
Note on Two Common Fixed Point Theorem sUnder

Strict Contractive Conditions

Li L,i Fang Jinxuan

( S choo l ofM ath emat ics and C om puter S ciences, Nan jing N orm alUn ivers ity, Nanj ing 210097, Ch in a)
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0� Introduction

In 1986, Jungck
[ 1]

in troduced the concept of compatible m appings and proved some common fixed po int

theorem s of compatible mapp ings. How ever the study o f common fixed po ints of noncompatib lem appings is also

very interesting
[ 2, 3 ]

. In 2000, Pant
[ 4]

gave two new common fixed po int theorems of noncompat ib lemapp ings un�
der strict contractive conditions by using the no tion o fR - w eak commutativ ity. The aim of this note is to po int

out that these theo rem s are incorrect and correct them.

W e recall som e basic concepts w hich w ill be needed in the seque.l

Tw o se lfmaps f, g of ametric space (X, d ) are calledR- w eakly commu ting
[ 5]

if there ex its some rea lnum�
berR> 0 such thatd ( fgx, gfx ) � Rd ( fx, gx ) fo r a llx inX. f and g are called po intw iseR - w eak ly commuting

if g ive x inX, there ex istsR > 0 such thatd ( fgx, gfx ) � Rd ( fx, gx ). Pant
[ 2, 3]

proved that pointw ise R - w eak

commu tativ ity is equ iva lent to commutativity at co incidence po ints ( .i e. weak compatib ility de fined by Jungck

recently
[ 6]

).
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Tw o se lfm aps f and g of (X, d ) are called compatib le if limn d ( fgxn, gfxn ) = 0, whenever { xn } is a se�
quence inX such that limn fxn = limn gxn = t for som e t! X. f and g w ill be noncompatib le if there ex ists at least

one sequence { xn } such that limnfxn = limngxn = t for some t inX, but limnd ( fgxn, gfxn ) is either non�zero or

non�ex isten.t Obv iously, compat ib ility implies pointw iseR - w eak commutativ ity. H ow ever, po intw iseR- w eak�
ly commu ting m aps need not be compatib le.

1� A Coun terexample

In [ 4], Pant proved the follow ing tw o common fixed point theorems of noncompatib lemappings:

Theorem A� Let f and g be noncompa tib le and po intw iseR- w eakly commuting selfmaps of ametric space

(X, d ) such that

( i) f (X )� g (X ).

( ii) d ( fx, fy ) < max{ d ( gx, gy ), k [ d (fx, gx ) + d ( fy, gy ) ] /2, k [ d (fy, gx ) + d ( fx, gy ) ] /2}, 1� k< 2,

x∀ y.

If the range of f org is a complete subspace o fX, then f and g have a un ique common fixed po in.t

Theorem B� Let (A, S ) and (B, T ) be pointw iseR- w eakly commuting selfmaps of am etric space (X, d )

satisfy ing the conditions

( 1) A (X )� T (X ), B (X ) � S (X ).

( 2) d (Ax, By ) < m ax{d ( Sx, Ty ), k [d (Ax, Sx ) + d (By, Ty ) ] /2, k [ d (Ax, Ty ) + d (By, Sx ) ] /2}, 1� k<

2, x∀ y.

Let (A, S ) or (B, T ) be a noncompatible pair of mapp ings. If the range of one o f them app ings is a com�
plete subspace ofX, then A, B, S, and T have a un ique common fixed po in.t

The follow ing example show s that when 1< k< 2, Theorem A and Theorem B are not valid.

Counterexample� LetX = [ 2, 19] and d be the usua lmetric onX. W e take k= 1. 6, De fine f, g: X #X

by

fx=

3, if x= 2 or x > 5

2, if x= 3

6, if 2< x < 3 or 3< x � 5

and

gx =

3, if x= 2

2, if x= 3

8, if 2< x < 3 or 3< x� 5

x+ 1
2

, if x> 5

respective ly. Obv iously, f and g have no t any common fixed po in.t Bu,t w e can prove that f and g sat isfy a ll the

conditions of Theo rem A.

