1, 1", el h
=0, 1, Lo, 111811 h =0, 8Ll h —11

and so & h —1=h — 1.
Similarly we can prove that 1 < g} h =1 < hforall heH,.
On the vector space H,&B we can define a multiplication by
h®a k®b =0,, b, ot hy e hy bk ab, o, b, S;] hy, 14
forallh keH, aeBsand beB,. We denote H,®B with the multiplication given via Eq. 14 by H, B

=H, ,®,..Bs; Now we define H B with the a-th component as H, ,@,_, B, for any a e .
In what follows we will extend see 9
Let B H o be a weak 7-skew pair. We write H B for H,
We have a projection J, H, DBy~ H, DB,
J,h f =1, 1 h f=h f 1, 1.
Let the ath component of H B denoted by H , B , be the factor-algebra H, ,®,B;/Ker], and
let h f denote the class of h  fin H _ B. Now we have one of the main results in this paper.

®, B,.

o

Theorem 1.6 let B H o be a weak 7-skew pair. Then H _ B is a weak Hopf 7-coalgebra with the
following structures

For any « e # «th component H | B _ is an associative algebra with the multiplication given in Eq.

14 and with unit 1., 1 .
The comultiplication is given by
Qg b F = @5 hyga,g Fi @ hjypa

forany« Bewm heHjyand Fe @, B, where we have that A F =F QF,.

The counit is obtained by setting

e h®f =o,,f Sy_la;,lh =o,, f1,, el h 16

for any he H, and fe B, with ye .

F, 15

For any Be 7 the ath component of the antipode of H | B is given by
S, h F = S,h 1 1 b, F = ¢S, h 1 1 S, F 17

o ] a

for any he H, and F P
For any a e w the conjugation isomorphism is given by

og h S = e h g f 18
for any he H, and fe B, with y e 7.

B, where % _ is the antipode of B and S, = ¢, oS, is the antipode of H.

Proof Straightforward.

2 Doi-Hopf w-Modules

Definition 2.1 Let H= H, m, 1, A & be a weak Hopf m-coalgebra and let A be an algebra. A

right weak mr-H-comodule algebra is a mr-H-comodulelike object A p' = p} ,__  such that the following con-
ditions are satisfied.
prab =a, by, ®a,,b,, foralaeaanda beA. 19

a o ®3;a,1 :100“®115- 20
Definition 2.2 let H= H, m, 1, A & be a weak Hopf mr-coalgebra and let C = C, A® &°

be a m-coalgebra. C is called a left weak m-H-module coalgebra if there is a family of k-linear maps “ =
H,®C,— C, aem such that the following conditions are satisfied.

C, ¢ isleft H -module for all a . 21

Agﬂ he¢c =h,, ¢, ,®h,, c,, forala Bem ceCy hel, 22
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e hk- ¢ = hk,, e k,, - ¢ foralceC,and heH,. 23
Example 2.3 LetH= H, m_ 1 A & S beaweak Hopf w-coalgebra. Then H m is a right

a

weak r-H-module coalgebra with m= m_ 2 H QH — H

a aem’

Definition 2.4 let H= H, m,Z 1 A & S be a weak Hopf m-coalgebra. Let A p' be a

right weak mr-H-comodule algebra and let C ¢“  be a left weak m-H-module coalgebra. A left-right weak
Doi-Hopf mr-module M is a left A-module which is also a right m-C-comodulelike object with a comodulelike
structure p) M — M®C, such that the following compatibility condition holds.

pf arm =a,yc myy, Qa,omy, 24
for any « Beam meM and a e A.

Example 2.5 Let H be a weak Hopf w-coalgebra with H, =H,, and M= M, p,, .., a right w-H-
comodule with M, =M, for a fixed a« € 77 and for all A e 7. Setp)*=p , M,— M, ®H, andpl==A,, H,—
H,®H,. Then H, pi"’ N
category //éf,u_H H .

Definition 2.6 Let H be a weak Hopf m-coalgebra with H, = H_,. A left-right weak «-Yetter-Drinfeld
module M is a k-space M with a left H-action and a right H-coactionlike object such that the following conditions
hold

is a right m-H-comodulelike object and M is a right Doi-Hopf mr-module in the

em

hyg mog®hyom = hypg-m (o0& hypgrm | g1 hypgg 26
forany « Bem meM and heH,,.

pem =m,, ®m,, eM®H, =1, MR, H 25

Now we can form the category , 27! of left-right 2/ -modules which the composition of morphism of
Y7 -modules is the standard composition of the underlying linear maps.

Now we have the following theorem.

Theorem 2.7 Let H= H, A & S be a weak T-coalgebra. Let us fix o in . Then

1 H_ can be made into a right weak mr-H" ® H-comodule algebra. The comodulelike structure p™ = pll
H,H ® H"Q®H , is given by the following formula

Pl b =h o, . ®S b by gcieet Ol 0 27

forall he H,.

2 H can be turned into a left weak mw-H” @ Hmodule coalgebra. The action of H” @ H on H is given by
the following formula

h®l - g=Ilgh forallgeH, heH’ leH,.
3 The category 777, H of the left-right weak a-Yetter-Drinfeld modules and the category , . — H
H”Q@H of the left-right weak a-Doi-Hopf modules are isomorphic.

Proof 1 itis easy lo see that H_ is a right m-H” @ H-comodulelike object. In what follows we need to
prove that p}* is an algebra morphism from H,— H ,QH? @H, i.e. Egs. 19 — 20 hold. In fact it is
easy to see that pi* 1, =11, ®A. We also have

oo @hmwen 111 =1,, 1.Qe S'p00 1, ®& 1,,,,
=1,,1",,® S, 1,, &1,
=1,,1",,®5"'¢, . 1,, ®1',,
=1, 1,®8S b 1, ®1,, ,, =p™ 1,

for a« e 7. As required.

2 3 Straightforward.
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