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Abstract: It is proved th at existence of a non triv ial solut ion for b iharm on ic prob lem involving a crit ica lSobo lev exponen t
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critical Sob olev expon ent, u, v is the ou ter norm al vector on�! , and f ( x ) is a g iven fun ct ion. By u sing th e variational

p rincip le , w e prove th e existence of non trivia l solu tion for b iharm on ic p rob lem involving th e crit ical S obolev exponen t.
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含临界指数的双调和问题非平凡解的存在性
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[摘要 ] ! 讨论如下含临界指数的双调和方程非平凡解的存在性

�2u = �
u

| x | s
+ | u | 2* - 2u +  u + f ( x ), x � ! ,

u =
�u
�v

= 0, x � �! .

其中 !  RN 是有界光滑区域, 0� !, N � 5, 0 s 4, 0 � < �
-
=

N (N - 4)

4

2

, 2* =
2N

N - 4
为

W 2, 2 ( ! )中 Sobo lev嵌入的临界指数, u, v表示�! 的外法线方向, f ( x )为给定函数. 通过变分方法,

我们证明了含临界指数的双调和方程非平凡解的存在性.

[关键词 ] ! 双调和方程, Sobo lev临界指数,非平凡解

! R eceived date: 2007�07�20. Rev ised da te: 2007�08�02.

Foundation item: Supported by the NNSF( 10471047 ) and NSF of Gu angdong Province( 05300159) .

Biography: Aham ed Adam Abd elgadir, born in 1976, doctora,l m ajored in partial d if feren tial equations. E�m ai:l ahm edm ath17@ hotm ai.l com

Corresponding autho r: Shen Y aotian, born in 1938, professor, ma jored in part ial d ifferent ial equ at ion s. E�m ai:l m aytshen@ scut. edu. cn

0! Introduction

In th is paperw ew ill d iscuss the ex istence o f a nontriv ial so lu tion for the follow ing b iharmon ic prob lem invo l�
ving Sobo lev exponents
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u =
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�∀= 0, x � �! .

( 1)
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where ! is a bounded doma in in R
N
w ithN �5 and �! are sufficient ly smoo th, 0 �< �

-
=

N (N - 4)
4

2

, 0 s

 4, 2
*
=

2N

N - 4
is the critica l Sobolev exponent for the embeddingH

2
0 (R

N
) L

2*
(R

N
). H

2
0 ( ! ) is the com�

plete o fC
#
0 ( ! ) respect to the norm u . v is the outer normal vector on �!.

W e are interested in the ex istence o f nontriv ial solutions of ( 1) . B ecuase o f the lack of the compactness of

corresponding energy funct iona,l

I ( u ) =
1
2 ∃! ( | �u |

2
-  u

2
) -

�
2 ∃! | u |

2

| x |
s -

1

2
* ∃! | u |

2*
- ∃! f ( x ) u,

foru� H
2
0 ( ! ) and this leads to many in teresting ex istence and non�ex istence phenomena.

W e consider first the case of f (x ) = 0where �=  = 0, namely the equation

�
2
u = | u |

2* - 2
u, x � !,

u =
�u
�∀

= 0, x � �! .
( 2)

It is w ell known that ( 2) adm its no posit ive so lut ions if ! is star shaped
[ 1, 2]

. By the Pohozaev identity w ith the

unique cont inuation property. Th is suggests tha t in order to ob tain ex istence results for ( 2) , one shou ld e ither

add subcritical perturbations ormod ify the topo logy o f the geometry of the dom ain.

Ghoussoub and Yuan
[ 3]

stud ied the ex istence o f a mu lt iplic ity o f the so lution for the fo llow ing quasilinear

PDE:

- �pu =  | u |
r- 2
u + �

| u |
q-2

u

| x |
s , x � !,

u = 0, x � �! .

( 3)

In this paper, ourmain in terests are the problem ( 1) suggested by Ghoussoub and Yuan . For Kang and

Deng
[ 4]

discussed the result o f nontriv ial so lution w hen q= 2 and 0 s 2.

Ourma inme thods fo llow that o fB rezis
[ 5]

where the best Sobo lev embedding constant p lays a important ro le,

the correspond ing resu lts for b iharmon ic operatorw here established in[ 6�8].

Throughout th is paper, w e denote the equivalent norm s ofu inH
2

0 (! ) andL
p
( ! ) w ith u = ( ∃! | �u |

2

- �
| u |

2

| x |
s )

1
2 and | u |p = ( ∃! | u |

p
)

1
p respectively.

It is true that thew eak so lutions of prob lem ( 1) is equ iva lent to the nonzero critica l po ints of the functional

def ined onH
2
0 ( ! )

I ( u ) =
1

2 ∃! ( | �u |
2
-  u

2
) -

�
2 ∃!

| u |
2

| x |
s -

1

2
* ∃! | u |

2*
- ∃! f ( x ) u ( 4)

A s 2
*

is the critica l Sobolev exponent correspond ing to the noncompact embedd ing o fH
2
0 ( ! ) in toL

2*
(! ).

