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Some Continuous Dependence Results on the Complex
Ginzburg-Landau Equation with p-Laplacian
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Abstract ; Continuous dependence on a modelling parameter is established for solutions of a problem for a complex
Ginzburg-Landau equation with p-Laplacian. We derive a prior estimates that indicate that solutions depend continuously
on a parameter in the governing differential equation provided the solutions exist and other proper conditions.
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0 Introduction

The time-dependent Ginzburg-Landau partial differential equation has been used to model phenomena in a
number of different areas in physics and other fields. Recently, Gao and Bu''' have studied the n + 1 complex
generalized Ginzburg-Landau equation with inhomogeneous Dirichlet boundary problem. Studies have become
known as “continuous dependence on modelling” or “structural stability” investigations and have attracted the
attentions of a number of researchers(see [2,3]). Yang and Gao'*"! have discussed the continuous dependence
on the modelling parameters for a complex Ginzburg-Landau equation with real and complex coefficients.

In this paper, we will investigate the continuous dependence on parameter for the well-known Ginzburg-Lan-
dau equation with p-Laplacian:

u, =au—-(u+w)l ul’u+(a+ iB) Au,(x,t) e 2x(0,T)
wherei= /-1, 1< p <2, the parameters a,v and B are all real-valued constants with 4 >0,a >0 and u is a
complex-valued scalar function. Although a,u,v,a,B are assumed to be constant, similar results can be ob-
tained if we allow a,a,B,u,v to be functions of the spatial variables with slight modifications. We take them to
be constant for more clarity in our analysis. Now by means of Liskevich-Perelmuter inequality in reference [6],

we will discuss the continuous dependence results for complex coefficients with p-Laplacian case and we find that
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the solutions depend continuously on a modelling parameter x + iv provided the solutions exist and 0 < <
a

%%’ ol <Bu, up e ().

1 Continuous Dependence on Parameter u +iv

Now we consider the foilowing problem
u, =au—(y,+i|y|)|u|2u+(a+1;8) Au, (x,t) ef2x(0,7T),
u=u,, (x,t) €002x(0,T), (1)
u(x,0) =u,(x), xefl,
where p,a >0,a,v,8eR,u, e H (a2x (0,T)).
Lemma 1.1(Okazawa and Yokota) Let H is a complex Hilbert space with inner product < +, + >
and norm || « |,. Let pe (1,0 ), then for any non-zero z,w € H with z5%w we have the following inequality :

m < |21z = [lwllf ?w,z —w > | ip=2I
Re< el %~ [wlw,s 0> ~2,/p-T
Suppose we have two solutions u and v that have the same boundary and initial conditions but satisfy the
equation with different coefficients u; +iv, ,u, +iv,. Let w=u -v,A =, —u,, 7 =v, —v,. Then we will find
w, =aw - (u, +i,) lul’u+ (u, +iv,) Iv1*v - (a +iB) ( Ap=Au). (2)
To find an priori estimate, we multiply equation (2) by w i. e. the conjugate complex function of w and integrate
over {2 to obtain
<w,,w> =alw|’ - <(u, +iv,) (lul’u-1v*) ,w>
—<().+i7)|vlzv,w>—(a+iﬁ)<APv—Apu,w>, (3)
where
I=(u, +iv) <lulPu-1vlPo,w>, L=(a+iB) < Ap-Au,w>,
and we denote m =Re < lul®u - ly1*0,w> ,n=Im < lul’u-lp*v,w>.
From Lemma 1.1, fixing p =4 ,then Msl =3, we find that Rel, =y, m - v,n=0 provided 0 <MS«/§.

m 23 My

Iy, |
- <,/3. (we can also see reference [7])

From then on, we always suppose 0 <
1

Since
<Ap-Auu-v> <div(I Vol*?Vo- | Vul? 2 Vu),u-v>
< VulP?Vu-1Vol??Vo,Vu- Vo>
=a+bi,
wherea=Re < | Vul|" 2 Vu-1V01?2Vo,Vu- Vo> ,b=Im< | Vul?*Vu-I1Vol" 2V, Vu- Vo>.

