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Abstract: A perfectM endelsohn des ign, denoted by ( v, k, �) �PMD is a pa ir (X, A ), wh ereX is a v�set( of points) ,

and A is a collection of cyclically ordered k�subsets ofX ( called b lock s) , su ch that every ord ered pair of po ints ofX ap�

pears t�apart in exactly� b locks ofA for any t, wh ere 1� t � k- 1. LetA b e a b lock ofA, if there are exact ly u

b locks ofA, wh ich have n o comm on elem en tsw ith A, then w e say A is a �u �b lock. In th is article, it is proved that

th ere are exactly 141 non� isom orph ic ( 12, 4, 1) �PMDs w ith a �1�b lock.

K ey words: �u �b lock, perfect, M endelsohn design, isom orph ism

CLC number O157. 2� Docum ent codeA � Article ID 1001�4616( 2007) 04�0006�04

具有 �1型区组的 ( 12, 4, 1) �PMD的完全分类

张学斌,陆晓萍,王 � 桢

(南京师范大学数学与计算机科学学院,江苏 南京 210097 )

[摘要 ] � 设 X 是一个 v元点集, A是循环有序的 k元子集簇.一个完全 M ende lsohn设计, 记为 ( v,

k, �)�PMD,是二元组 (X, A ), 使得 X 中每个有序点对恰好 t间隔地出现在 �个区组中. 若一个区

组恰有 u个区组与之不交,则称之为 �u区组.本文证明了共有 141个不同构具有 �1型区组的 ( 12,

4, 1)�PMD.

[关键词 ] � �u�区组,完全, M ende lsohn设计, 同构

� R eceived date: 2007�01�28. Rev ised da te: 2007�03�05.

Foundation item: Supported by the NNSF( 19971043 ) .

Biography: Zhang Xueb in, born in 1958, professor, m ajored in com b inatorial des ign s. E�m ai:l xbzhang@ n jnu. edu. cn

0� Introduction

Let v, k, � and n be positive integers. (x1, x2,  , xk ) is def ined to be { (x i, xj ): i! j, i, j= 1, 2,  ,

k }, in w hich the ordered pair ( xi, xj ) is called ( j- i) �apart for i< j and ( k+ j- i) �apart for i> j, and is ca lled

a cyclica lly o rdered k�subset of { x1, x2,  , xk }.

A perfectM ende lsohn design, denoted by ( v, k, �)�PMD is a pa ir (X, A ), w hereX is a v�set( of po ints) ,
andA is a co llection of cyclically ordered k�subsets o fX ( called b locks), such that every ordered pair of po ints

ofX appears t�apart in exactly � blocks ofA for any t, w here 1 � t � k- 1.

For the ex istence problem fo r ( v, 4, 1 )�PMD, M endelson
[ 1]

first investigated the ex istence o f ( v, 4, 1)�
PMDs by associating these designsw ith a variety of quasigroups. How ever, therew as no concerted effo rtmade to

determ ine the spectrum of these designs unt il an almost comp lete solution w as g iven for the case v∀ 1( mod 4) in

Bennet
[ 2]
, by explo iting PBD�c losure. Zhang Xueb in

[ 3]
had considerable success w ith the case v∀ 0( mod 4) .

Subsequent investigations cu lm inated in the fo llow ing conclusive result for ( v, 4, �) in B ennett et a.l
[ 4]
. It
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shou ld be remarked that themost outstand ing case for the ex istence of a ( 12, 4, 1) �PMD was fina lly settled in a

computer search for its associated quasigroup and the examp lew as prov ided in Bennett et a.l
[ 5 ]
. H ence w e have

Theorem 0. 1� A ( v, 4, 1)�PMD ex ists if and only if v( v- 1) ∀ 0 ( mod 4) w ith the exception ofv = 4 and

v= 8.

