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Note on Two Canmon Fixed Point Theoran s Under
Strict Contractive Conditions
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Abstract In this paper we point out that two canmon fixed point theorems of nomr can patb le m app ings under strict
contractive conditions given by R P Pantand V. Pant are incorrect by a counterexanpl At hesane tinge we comect
these wo theorans and get wo nev canmon fixed point theorems of nomr can patb le m appings

Key words canmon fixed points strict contractive condions noncanpatiblk mappings poinw seR — weak canmu-
ativity

CLC number O189. 13 Docunent code A A rticle ID 1001-4616( 2007) 02-0011-04

( , , 210097)

0 Introduction

In 1986 Jungckl " nwoduced the concept of canpatible m appings and proved sane canmon fxed pont
theorem s of campatible mapp ngs However he study of canmon fxed ponts of noncan patb lem appings is also

Y In2000 Pant” gave wo new canmon fixed pont theorems of noncan patb le m app ngs un-

very interesting[2
der strict contractive conditions by usng he noton of R — weak canmutativity The am of this note is to pont
out that these theoran s are ncorrect and correct them.

W e recall sam e bast concepts which w ill be needed in the sequel

! if there exits same realnun-

berR> 0 such hatd (fgx, gfx )SRd(k gx) forallx nX. f andg are called poinw ise R — weak ly canmuting
if givex nX, here existsR> 0 such thatd (fgx, gfx) SRd (f, gx ). Pant®” proved that pointvise R — weak

conmu tativity 5 equ valent to camm utativity at concidence ponts (1 e weak canpatbiliy defned by Jungck

recently[ﬁ] ).

Two selimapsf g of ametric space (X, d) are called R— weakly canmu t'ngl5
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Two selin apsf and g of (X, d) are called canpatble if lin, d (fgx., gfx, ) = Q whenever {x,} is a se
quence nX such that lin, fx,= lin, gv, = ¢ for sm e t€X. f andg willbe noncanpatble if there exists at least
one sequence {x,} such that lm,fx, = lm,gx, = ¢ for sane t m X, but lm,d (fgx., gfx.) is eiher non-zew or
non-existent Obviousl, canpatbility mplies poinwise R — weak canmutativity H owever pointvise R— weak-

ly canmu ting m aps need not be canpatb le

1 A Counterexanple

In [ 4], Pant proved the follow ng o canmon fixed point theorems of noncanpatb le m appings

Theoren A Letf andg be noncanpatble and pointv ise R— weakly canmuting selfnaps of ametric space
(X, d) such that

() F(X )Cg(X ).

(i) d(fs fy) < max{d(gx gy), k[d(fx gx)+d(fs gy )] /2 k[d(fy, gc)+d(fs gr)]/2), 1Sk< 2
xFy
If the range of f org is a canplete subspace ofX, thenf and g have a unque canmon fixed pont

Theoren B Let (A, S) and (B, T ) be pointwise R — weakly canmuting selfnaps of am etric space (X, d)
satisfy ing the conditions

(DAX)CT(X), B(X)CS(X).

(2) d(Ax By) <max{d(Sx, Ty), k[d(Ax Sx)+ d(By, Ty) ] /2 k[d(Ax, Ty) + d(By, Sx) ] 22}, 1<k<
2 xFy.

Let (A, S) or (B, T) be a noncanpatible pair of mapp ngs If the range of one of them app ngs is a com-
plete subspace of X, thenA, B, S, andT have a unijue canmon fixed pont

The follw ng exanple shows thatwhen 1< k< 2 Theorem A and Theoren B are not vali

Counterexanple LetX= [2 19] andd be he usualmetric onX. We takek=1 6, Defnef g X"X

by
3 fx=2orx>5
Jx=9y 2 fx=3
6 if2<x<3or3<x<5
and
3 fx=2
2 ifx=3
gr={ § if 2< x < 3 or3< x5
%, ifx> 5

respectvely. Obvbusly f andg have notany canmon fxed pont Bui we can pove thatf and g satisfy all the
conditions of Theoran A.

(1) f and g are pointv ise R — weak ly canmuting sincef andg are canmuting at their concidence points x
=2 3

(2) f and g are noncanpatible In fact consder the sequence {x,} mX, x,= 5 + 71 Then we have
lin, fx, = lin,gx, = 3 but lin, fgx, = § and lim, gfx, = 2 Hencef and g are noncam patible

(3) f(X)= {236} g(X)={2)U[3 10]. Hencef(X ), g(X ) is a canplete subspace ofX andf(X )
CgX).

(4) Take k=1 G it is easy to verify thatf and g satisfy the conditon ( i) of Theorem A.

This shows thatTheorem A is ncorrect when 1< k< 2

Ranark 1 In the above exanple we takeA=B=f andS=T= g then it shows that Theoran B is also
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ncorrect when 1< k< 2
Renark 2 Fran the proofs of Theorem 2. 1 and Theorem 2 3 n [ 3], it isnotdifficult to see that the he-

orems are vald when k= 1

2 Revisions of Theorem A and Theorem B

Now we gwe the correctional foms of Theoram A and Theoran B.

Theoran 1 Let(A, S) and (B, T ) be pontv ise R — weak ly canm uting se lfn aps of ametric space (X, d)
satisfy ing the conditions

() AX)CT(X), BX)CSX).