181 _2/p-1

From Lemma 1.1, we get l;ﬂsé%, it follows that Rel, = aa — 58=0 provided 0 < @ Sip-2l
Taking the real part of (3) we have
1 d

——|lwl?® = a||lw|?* - Rel; - Re{ (A +ir) <I vi1*v,w >} - Rel,
< a|w|? + VA2 +72j Lol wl de
(7]
< afw|? +3vVA° +Tz(j | ul“dx+f [ ol%dx).
(1 (0]

Now set n(t) = lwl?, so that
%n(t) < 2an +6V/A° +7'2J’(| wl® 4 ol *)dx.
o .
— 27 —
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Using Gronwall’ s inequality, we obtain

2(t) < 6427 +r2e2'"f;jn(| wl® 4l ol *)ded? .

Our task is to estimate I J | ul*dxdf , and it can be accomplished for f f | v!*dxd{ in the same way.
oln 0ol

To this end, we introduce the function ¢ (x,t) that satisfies
Ay =0, (x,1) e 2x(0,T),
¢ =u,, (x,t) € a2 x(0,T) .

Now we consider the identity
jojn(u -¥)(u, —au+ (u, —w) |l ul?u - (a- iB) A,u)dxdl = 0.
Taking the real part of (5) and using Green’s identity we have

%fau u|2dx+y1j;J;7l ul"dxdgs%fnl up | 2dx +1 a jojnl u | *dedf
s[1unyg dx+jnlao||4,(x,0)|dx+f;fn|u|| g, | dxdg
+ al f;fnl 2l gl dxdg + (, + vll)f;J;)l W’ gl dvdl

+Re(a - ip)j J' (u - ) A, udxde.
o’
Using Cauchy inequality and Young’s inequality (see [8]), we have

[raie dxs%fnl ultds + [ 1 yl'd,

[1 11 (x0) 1 dxs%j{)l u0|2dx+%jn| w(x,0) | 2dx,

fofnx ull g, dxd{s%f;Ll ulzdxd{+%f;fnl g, | 2dndz,

jojnl all gl dxdgs%f;fnl u|2dxdg+%j;fn| w1 2dxde,

j;[nn wl®1 g1 dedl < 2, Ofn| ul“dxd;+i—0(g,)j;j”| w1 dede,
Re(a —ip)j;fn(u ) A,udxdf = Re(a -ig)j;fn(u — ) div( | V| Va)deds
=‘Re(a'iﬁ)jtj(\Vu|”-|Vu|”“2VEV¢)dxd{
0’0

=—af;jai Vuipdxd;me(a—iﬁ)];L[ VulP? Va ¥ gdeds
<-af [ | vulrdeds + VB[ [ | 7ul | vyldsg
<-of [, vubdd o JTIF [ (e Tub + Ol | Ty
= S [ vuldsdg + Tf [ | vy e,

where taking &, = and 1 <p<2.

P T
2/a’ +B2 ’

Substituting (7)—(12) into (6), we can show that there exist positive constant ¢,k ,-**,k¢ such that

%L| u|2dx+qf;jn| ul*dadg < [ | uolzdx+klf;fnl w1 2dxdZ

l i
+7jn| ¢(x,0)|2dx+k2jﬂ| ¢|2dx+k3jojn| W, 1dxdf
— 28 —
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t 4 ¢ 2 t 2
+k4f0jn|./,| dxdg+k5j0fﬂ|./,| dxd[+k6foL|v./,|dxdg. (13)
In order to give an priori estimate forf I | ul*dxd , we need demonstrate the terms involving ¢ are bounded.
olo

Now we prepare the following lemma.
Lemma 1.2 (Rellich identity)
If the function ¢(x,t) that satisfies
Ay =0,(x,t) e2x(0,T),
Y=u,, (x,t) ed2x(0,7T),
then

i_ 2 R 2 2L 2d¢ — im O
(3 1)L[v.,,gdx+2jmxn,.| anlds—zfmxni|vr¢|ds LnxT,,anv,(pds. (14)

where d denote the spatial dimension and the normal and tangential vector to df2 are n and T, respectively, and
V pf is the tangential derivative. It has been proved by Yang and Gao in reference [4]. Here we omit the proof
of the Lemma.