Defin ition 0. 1� Let (X, A ) be a ( v, k, �) �PMD. LetA be a block ofA. If there are exactly u blocks of

A, w hich have no common elements w ith A, then w e sayA is a �u �block.

Lemma 0. 1� Let (X, A ) be a ( v, k, �)�PMD andA
- 1

= { ( d, c, b, a ) ∃( a, b, c, d ) % A }. Then (X,

A
- 1

) is a lso a ( v, k, �) �PMD.

Defin ition 0. 2� LetA and C be tw o collections of cyclically ordered k�subsets o fX. W e say they are iso�
morph ic if

( i) there ex ists a b iject ion  from X toX such that  (A ) = C;

( ii) C= A
- 1
.

Let (X, A ) and (X, C) be two ( v, k, �)�PMDs. W e say they are isomorph ic ifA and C are isomorph ic.

Lemm a 0. 2� Let (X, A ) and (X, C) be tw o ( v, k, �)�PMDs. If is an isomo rph icmapp ing andA is a

�u �block ofA, then  (A ) is a �u �block of C.

F rom Lemm a 0. 2 w e have

Lemma 0. 3� Let (X, A ) and (X, C ) be tw o ( v, k, �) �PMDs. If there is an integer u such that the

number o f �u �b locks o fA is not equal to that of C, then they are no t isomorph ic.

In this artic le, w ew ill show that there are exactly 141 non�isomorphic ( 12, 4, 1) �PMDs w ith a �1 �b lock.

1� Intersecting Equations

A ( v, k, �) balanced incomplete b lock design ( brief ly B IBD) is a pair (X, B ) whereX is a v�set o f ele�
ments called points, andB is a set of k�subsets ofX ca lled b locks w ith the property that every pair ofX is con�
tained in exactly � b locks.

Lemma 1. 1� Let (X, A ) be a ( 12, 4, 1) �PMD andB= { { a, b, c, d } ∃( a, b, c, d ) % A }. Then (X,

B) is a ( 12, 4, 3) �B IBD w ith no repeated blocks.

Lemma 1. 2� Let (X, A ) be a ( 12, 4, 1) - PMD. LetA be a b lock o fA. Letxi denote the number of

the blocks ofA which have exactly i common e lem ents w ith A. Then w e have the follow ing equat ions:

x0 + x1 + x2 + x3 + x4 = 33, x1 + 2x 2 + 3x3 + 4x4 = 44, x2 + 3x3 + 6x4 = 18, x4 = 1

and their solutions are: ( x0, x1, x2, x3, x4 ) % { ( 0, 28, 0, 4, 1) , ( 1, 25, 3, 3, 1) , ( 2, 22, 6, 2, 1) , ( 3, 19, 9,

1, 1) , ( 4, 16, 12, 0, 1) }.

F rom Lemm a 1. 2, w e have

Lemma 1. 3� Let (X, A ) be a ( 12, 4, 1) �PMD andA be a �k �b lock ofA. Then k= 0, 1, 2, 3, 4.

Lemma 1. 4� Let (X, A ) be a ( 12, 4, 1) �PMD. LetA be a b lock ofA. Let z � A, and ci deno te the

number o f the blocks ofA wh ich have z and exact ly i elements ofA. Then w e have the fo llow ing equations:

c0 + c1 + c2 + c3 = 11, c1 + 2c2 + 3c3 = 12.

From Lemm a 1. 2, c0 + c3� 4, so w e have

Lemma 1. 5� The so lutions for the equat ions in Lemma 1. 4 are ( c0, c1, c2, c3 ) % { ( 4, 2, 5, 0), ( 3, 4, 4,

0) , ( 2, 6, 3, 0), ( 1, 8, 2, 0) , ( 0, 10, 1, 0), ( 3, 5, 2, 1) , ( 2, 7, 1, 1) , ( 1, 9, 0, 1) }.