( 1) f and g are po intw iseR - w eak ly commuting since f and g are commuting at the ir co incidence points x

= 2, 3.

( 2) f and g are noncompatible. In fac,t consider the sequence {xn } inX, xn = 5 +
1

n
. Then w e have

limn fxn = limngxn = 3 but limn fgxn = 6, and limn gfxn = 2. H ence f and g are noncompatible.

( 3) f (X ) = {2, 3, 6}, g (X ) = {2}∃ [ 3, 10] . Hence f (X ), g (X ) is a comp lete subspace ofX and f (X )

� g (X ).

( 4) Take k= 1. 6, it is easy to verify that f and g sat isfy the condition ( ii) of Theorem A.

Th is show s thatTheorem A is incorrect when 1< k< 2.

Remark 1� In the above example, w e takeA = B = f and S = T = g, then it show s that Theorem B is also
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incorrect when 1< k< 2.

Remark 2� From the proo fs ofTheorem 2. 1 and Theorem 2. 3 in [ 3] , it is not d ifficu lt to see that the the�
orems are va lid when k= 1.

2� Revisions of Theorem A and Theorem B

Now we g ive the correctional form s of Theorem A and Theo rem B.

Theorem 1� Let (A, S ) and (B, T ) be po intw iseR - w eak ly commuting se lfm aps o f ame tric space (X, d )

satisfy ing the conditions:

( i) A (X )� T (X ), B (X ) � S (X ).

( ii) d (Ax, By ) < max{ d (Sx, Ty ), k [d (Ax, Sx ) + d (By, Sx ) ] /2, k [ d (Ax, Ty ) + d (By, Ty ) ] /2}, 1� k

< 2, x∀ y.

Let (A, S ) or (B, T ) be a noncompatible pair of mapp ings. If the range of one o f them app ings is a com�
plete subspace ofX, then A, B, S, and T have a un ique common fixed po in.t

Proof� LetB andT be noncompat ible mapp ings. Then there ex ists a sequence { xn } inX such thatBxn #

t and Txn # t for some t inX, but limnd (BTxn, TBxn ) is e ither non�zero or non�ex isten.t S inceB (X ) � S (X ),

for each xn there ex ists yn inX such thatBxn = Syn. Thus w e haveSyn # t. W e cla im thatAyn # t. If no ,t th is im�
plies thatd (Ayn, Bxn )# 0, and so there ex ist a �0 > 0 and a subsequence {Ayn

m
} of {Ayn } such that d (Ayn

m
,

Bxnm
) %�0 (m = 1, 2, && ). No tice that limn Txn = limnSyn = t, hence there ex ists a positive integerN such

that for eachm%N we have

d (Bxnm
, Txnm

) = d ( Synm
, Txnm

) <
( 2- k ) �0

2k
( < �0 ),

� � � � � d (Ayn
m
, Txn

m
) + d (Bxn

m
, Txn

m
) � d (Ayn

m
, Syn

m
) + d ( Syn

m
, Txn

m
) + d (Bxn

m
, Txn

m
)

< d (Aynm
, Synm

) + 2∋
( 2- k )�0

2k
<

2

k
d (Aynm, Synm

).

and so by the condit ion ( ii) w e obta in

d (Ayn
m
, Bxn

m
) < max{ d (Syn

m
, Txn

m
), k [ d(Ayn

m
, Syn

m
) + d (Bxn

m
, Syn

m
) ] /2,

k [ d (Ayn
m
, Txn

m
) + d (Bxn

m
, Txn

m
) ] /2}

� max{ �0, d (Aynm, Synm
), d (Aynm

, Synm ) } = d (Aynm , Bxnm
),

a contrad ict ion. H enceAyn # t.

