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Existence of Nontrivial Solution for B iharmonic
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Abstract It is proved that existence of anontrivial solition forbiham onic problem nvolving a criticalSobo lev exponent

A’y = U ‘+|u|2*_2u+ M+ f(x), x€ Q

x|

u=%= 0 x€ 0Q.

2
where QC R¥ be a smooth bounded danain and 0€ Q, N >5 0<s<4 0K He D:[]L;ﬂ L7 :N2EV4 s the

critical Sobolv exponent u v is the outer nomal vectoron0Q, andf(x) & agiven finction. By using the varitional
principl, we prove the existence of nontrivial solution for bhamonic problen nvolving the critical Sobolev exponent
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0 Introduction

In this paperwew ill discuss the existence of a nontrvial soliton for the follow ng b hamonic problen nvol

ving Sobolev exponents

Nu = u- u|s+|ulf_2u+ M+ f(x), x€ Q
X

(1)
Cu
u= 3= ax € 0Q.
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2
where @ & a bounded damain in R' withN 25 and 0Q are sufficiently smooth 0SS H< = [N N4_ 4} , 0Ss

<472 = is the critical Sobolev exponent for the embeddingH(z)(RN) Cl’” (RN ). Hé(Q) is he can-

N-4
plete ofCy (Q) respect to the nom |lull v is the outer nomal vector on 0Q.
W e are nterested in the existence of nontrivial solutions of ( 1). Becuase of the lack of the campacmess of

corresponding energy funct'nna.l

I(u) = = }I M l’ = N - 2Jm jl QZ‘t(x)u,

foruEHé(Q) and this leads to many nierestng ex stence and non-existence phenamena

W e consider first the case of f(x )= Owhere P= A= Q namely the equation

2 > -2
Au=lul u x€ Q

2
u:@: x € 0Q. (2

It iswell known that (2) adm its no positive solutobns if Q is star shaped[ b

By the Pohozev dentity wih the
unique contnuation property. This suggests that n order to obiain existence resulis for (2), one shoul either
add subcritical perurbatons ormod ify the topology of the gean etry of the dam ain

Ghoussoub and Yuan'” studied the existence of a mu liplicity of the soltion for the folbwing quasilnear

PDE

|l "y

L' * €9

u=( x € 09Q.
In this paper ourmain nterests are the problem (1) suggested by Ghoussoub and Yuan. For Kang and

- Au = Mulu+ 1 (3)

Deng 'Y discussed the result of nontrivial sohtion when g= 2 and 052
Ourmanmethods follav hatofBrezis ' where he best Sobolev enbeddng constant p lays a mportant rolg
the correspond ng resulis for b hamonic operatorwhere established n[ 6-8].

Throughout this paper, we denote the equivalent nom s ofu inH §(Q) andL’ ( Q) with ||,]|= ( QJ.I M l’

Pl L
- U%)z andlu |, = (le ul”)7 respectively
x

It is tme that theweak solutbns of problem ( 1) is equivalent to the nonzero critical ponts of the functional
defned onH(z)(Q)

I(w)=— Yl tul’= M) - = - Jx)u (4)
s s f

As?2 s the critical Sobolev exponent correspond ng to the noncan pact enbedd ing ofHo( Q) nwol’ (Q).

I(u) does not in general satisfy the Palais-Smail condition and it is not possb k to obtan critical ponts of I (u)

vh siple varhtbnal argun ents w hich are based on the canpacmess of the Sobolev enbedd ng

Defnitbn
2
| l? - plel
@ x I’
v = i
\11\0¢| 1) Iu'

whenB=0 A (0) is denoted by S. The resulis of this paper are can ing by his theorem.
Theoran IfO< A< A(H), N 25 and OSH< B 0S54 f(x )EHG(Q) and f(x)ZQ Assume that

for

and for anyw

w €HG(Q), J|u|2* =1
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The follow ng inequality holds

N+4
RN (6)
Then the problan (1) has at least one weak soluton inHO(Q).

1 Prelm nary Results

At firstwe assume that

Jw = lulf- Muli= (2 = Dluls, u€Hy(Q)

:{uEHé(Q) | Jm M l” = M) - Juuf - J _uﬂ%z %
A= (u€ NJ(u) > 0. A: = (u€ A J(u) = 0},
o= fu€ ANJ(uw) < 0), e = afl(u).

Before proving the theoren, we w ill prove several lanmas Fistwe prove a Sobolev mequality and a com-

pactness result
Lenma 1 1 ( SobolevH ardy inequality) For allu€H; (Q), when 0Ss<4 we have

2
J”—s <CJ| Au

Proof Fors= 0ors=4 this is just the SobolevHardy inequality Snce 2<2 (s)= —;2<2 we

have 0X s<4 we can herefore only consider the case of 0< s< 4 By heH ardy, Sobolev and Holder nequalr

ties we have

Jllzi:j<[o,['“'r]\‘\i[ J.lxlTﬂ]'\i<C _[I Aulz[ J~|x|'7‘}‘i<cgj| Aulz{B‘[R)lxlTsw]%z
Cm%[ly%] .['Au'-CwR Ilmu cQﬁAuﬁ.