(i) d(Ax, By)< max{d(Sx Ty), kfd(Ax, Sx)+d (By Sx)]/2 k[d(Ax, Ty )+ d(By, Ty )] /2), 1<k
<2 xFy%

Let (A, S) or (B, T) be a noncanpatible pair of mapp ings If the range of one of them app ngs is a can-
plete subspace of X, thenA, B, S, andT have a unijue canmon fixed pont

Proof LetB andT be noncanpatble mapp ngs Then there exists a sequence {x, ] inX such that B,
t and Tx, ¢ for sane t nX, but Im,d (BTx,, TBx, ) is either non-zew or non-existent SnceB (X )C S(X ),
for eachx, there existsy, nX such thatBx, =Sy,. Thuswe haveSy,,_) t We clam thatAy,,H t Hnot the m-
plies thatd (Ay,, Bx, )_> O and so here exist a & > 0 and a subsequence {Ay, } of {Ay,} such thatd(Ay, ,
By, ) >t m=1 2 ...... ). Notice that lm, Tx, = lm,Sy, =t hence here exists a positve integer/N such

hat for eachm 2N we have

-
d(Bx,,, Tx, ) =d(Sy., Tx, )< (2-k)& 8O(< &),

2k
d(Ay, , Tx, )+ d(Bx,, Tx, ) <d (Ayn . Syn ) +d(Sy, , Txy )+ d(Bx, , T, )
(2-k)& 2

<d@Ay,, Sy, )+ 2° < ?d (Ayn,, Syn, )-

2%
and so by the conditbn ( i) we obtan
d(Ay,,m, Bx,lm )< max[d(Sy,,m, Tx,bm ) k[d(Ay,lm, Sy,,m )+ d(Bx,,m, Sy,,m )]72
k[d (Ay,,m, Tx,,m )+ d(Bx,,m, Tx,,m )] 72)
Smaxf & d(Ay,, Sy, ). d(Ay,. Sy, )} =d(Ay, . Bx, ),
a contrad cton Hence/ly,b_> L
Suppose hatS (X ) is a canplete subspace ofX. Then s'n(:eSyn_> t there exists a pontu inX such that
i=Su. IfAuZSu, by (ii) we have
d(Aw Bx, )< max {d(Suy Tx,), k[d(Aw Su)+d(Bx,, Su)] /2 kl[d(Aw Tx,)+ d(Bx,, Tx, )] /2}.
Letting n oo, it folbws thatd (Aw Su)< k[d(Aw Su)]/2< d(Aw Su), a contadiction H enceAu = Su
Smnce (A, S) is pontw ise R— weakly canmuting A andS are canmu tng at concience pontu, and soAAu=
ASu= SAu= SSu. SinceA (X )CT(X ), there exists a pontw nX such thatdu= Tw. W e assert hatTw = Bw.
If Tw ZBw, then by ( ii) we get
d(Au Bw )< max{d(Su, Tw), k[d(Aw Su)+ d(Bw, Su)]/2 d(Aw Tw) + d(Bw, Tw )] /2}
=k[d(Bw, Au) ] 2< d(Bw, Au), as 1S<k< 2
a contrad iction HenceBw = Tw =Au=Su Ponw ise R - weak canmutativity of (B, T ) mplies that BTw = TBw
=TTw = BBw. Now ifAuZAAu, then by ( ii) we get
d(AwAAu)=d(AAu Bw)
<max{d(SAw Tw ), k[d(AAu, SAu) +d(Bw, SAu) ] /2 k[d(AAu Tw ) + d(Bw, Tw )] /2}
=max{d(AAuwAu), k[O+d(Au, AAu)] 72 k[d(AAu Au) + 0] /2)}
=d(Auy Au),
a contrad cton ThusAu=AAu= Su, 1 e, Au is a canmon fixed pont ofA and S.
— 13—
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Smilarl, we can prove thatBw = BBw. Note BBw =TBw and Bw =Au, hence BAu=TAu=Au, ie, Au
isalso a canmon fxed pointofB andT.

Now we pove he uniueness of the common fixed pont If there exists another canmon fxed pomtyv mX
such thatvZAu, then by (i) we get

d(vy Au)=d(Avy Bw)

<max{d(Sy Tw), k[d(Av Sv)+d(Bw, Sv)] 72 k[d(Ay Tw) + d(Bw, Tw )] 72}
=d(Sy Tw )=d(Ay, Bw ),

a contrad cton H ence the canmon fxed point of4, B, S andT is unique

The pwoof is sinilar when TX is assumed to be a canplete subspace ofX. The case n whichAX orBX is a
canp kte subspace ofX is s ilar to the case n whichTX orSX respectively is canplete snceAX CTX and BX
C SX. This completes the proof

Theorem 1 is a revision of Theorem B. InTheorem 1 takingA = B=f andS= T =g, we obtan a revision of
Theoram A, ie, the follow ing theoran

Theoren 2 Letf and g be noncanpatble and pontw ise R — weakly canmuting selfn aps of ametric space
(X, d) satisfying the cond itions

(D f(X)CgX)

(2) d(fs fr)<max(d(gx gy ) k[d(fs gv)+d(fy ex)]/2 k[d(fs gy)+d(fy, gy)] 2}, 1<k< 2
X ZY.

If the range of f org is a canplete subspace ofX thenf and g have a unique canmon fxed pont

Renark 3 Pant’ alko found thatTheorem 2 1 and 2 3 i [ 3] given by themselveswere ncorrect They

didn’ t give a counterexanple butgive amodificatbnwhich is different fran our theorems
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