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Abstract A perfectM endelsohn design, denoted by (u &k A)-PMD & apai (X, .Z), whereX &av-set(of points),

and .7 & a collection of cyclically ordered k-subsets of X ( calkd blodks), such that every o ered pairof po ints ofX apr
pears t-apart in exactly A blocks of.Z brany 4 where 1< 1< k- 1 LetA beabbck of .4 if here are exactly u
bbcks of 7 which haveno canmon elamentsw ih A, then we sayA is aBu-bbck In thi artick it & proved that
here are exactly 141 nor &morphic (12 4 1)-PMDs with a B,-bbd
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0 Introduction

Lety &k A and n be positive integers  (x1, x2 -+, 2% ) isdefned o be {(x; x;): #j i j=1 2 ..,
k), mwhich he odered pair (x;, x;) is called (j— i) -apart fori<j and (k+ j— i) -apart fori>j and is called
a cyclically odered k-subset of {x), x5, -5 x1 ).

A perfectM ende lsohn design  denoted by (4 & A)-PMD is a pair (X, .Z), whereX & av-set( of points),
and .Z is a collectbn of cyclically ordered k-subsets ofX ( called bbcks), such that every ordered pair of ponts
ofX appears t-apart n exactly A blocks of 7 for any 4 where 1 <t <k- 1

For the existence poblan Hr (4 4 1)-PMD, M endelson'"' first nvestigated he existence of (1 4 1)-
PMDs by associating these designsw ith a variety of quasgroups However therewasno concerted efbrtmade to
detem ne the spectrum of these desgns until an alost canp lete solution was gven for the case v=1(mod 4) in

Bennet by exploiting PBD-cbsure Zhang Xuebin'” had consilerable success with the case v= O(mod 4).

Subsequent investigations culn nated n the follow ing conclusive result for (4 4 A) in Bennett et al R
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shoul be ramarked that themostoutstand ng case for the existence of a (12 4 1) -PMD was finally settled n a
canputer search for its associated quasigroup and the exanplewas provided in Bennettet al " Hence we have

Theoren @ 1 A (y 4 1)-PMD exists ifand only ifv(v— 1)=0 (mod 4) with the excepton ofv = 4 and
v= 8

DefinitionQ 1 Let(X,.7) bea (s k A)-PMD. Letd be a block of 7 If there are exactly u blocks of
% which have no canmon elementsw ithA, then we sayA is aB,-block

Lenma Q1 Let (X, .Z) bea (v k AM)-PMD andZ '= {(d ¢ b a): (a b ¢ d)€ 7). Then (X,
7 ') isakoa(u k \)-PMD.

Definition @ 2 Let.Z and ' be wo collectbns of cyclically ordered k-subsets ofX. W e say they are iso-
morphi if

(1) there exists abijecton a fiom X toX such thata(.Z)= %

(i) 7= A4 .

Let(X, .Z) and (X, %) bewo (y k A)-PMDs We say they are isanorphic if.Z and # are isanorph ic

LemmaQ 2 Let (X, .Z) and (X, %) bewo (y k A)-PMDs Ifa is an isanomphicmapp ng and4 is a
B,-block of % then a(A) is aB,-block of %

Fran LenmaQ 2we have

Lenma Q3 Let (X, .Z) and (X, %) be wo (u k A)-PMDs If there is an integeru such that the
nunber of B, -b bcks of. 7 is not equal to that of %~ then they are not isam orph ic

In this article wew ill show that there are exactly 141 non- isanorphic (12 4 1)-PMDswith a B, -bbck

I Intersecting E quations

A (y k M) balanced ncamplete block design (briefly BIBD) is a pair (X, .%) whereX is av-setof ele-
ments called points and .% & a set of k-subsets ofX called blocks w ith the property that every pair ofX is con-
tained n exactly A bbcks

Lenma 11 Let(X, .7) bea (12 4 1)-PMD and %= {{a b ¢ d}: (a b ¢d)E . 7). Then (X,
#) isa(12 4 3)-BIBD with no repeated blocks