(1) If we assume d >2, the domain {2 is star shaped with respect to origin and set ma!i)nlxini | =K >0, then

there exist constants ¢, ,c, such that

2 W |2 2
L|V¢|dx+clfmlanldssczfm|vr¢|ds, (15)
s0
' 2 ‘ 2
IOL|V¢|dxd{sczfofm|vr./,|dsd{. (16)
(2) Ifd=2, (14) tumns to
W2 2
128 ds <[ |V ds (17
Using Green’ s identity, we get
B = “Q.'Ii - 2
0= L¢A¢dx J;nzpands fn| vy |2dx. (18)
By Cauchy inequality, we have
20, _ [ 7 9¢ 1 W 2 1 2
L|v.,,|dx_jm¢andss2jm|an|ds+2jm|¢|ds. (19)

Combining (17) with (19), it clear thatf | V4 |*dx is bounded even if d =2. So ford =2, j | Vi |*dx and
0 0

t
f f | V¢ |*dxd{ is bounded. Using Poincare inequality, we may obtain
olo

2 2 2 2 2
fn| Wl dxsc(jm| Wl ds+jn| vy |?dx) sc,,J;nl yl ds+csLn| v |%ds, (20)
it following that
t 2 1] 2 13 2
Uﬂlw dxd{Sc‘fofmlljfl dsd{+csfo’[m|vﬂ/,|dsd{. (21)
Using Sobolev embedding theorem, when d<4,H' ((2) e I'(2), so
jﬂl ¢|‘dxsc6(jm| ¢|2d5)2+c7(jm|v,./,|2ds)2, (22)
from the above inequality, we also have
! 4 ! 2 2 ! 2 2
jojnl Wl dxdgscﬁjo(jml W 1 *dsdg) +C7fo(-‘;nl V | 2dsdl)%. (23)

t
The last task is to estimate f f I ¢, | 2dxd{ , in fact, we can obtain a bound for it in a similar fashion, thus
)
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t 2 t 2 t 2
UH| ! dxdgscsfofml ¥, | dsdg+cgfofm{ v, [2dsdz. (24)
From (19) to (24), (13) can be written as
flulzdxs4k1j'f|u|2dxdg+P(t), (25)
(/] 00
where P(t) is bounded. Using Gronwall’ s inequality, we have
” | uldxds < f'P(g)eW‘-f’d;. (26)
00 0
Thus, (13) becomes
[ [ 1 uttands <, [ PO 0 ds +9,P(1). (27)
02 1]
Similarly,
jofnl vl *dxdf < yJOQ({)e“‘("‘)d{ +7.0(1), (28)

where y, ,***,y, are positive constants and Q(¢) is also a term depending only on given data.
Hence combining (27),(28) with (4), it follows that

n(t) < 6/ATH T ([ POS I + 7,P(0) + [ QO Pd +7,0(0)). (29)

Inequality (29) establishes continuous dependence of the solution u of (1) on the modelling parameter u + iv.
Hence we obtain the main theorem:

Theorem Let1 <p<2, u be a solution of problem (1) and {2 is a bounded and star-sharped domain in
R". 1f the spatial dimension 2<d<4, u, e L’(2), u, e H' (802x (0,T) ), then u depends continuously on the

modelling parameter u + iy when 0 < -|€—|$2|—p% and Iyl <\3pu.
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