2� Structure for ( 12, 4, 1) �PMD W ith a �1 �Block

Lemma 2. 1� Let (X, A ) be a ( 12, 4, 1) �PMD andA be a �k �b lock ofA. Then k= 1, 2, 3, 4.

Proof� From Lemma 1. 3, k = 0, 1, 2, 3, 4. A ssumeA is a �0 �block and z� A. It fo llow s from Lemma 1. 2

that x0 = x2 = 0, th is fo rces that c0 = c2 = 0. H ence by Lemma 1. 4, w e have 2c3 = 1, w hich has no integer so lu�
t ions.
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ForA = ( a, b, c, d ) we dif ine!(A ) = { a, b, c, d }. Let

B0 = { 3, 6, 9, 12}, B1 = { 1, 4, 7, 10}, B2 = { 1, 3, 6, 9}, B3 = { 4, 6, 9, 12},

B4 = { 7, 3, 9, 12}, B5 = { 10, 6, 12, 2}, B 6 = { 10, 3, 12, 5}, B 7 = {11, 3, 6, 8}.

Theorem 2. 1� Let (X, A ) be a ( 12, 4, 1) �PMD w ith a �1 b lock A 0. Then there is an isomorphism  

and seven blocks A i, i= 1, 2,  , 7, such that !( (A k ) ) = Bk, k = 0, 1, 2,  , 7.

Proof� Let !(  (A 0 ) ) = {3, 6, 9, 12}. SinceA 0 is a �1 b lock,  (A 0 ) is also a �1 b lock. By Lemma 1. 2,

w e can let

!( (A 0 ) ) = { 3, 6, 9, 12}, !(  (A 1 ) ) = {1, 4, 7, 10}, !(  (A 2 ) ) = {3, 6, 9, - },

!( (A 3 ) ) = { 6, 9, 12, - }, !( (A 4 ) ) = {3, 9, 12, - }, !(  (A 5 ) ) = {6, 12, - , - },

!( (A 6 ) ) = { 3, 12, - , - }, !( (A 7 ) ) = { 3, 6, - , - }.

Apply Lemma 1. 5 w ith z % {1, 4, 7, 10} and  (A 0 ), it is easy to see that c0 = 1, c1 = 9, c2 = 0, c3 = 1 or

c0 = 1, c1 = 8, c2 = 2, c3 = 0. Hencew e have

!(  (A 2 ) ) = {1, 3, 6, 9}, !(  (A 3 ) ) = { 4, 6, 9, 12}, !(  (A 4 ) ) = {7, 3, 9, 12},

!(  (A 5 ) ) = {10, 6, 12, - }, !( (A 6 ) ) = {10, 3, 12, - }, !( (A 7 ) ) = { 3, 6, - , - }.

Apply Lemma 1. 5 w ith z % { 2, 5, 8, 11} and  (A 0 ), it is easy to see tha t c0 = 0, c1 = 10, c2 = 1, c3 = 0.

Hencew e have

!( (A 5 ) ) = { 10, 6, 12, 2}, !( (A 6 ) ) = { 10, 3, 12, 5}, !(  (A 7 ) ) = {11, 3, 6, 8}.

Let

R 1 = (3, 6, 9, 12), R 2 = ( 3, 12, 6, 9), S1 = (10, 1, 4, 7), S2 = (10, 1, 7, 4),

S3 = ( 10, 4, 1, 7), S4 = ( 10, 4, 7, 1), S5 = ( 10, 7, 1, 4), S6 = ( 10, 7, 4, 1).