Lemma 1 2 Let(X, .Z) bea(12 4 1)—- PMD. Letd be ablock of 7 Letx; denote the num ber of
he blocks of .Z which have exactly i canmon elan ents w ithA. Then we have the follow ng equatons

o+ X1+ 20+ a3+ 23 =33 01+ o+ I3+ dos=44 xr + 3u3+ Ory= 18 x4= 1
and their solutions are (xg x1, %2 a3 x4)€ {(Q28 Q4 1), (L25331), (222621), (3199
L1), (416120 1)}
Fran Lenma l 2 we have

Lanma 13 Let(X, .Z) be a(12 4 1)-PMD andA be aB;-block of . Z Thenk=0Q 1 2 3 4
Lenma 1 4 Let(X, .Z) bea (12 4 1)-PMD. LetA be abbck of 4 Letz€A, and ¢; denote the
nunber of the blocks of .Z which have z and exactly i elements ofA. Thenwe have the folbwing equations
cot+ta+at+taca=11c+ 20+ 3=12
Fron Lemmal 2 o+ 03<4 sowe have

Leanma 1 5 The solutions for the equatibns nLenma 1 4 are (@, ¢, ¢ )€ {(42 50), (344
0), (2630), (L820), (A10L0), (3521), (2711, (L9201}

2 Stwcture or (12 4 1) -PMD W ith a B, -Block

Lenma2 1 Let(X, .Z) bea(12 4 1)-PMD andA be aB,-block of.Z Thenk= 1 2 3 4

Proof Fum Lenma 13 k= Q1 23 4 Asumed is aBy-block and z§A. It follows fran Lenma 1. 2
hatxo=2x,=Q this brees that 9= co= Q Hence by Lanma 1 4 wehave 23 = 1, which has no nteger solr-
tons
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ForA= (a b ¢d) wedifneT(A)= {a b ¢ d}. Let
Bo={3 6 9 12}, Bi={1 4 7 10}, B={1 3 6 9}, Bs={4 6 9 12,
Bi={71 3 9 12}, Bs={10 6 12 2}, Be={10 3 12 5}, B;= {11 3 6 8).
Theoran 2 1 Let(X, .7Z) bea (12 4 1)-PMD with a B, blodk A Then there is an isanorphisn a
and seven blocksA, i=1 2 ... 7 such thatT(a(A,))=By, k= 0Q 1, 2 ... 7
Proof LetT(a(Ao))= {3 6 9 12}. Sinced, isaB bbck a(4,) isalo aB bbck ByLenmal 2

we can let
T(a(Ay))=1{3 6 9 12}, T(aA,))={1 4 T 10}, T(a(A,))={3 6 2 -],
W(a(As))=1{6 9 12 -], T(a(Ads))={3 9 12 -}, T(a(ds))={6 12 -, -}
W(a(Ae))=1{3 12 -, =} T(a(47))={3 6 -, -}
ApplyLenma L 5withz € {1 4 7 10) and a(A,), itis easy to see thatao=1 =9 =0 &= 1or
cw=1 a=8 =2 =0 Hencewe have
M(a(A:))={1 3 6 9}, T(a(As))={4 6 9 12}, T(a(As))={7 3 9 12,
Ta(As))= {10 & 12 -}, T(a(Ads))= {10 3 12 - ), T(a(A;))={36 -, -}
ApplyLemmalSwitth{Z 5 8 11} and a (Ay ), it is easy to see hato=0 a=10 =1 ¢=10Q
Hencewe have
T(a(As))={10 6 12 2}, T(a(As))={10 3 12 5, T(a(ds))= {11 3 6 8.
Let
Ri=(36912), R:=(31269), Si=(10 1 4 7), S;=(10 1 7 4)
Ss=(10 4 1 7) Se=(10 4 7 1) Ss=(10 7 1 4), Se=(10 7 4 1)
Zi={(1 396), (46 129), (793 12)},
T=(RJ)UZzU (11 8 6 3), (10 2 12 6), (10 3 5 12)},
F= (R JU7z,U (11 8§ 6 3), (10 2 12 6), (10 12 5 3)}
F= (R JU7Zz,U (11 8 6 3), (10 12 6 2), (10 3 5 12)},
Y= (1639, (496 12, (1129 3)),
T=(RJU72U (11 38 6), (10 212 6, (10 5 3 12)
F=(RJUZLU (11 3 8 6), (10 126 2) (10 5 3 12)),
F= (R )U2,U (11 3 8 6), (10 126 2) (103 12 5)),
7= {(4 12 9°6), (1L 63 9) (7 9 12 3)},
F= (R )UZU (1L 8 3 6) (10 2 6 12) (10 123 3)),
K= (R JUZU (11 8 3 6) (10 6 12 2) (10 3 3 12)},