I ( u) does not in genera l sat isfy the Pa lais�Sma il condition and it is not possib le to obta in crit ica l po ints of I ( u)

v ia simp le variat iona l argum ents w hich are based on the compactness o f the Sobo lev embedd ing.

Defin it ion

 1 (�) = inf
u � H 2

0
( ! )

|u |% 1

∃! ( | �u |
2
- �

| u |
2

| x |
s )

∃! | u |
2

( 5)

when �= 0,  1 ( 0) is denoted by S. The resu lts of this paper are com ing by th is theorem.

Theorem ! If 0<  <  1 ( �), N �5, and 0 �< �
-
, 0 s 4, f (x ) � !H 2

0 (! ) and f ( x )% 0. Assume that

for

CN = (
8

N - 4
)
N+ 12

8

and for anyu:

u � H
2
0 (! ), ∃! | u |

2*
dx = 1.
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The follow ing inequa lity ho lds:

∃! fu < CN { u
2
-  | u |

2
2 }

N + 4
8 . ( 6)

Then the prob lem ( 1) has at least one w eak so lution inH
2

0 ( ! ).

1! P relim inary Resu lts

A t firstw e assume that

J ( u) = u
2
2 -  | u |

2
2 - (2

*
- 1) | u |

2*

2* , u � H
2
0 (! ),

#: = u � H
2
0 (! ) | ∃! ( | �u |

2
-  u

2
) - ∃! | u |
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2

| x |
s = 0 ,

#
+

: = { u � #; J ( u) > 0}, #
0
: = { u � #; J ( u ) = 0},

#
-
: = { u � #; J ( u) < 0}, c0: = in f

u� #
I( u ) .

Befo re prov ing the theo rem, w e w ill prove several lemmas. F irstw e prove a Sobo lev inequality and a com�
pactness resul.t

Lemma 1. 1! ( Sobo lev�H ardy inequa lity) For allu� H
2
0 (! ), w hen 0 s 4, w e have

∃! u
2

| x |
s  C ∃! | �u |

2
.

Proof! For s= 0 or s= 4, th is is just the Sobo lev�Hardy inequa lity. S ince 2 2
*
( s) =

2( n - s)
n- 4

 2
*
, w e

have 0 s 4, w e can therefore only consider the case of 0< s< 4. By theH ardy, Sobo lev andHo lder inequa li�
t ies, w e have

! ∃! | u |
2
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N - 4
N
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4

4
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4

4
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4
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sN
4

4
N

∃! | & u |
2
= C∃

4
N
R

4- s ∃! | �u |
2
= C ∃! | �u |

2
.

Lemma 1. 2! Assume that � (0,  1 (�) ) and f% 0 satisfies cond ition ( 6) . Then for any u� H
2

0 ( ! ) ,

u% 0, there ex ists a un ique t
+
= t

+
( u) > 0 such that t

+
( u ) u� # -

,

t
+
>

∃! ( | �u |
2
-  u

2
) - �∃! | u |

2

| x |
s

( 2
*

- 1) ∃! | u |
2*

1

2* - 2

= tm ax,

and

I ( t
+
u ) = max

t� tm ax

I ( tu ).

M oreover, if ∃! fu > 0, then there ex ists a unique t
-
= t

-
( u ) > 0 such that

t
-
( u ) u � #

+
.

In particu lar,

t
-
<

∃! ( | �u |
2
-  u

2
) - �∃! u

2

| x |
s

(2
*

- 1) ∃! | u |
2*

1

2* - 2

= tmax

and

I( t
-
u ) = m in

0 t tm ax

I ( tu ).

Proof! For any u� H
2

0 (! ), set

% ( t) = t∃! ( | �u |
2
-  u

2
) - t�∃! | u |

2

| x |
s - t

2* - 1 ∃! | u |
2*

- ∃! fu.
From ( 6) and the fact that � (0,  1 (�) ), we can deduce that t= tmax is the un ique critical po int of % ( t) and

% ( tmax ) > 0. By the fact tha t 2
*
> 2 and the properties of function % ( t) we can calcu late the conc lusions o f our
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lemma easily .

Lemma 1. 3! Assume that the cond ition ( 6) ho lds. Then fo r any u� #, u% 0, we have

∋ u∋ 2
-  | u |

2
2 - ( 2

*
- 1) ∃! | u |

2* % 0. ( 7)

Proof! For every u�  , w e have

∃! ( | �u |
2
-  u

2
) - �∃! | u |

2

| x |
s = ∃! | u |

2*
+ ∃! fu. ( 8)

If ( 7) doesn( t ho ld, then there ex ists some u0� #, u0 % 0 such that

∋ u0 ∋
2
-  | u0 |

2
2 - (2

*
- 1) | u0 |

2*

2*
= 0. ( 9)

From ( 8) and ( 9) w e deduce

∃! | u0 |
2*

=
1

2
*

- 2∃! fu0, (10)

∃! ( | �u0 |
2
-  u

2

0 ) - �∃!
| u0 |

2

| x |
s =

2
*

- 1

2
*

- 2∃! fu0. (11)

Putting

v =
u0

( ∃! | u0 |
2*

)
1

2*

.