U1 = { ( 1, 3, 9, 6), ( 4, 6, 12, 9), ( 7, 9, 3, 12) },

T1 = {R1 }& U1 & { (11, 8, 6, 3), ( 10, 2, 12, 6), ( 10, 3, 5, 12) },

T2 = {R1 }& U1 & { (11, 8, 6, 3), ( 10, 2, 12, 6), ( 10, 12, 5, 3) },

T3 = {R1 }& U1 & { (11, 8, 6, 3), ( 10, 12, 6, 2), ( 10, 3, 5, 12) },

U2 = { ( 1, 6, 3, 9), ( 4, 9, 6, 12), ( 7, 12, 9, 3) },

T4 = {R1 }& U2 & { (11, 3, 8, 6), ( 10, 2, 12, 6), (10, 5, 3, 12) },

T5 = {R1 }& U2 & { (11, 3, 8, 6), ( 10, 12, 6, 2), (10, 5, 3, 12) },

T6 = {R1 }& U2 & { (11, 3, 8, 6), ( 10, 12, 6, 2), (10, 3, 12, 5) },

V= { ( 4, 12, 9, 6), ( 1, 6, 3, 9), (7, 9, 12, 3) },

T7 = {R2 }& V & { (11, 8, 3, 6), (10, 2, 6, 12), (10, 12, 5, 3) },

T8 = {R2 }& V & { (11, 8, 3, 6), (10, 6, 12, 2), (10, 3, 5, 12) },

T9 = {R2 }& V & { (11, 8, 3, 6), (10, 6, 12, 2), ( 10, 12, 5, 3) }.

By De fin ition 0. 2 w e have

Lemma 2. 2� If ( i, j)! (m, n ), then { S i }& Tj and { Sm } & Tn are not isomorph ic.

By De fin ition 0. 2 and Theo rem 2. 1 w e have

Lemma 2. 3� There are integers i and j such that

{ (A k ) ∃k = 0, 1,  , 7} ( in Theorem 2. 1) and { S i } & Tj are isomorphic.

3� Non�isomorph ic ( 12, 4, 1) �PMDs

In the fo llow ing w e w ill show that it is easy to find all non�isomorphic ( 12, 4, 1) �PMDs w ith { S i }& Tj.

Example 3. 1� F ind all non�isomorphic ( 12, 4, 1) �PMDs w ith { S1 } & T1. Since

� � � � � � {S1 } & T1 = { (3, 6, 9, 12), (10, 1, 4, 7), (1, 3, 9, 6), ( 4, 6, 12, 9),

(7, 9, 3, 12), (10, 2, 12, 6), ( 10, 3, 5, 12), ( 11, 8, 6, 3) }.

#8#

南京师大学报 (自然科学版 ) � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 第 30卷第 4期 ( 2007年 )



It is easy to see that the other 25 blocks shou ld be

( 3, 1, - , - ) , ( 3, 2, - , - ) , ( 3, 4, - , - ) , ( 3, 7, - , - ), ( 3, 8, - , - ),

( 3, 10, - , - ), ( 6, 2, - , - ) , ( 6, 4, - , - ) , ( 6, 5, - , - ), ( 6, 7, - , - ),

( 6, 8, - , - ) , ( 6, 11, - , - ), ( 9, 1, - , - ) , ( 9, 2, - , - ), ( 9, 5, - , - ),

( 9, 7, - , - ) , ( 9, 8, - , - ) , ( 9, 10, - , - ) , ( 9, 11, - , - ) , ( 12, 1, - , - ),

( 12, 2, - , - ), ( 12, 4, - , - ) , ( 12, 5, - , - ), ( 12, 8, - , - ), ( 12, 11, - , - ).

W ith the help of computer, there are three ( 12, 4, 1) �PMDs as follow s.