Lenma 1 2 Assume that A€ (Q A () ) and fZ0 satisfies condition (6) . Then for any u€H ) (Q),
uZQ there exists a unique 1 = ¢ (u) >0 such that ¢ (u)u€ A",
f| Mul® = M) -1 '”'
X

N
i |« | = fw

(2 -1 J.Iul

1
2|7

and

I({ u) gtaxl(tu).

M oreover if fu > Q then there exists aunique t = ¢ (u)> 0 such that

t (u)u€ A
In particu lag
2 |
) JIAuIZ—}»uz)—uJ%
t < ‘ x| = i
(2 - I)Q‘[lul?
and

I(i u) = Oglkgl](tu)
Proof For any uEH(z)(Q), set

I’ - '
O(1) = tJ| Al - )\uz)—tllg%—tf 1QI|u|2 - J/u.

Fran (6) and the fact that A€ (Q A (1)), we can deduce that 1= 1, is the unique critical pont of ©( ) and
D (tmax ) > Q By the fact that2 > 2 and the properties of function @ (¢) we can calcu late the conclisbns of our

_3_
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lemm a easily .

Lenma 1 3 Assune that the condition (6) holds. Then foranyu€ A uZQ we have
Hull > = Muls- (2 - 1)Qj|u|f Z 0
Proof For every u€ A, we have

fraroaeoufel [

(7) doesn’ thold, then here exists sme uo€ A uoZ0 such that
|| Up || g

(7)

(8)

“AMuls= (2 = 1) I u
Fran (8) and (9) we deduce

(9)
Il wol- = > Juo,

10
- 2 (10
Jl 0 N )\u(z)) Q.F|x0 ' > 2Ju0'
Putting

—

(1)

Uo
v Fa—
(Jruot™ )*
Fran (10) and ( 11) we have
luo 13 ' = 1 J%
o2 j_z 5
2-3 1 ﬁylAvl—M)—U-lIz:Ju
2 -2 -2 v 1) e
Thus

1

. 8 2 v
(2 -2+ Emplz—mmz—u'”—']:[oﬂ )
2 -1 @ x|
which gives
N+ 4
b=l
: :[2* J

, 0 1T
(2 -2 J‘(mmz—)wz)-uj% L loly =1
_ Q Q |x|
which contradicts the assumptbn ( 6) .

Thus we comp letes the proof of this lenm a
2 PwofofTheoran

In this sectbn, we give the proofof the theoren . Firsi research the folbw ng Lenma 2. 1
2

Lenma 2 1 Let ® be aC™ functional on aH ilbert spaceH that is coercive and bounded below on the set
= {u€H; uZ0and ¢ (u)= < 9 (u), u> = 0). Suppose < ¢ (u), u>Z0 Hranyu€M and for any (u, )
nM that isminin izing sequence br ? onM, we have hat ($(u, )) is bounded nH and
lminfl< ¢ (u, ) u, > 1> 0
A I w,

Then for everym nm izing sequence (v,) nM for € there exists (u, ) mM such that ®(u, )
~0, =0 and linll ¥ (u, ) Il =0

In particulay i
is not empty.

< Qv ),
@ verifies (PS )y, ¢ whereC= nf ®(M ), then the setK, = {u€H; ®(u)=¢ ? (u)= 0}

since [ is coercive
snce [(0)=0and ¢, < ) we can assume

Proof of Theoran W e verify hat the set A satisfies the hypothesis of Lanma 2 1 Suppose (u, ) is a
m inin zing sequence for/ n A, si we can assume (u, ) is unifomly bounded. M oreover

modulo passhg to a subsequence that for sasme 6> Q we have that

J(u) = M 17 = N, 13- (2 = 1) JI w 1" = o(1), (12)
then for sane constant ¥Y> Q we get Jl w, 1I° 2 ¥ and
J— 4_

llull 28 Suppose now that
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2= A, 13 N
{ u, _ | u |J _ J.Iunlz* =0(1)-
> -1 o

By the fact thatu, € A we get

Thus we have
- . 2_ )+ AR
0< W@ < (3 g Lwll ZAlw b ‘{ Jlun |T] = o 1)
2 -1
which is a contradicton  thus ( 12) does nothold. Thuswe have that
lm nfl J(w) >0
Next any (u, )JC A such that Im/(u,) = ¢, and Iin | I'(u, ) 1= 0, then (u,) isnecessarily bounded and we
can find aweak chsterpo'ntueH(z)(Q). W e can also assume thatu, —~u weakly 'an(Q).
In particu lar, for anvaH(z)(Q),

=
o
N

p u, v -
< I (u,) v>-= u,,Av—l»ll e v = fo—lu,l Un 1)
x

-
asn O, we get

uv

< ]/(u),v> = Q'LuAv_ulxls_

Hence < I'(u), v> =0 for allveHg(Q), which means thatu is a nontrivial soliton for (1) , n particu lar,

Awv-fo-lu > Pw= 0

uw€ A, Sncel isweakly lower sen i~ continuous we also get
6 SITw) < linl(u ) = o

tus I(u)=c¢ and llu, I 7 1l wll which mplies thatu,  u strongly nHo(Q). The proofofTheoram is can-
pleted

3 Conclusion

In this work we present the existence of nontrvial solition Hrbhamonic problms involving critical expo-
nents then we make same prelin nary results of some lemmas usng Sobolev Hardy and Holder inequalities
which are used n the proofof the theoram, and thenwe find the problm (1) has at least one weak solution in
Ho(Q).
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