From ( 10) and ( 11) w e have

| u0 |
2* - 1
2* =

1

2
*

- 2∃! fv,
2
*

- 2

2
*

- 1

1

2
*

- 2 ∃! fv
1

2* - 1

∃! ( | �v |
2
-  v

2
) - �∃! | v |

2

| x |
s = ∃! f v.

Thus

1

2
*

- 1
(2

*
- 2)

8
N+ 4 ∃! | �v |

2
-  | v |

2
- �

| v |
2

| x |
s = ∃! f v

8
N+ 4

,

which g ives

∃! f v = 1

2
*
- 1

N+ 4
8

(2
*
- 2) ∃! ( | �v |

2
-  v

2
) - �∃! | v |

2

| x |
s

N+ 4
8

, | v | 2* = 1

which con trad icts the assumption ( 6) . Thus w e comp letes the proo f of th is lemm a.

2! P roof o f Theorem

In this sect ion, w e g ive the proo f o f the theorem . F irs,t research the fo llow ing Lemma 2. 1.

Lemma 2. 1! Let & be aC
2
functional on aH ilbert spaceH that is coercive and bounded below on the set

M = { u� H; u% 0 and ∋)( u ) = < &)( u ), u > = 0}. Suppose < ∋)( u ), u > % 0 fo r any u� M and for any ( un )

inM tha t ism inim izing sequence fo r & onM , w e have that ( ∋( un ) ) is bounded inH and

lim
n∗ #

inf | < ∋)( un ), un > | > 0.

Then for everym in im izing sequence ( vn ) inM for &, there ex ists ( un ) inM such that &( un )  &( vn ),
lim

n∗ #
∋ un - vn ∋ = 0 and lim

n∗ #
∋ &)( un ) ∋ = 0.

In particu lar, if& verifies (PS )M, C whereC= inf &(M ), then the setK c = { u� H; &( u ) = c, &)( u ) = 0}

is no t empty.

Proof of Theorem ! W e verify that the set # sat isfies the hypothesis of Lemma 2. 1. Suppose ( un ) is a

m inim izing sequence fo r I in #, since I is coercive , w e can assume ( un ) is uniform ly bounded . M oreover,

since I( 0) = 0 and co < 0, we can assume , modulo passing to a subsequence, that for some (> 0, w e have that

∋ u∋ �(. Suppose now that

J ( un ) = ∋ un ∋
2
-  | un |

2

2 - ( 2
*

- 1) ∃! | un |
2*

= o ( 1), ( 12)

then for some constant )> 0, we get ∃! | un |
2* � )and
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∋ un ∋
2
-  | un |

2
2

2
*

- 1

N+ 4
8

- ∃! | un |
2*

N+ 4
8

= o (1) .

By the fact tha tun � # we get

∃! fun = ( 2
*

- 2) ∃! | un |
2*

+ o (1) .

Thus w e have

0 < �0)
2*

2* - 2  ( 2
*

- 2)
∋ un ∋

2
-  | un |

2
2

2
*

- 1

N+ 4
8

- ∃! | un |
2*

N+ 4
8

= o( 1),

which is a contrad iction, thus ( 12) does no t hold. Thus w e have that

lim
n∗ #

in f | J ( un ) | > 0.

N ext, any ( un ) # such that lim
n∗ #

I ( un ) = co and lim
n∗ #

| I)( un ) | = 0, then ( un ) is necessarily bounded and w e

can find aw eak cluster po in tu� H
2
0 (! ). W e can also assume that un ∀ u weak ly inH

2
0 (! ).

In particu lar , for any v� H
2
0 ( ! ),

< I)( un ), v > = ∃! &un & v - �
un v

| x |
s -  unv - fv - | un |

2* - 2
un v,

as n∗ # , w e get

< I)( u ), v > = ∃! & u& v - �
uv

| x |
s -  uv - fv - | u |

2* - 2
uv = 0.

Hence < I)( u ), v > = 0 for all v� H
2
0 ( ! ), w hich means thatu is a nontrivia l so lut ion for ( 1) , in particu lar,

u� #. S ince I is w eakly low er sem i- continuous, w e also get

co  I (u )  lim
n∗ #

I ( un ) = co,

thus I( u ) = co and ∋ un ∋ ∗ ∋ u∋ wh ich implies that un ∗ u strongly inH
2
0 ( ! ). The proo f o fTheorem is com�

pleted.

3! Conclusion

In this w ork w e present the ex istence o f nontriv ial so lution fo r b iharmon ic prob lems involv ing critica l expo�
nents, then w e make some prelim inary results of som e lemmas using Sobo lev Hardy and Ho lder inequalities

w hich are used in the proo f o f the theorem, and then w e find the prob lem ( 1) has at least one w eak solution in

H
2
0 ( ! ).
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