( i) C= { ( 3, 6, 9, 12) , ( 10, 1, 4, 7) , ( 1, 3, 9, 6), ( 4, 6, 12, 9) , ( 7, 9, 3, 12) ,

( 10, 2, 12, 6) , ( 10, 3, 5, 12), ( 11, 8, 6, 3), ( 3, 1, 2, 4), ( 3, 2, 10, 7) ,

( 3, 4, 5, 8) , ( 3, 7, 1, 5) , ( 3, 8, 11, 2), ( 3, 10, 4, 11) , ( 6, 2, 5, 11),

( 6, 4, 10, 5) , ( 6, 5, 7, 2), ( 6, 7, 8, 10) , ( 6, 8, 4, 1) , ( 6, 11, 1, 7) ,

( 9, 1, 10, 11), ( 9, 2, 11, 4) , ( 9, 5, 2, 1) , ( 9, 7, 4, 8) , ( 9, 8, 5, 10),

( 9, 10, 8, 2) , ( 9, 11, 7, 5) , ( 12, 1, 11, 10), ( 12, 2, 8, 1) , ( 12, 4, 2, 7) ,

( 12, 5, 1, 8) , ( 12, 8, 7, 11) , ( 12, 11, 5, 4) }.

( ii) C= { ( 3, 6, 9, 12), ( 10, 1, 4, 7), ( 1, 3, 9, 6), ( 4, 6, 12, 9) , ( 7, 9, 3, 12),

( 10, 2, 12, 6), ( 10, 3, 5, 12), ( 11, 8, 6, 3), ( 3, 1, 5, 4), ( 3, 2, 10, 8) ,

( 3, 4, 2, 5) , ( 3, 7, 11, 2), ( 3, 8, 1, 7), ( 3, 10, 4, 11), ( 6, 2, 4, 5),

( 6, 4, 1, 11), ( 6, 5, 10, 7) , ( 6, 7, 8, 10), ( 6, 8, 5, 1), ( 6, 11, 7, 2) ,

( 9, 1, 8, 2) , ( 9, 2, 7, 4) , ( 9, 5, 2, 8) , ( 9, 7, 5, 11), ( 9, 8, 4, 10) ,

( 9, 10, 11, 1) , ( 9, 11, 10, 5), ( 12, 1, 2, 11) , ( 12, 2, 1, 10) , ( 12, 4, 8, 7) ,

( 12, 5, 7, 1) , ( 12, 8, 11, 4) , ( 12, 11, 5, 8) }.

( iii) C= { ( 3, 6, 9, 12), ( 10, 1, 4, 7), ( 1, 3, 9, 6), ( 4, 6, 12, 9) , ( 7, 9, 3, 12),

( 10, 2, 12, 6), ( 10, 3, 5, 12) , ( 11, 8, 6, 3) , ( 3, 1, 11, 2) , ( 3, 2, 10, 11) ,

( 3, 4, 1, 5), ( 3, 7, 2, 4), ( 3, 8, 5, 7), ( 3, 10, 4, 8) , ( 6, 2, 7, 5) ,

( 6, 4, 5, 1), ( 6, 5, 10, 7) , ( 6, 7, 8, 11) , ( 6, 8, 1, 2) , ( 6, 11, 4, 10) ,

( 9, 1, 10, 8), ( 9, 2, 8, 4) , ( 9, 5, 4, 11) , ( 9, 7, 11, 10) , ( 9, 8, 2, 5) ,

( 9, 10, 5, 2), ( 9, 11, 7, 1) , ( 12, 1, 8, 10), ( 12, 2, 1, 7), ( 12, 4, 2, 11),

( 12, 5, 11, 1), ( 12, 8, 7, 4), ( 12, 11, 5, 8) }.

It is easily checked that fo r ( i) there are 1 �1 �block, no �2 �block, 13 �3�blocks and 19 �4 �b locks. W e also

say ( 1, 0, 13, 19) is the type vector of ( i). It is also easily checked that the type vecto r of ( ii) is ( 1, 4, 17,

11) , and the type vector of ( iii) is ( 1, 1, 19, 12) . H ence ( i) , ( ii) and ( iii) are three non�isomorph ic ( 12,

4, 1) �PMD s by Lemm a 0. 3.

In the same w ay, w e have the fo llow ing theorem.

Lemma 3. 1� There are atmost 144 non�isomorph ic ( 12, 4, 1) �PMDs w ith a �1 �block.
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