Suppose thatS (X ) is a complete subspace ofX. Then, sinceSyn # t, there ex ists a po int u inX such that

t= Su. IfAu∀ Su, by ( ii) w e have

d (Au, Bxn ) < max { d (Su, Txn ), k [ d (Au, Su ) + d (Bxn, Su ) ] /2, k [d (Au, Txn ) + d (Bxn, Txn ) ] /2}.

Letting n# ( , it fo llow s that d ( Au, Su ) < k [ d ( Au, Su ) ] /2< d (Au, Su ), a contradiction. H ence Au = Su.

S ince (A, S ) is po intw iseR- w eakly commuting, A and S are commu ting at co inc idence po int u, and soAAu =

ASu = SAu = SSu. SinceA (X )� T (X ), there ex ists a po intw inX such thatAu= Tw. W e assert thatTw = Bw.

IfTw ∀Bw, then by ( ii) w e get

d (Au, Bw ) < max{ d (Su, Tw ), k [ d (Au, Su ) + d (Bw, Su ) ] /2, d (Au, Tw ) + d (Bw, Tw ) ] /2}

= k [ d (Bw, Au) ] /2< d (Bw, Au), as 1� k< 2,

a contrad iction. HenceBw = Tw = Au = Su. Po intw iseR- w eak commutativity of ( B, T ) implies thatBTw = TBw

= TTw = BBw. Now ifAu∀ AAu, then by ( ii) w e get

d (Au, AAu ) = d (AAu, Bw )

< m ax{ d (SAu, Tw ), k [ d (AAu, SAu) + d (Bw, SAu ) ] /2, k [ d (AAu, Tw ) + d (Bw, Tw ) ] /2}

= m ax{ d (AAu, Au ), k [ 0+ d (Au, AAu ) ] /2, k[ d (AAu, Au) + 0] /2}

= d (AAu, Au ),

a contrad ict ion. ThusAu = AAu = SAu, .i e. , Au is a common fixed po int ofA and S.
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S im ilarly, w e can prove thatBw = BBw. NoteBBw = TBw andBw = Au, henceBAu = TAu= Au, .i e. , Au

is a lso a common f ixed po int o fB and T.

Now w e prove the un iqueness o f the common fixed po in.t If there ex ists ano ther common fixed po int v inX

such tha tv∀ Au, then by ( ii) w e get

d ( v, Au ) = d (Av, Bw )

< max{ d ( Sv, Tw ), k [ d (Av, Sv) + d (Bw, Sv) ] /2, k [ d (Av, Tw ) + d (Bw, Tw ) ] /2}

= d ( Sv, Tw ) = d (Av, Bw ),

a contrad ict ion. H ence the common f ixed po int ofA, B, S and T is un ique.

The proof is sim ilar when TX is assumed to be a complete subspace ofX. The case in wh ich AX o rBX is a

comp le te subspace ofX is sim ilar to the case in wh ich TX orSX respect ive ly is comp lete sinceAX� TX andBX

� SX. Th is comp letes the proo .f

Theorem 1 is a rev ision ofTheorem B. In Theorem 1, tak ingA = B= f and S = T = g, w e obtain a revision of

Theorem A, .i e. , the fo llow ing theorem.

Theorem 2� Let f and g be noncompatib le and po intw iseR- w eakly commuting selfm aps o f ametric space

(X, d ) satisfy ing the cond itions:

( 1) f (X )� g (X ).

( 2) d ( fx, fy ) < max {d ( gx, gy ), k [d ( fx, gx ) + d ( fy, gx ) ] /2, k [ d (fx, gy ) + d (fy, gy ) ] /2}, 1� k< 2,

x∀ y.

If the range of f org is a complete subspace o fX then f and g have a unique common fixed po in.t

Remark 3� Pant
[ 7]

a lso found thatTheorem 2. 1 and 2. 3 in [ 3] g iven by themselvesw ere incorrec.t They

didn) t g ive a counterexample, bu t g ive amodificat ion w hich is different from our theorems.
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