F= (R, )UZU{ (11 8 3 6) (10 6 122). (10 12 53)).
By Defnition Q 2 we have

Lenma 2 2 If (i j)Z (m,n), then {S;)U.7 and (S, JU.7 are not isanowph ic
ByDefnition Q 2 and Theoren 2 1 we have

Lenmma 2 3 There are niegers i and j such that

{a(A;) k= Q1 ., 7} (inTheoran 2 1) and {S,}U .7 are samorphic

3 Non-isamorphic (12 4 1) -PM Ds
In the folbwing we will show that it is easy to find all non-isamorphic (12 4 1)-PMDswith {S;)U.%
Exanple 3 1 Find all non-isamorphic (12 4 1)-PMDsw ith /S, }U. 4. Since

(S)UA={(369 12), (10 L 47), (L396), (46 129),
(793 12), (10 2 126), (10 3 312), (11 & 63)}.
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It is easy to see that the other 25 blocks shoul be

(31 -, -), (32 -,-), (34 -, -), (37 -, -), (38 -, -
(310 -.-), (62 -.-), (64 -, -), (63 -, -), (67 -, -
(68 -, -), (6 1L -, -), (%L -.-), (22 -, -), (25 -,
(27 -.-), (28 -, -), (910 -, -), (9 1L -, -), (12 L -, -),
(122 -,-), (124 -, -), (1258 -, -), (128 -, -), (12 11 -, -).

)7
)-
)-

W ith the help of canputer there are three (12 4 1) -PMDs as follow s

() 7={(3 6 912), (10 1L 4 7), (1L 3 9 6), (4 612 9, (7 9 312),
(10 212 6), (10 3 512), (1L 8 6 3), (3 L 2 4), (3 210 7),
(3458,(3715), (3 81L2), (310 411), (62 511),

(6 410 5), (65 7 2), (67 810, (6 8 4 1), (611, 1L 7),
(2 L1Q1D), (9 21L 4), (2 32 1), (9274 8), (28 510),
(9108 2), (9 1L 7°5), (12 L 1110), (12 2 8 1), (12 4 2 7),
(12 5 1 8, (12 8 711), (121, § 4)}.

(i) Z={(3 6 912), (10, L 4 7), (L 3 9 6), (4 612 9), (7 9 312),
(10 212 6), (10 3, 512), (1L, 8 6 3), (3 L 5 4), (3 210 8),
(3425), (3 71L2), (3 817, (310 411), (6 2 4 5),

(6 4 1,11), (6 310 7), (6 7 810), (68 3 1), (61, 7 2),
(29182, (%9274, (25228, (27511), (2 8 410),
(21011 1), (915,10 5), (12 L 211), (12 2 1 10), (12 4 8 7),
(12 3 7 1), (12 8 1L 4), (121, 5 8)}.

(i) 7= {(3 6 912), (10 1L 4 7), (L 3 9 6), (4 612 9), (7 9 3 12),
(10 212 6), (10, 3 512), (1L, 8 6 3), (3 L 1L 2), (3 2 1Q 11),
(3415, (3724, (3837, (310428, (627239,
(64531, (63107, (6 7811), (6 & L 2), (61 410),
(9 L 10 8), (%2 8 4, (25 411), (% 71,10, (2 8 2°5),
(910 5 2, (91L 7 1), (12 1 8§10), (12 2 1 7). (12 4 2 11),
(12 511 1), (12 8 7 4), (1211 § )}

It is easily checked that for (i) there are 1 B;-block no B,-block 13 Bs-blocks and 19 B,-bbcks We also

say (1 Q 13 19) is the type vector of ( 1). It is also easily checked that the type vector of (i) is (1L 4 17
11), and the type vector of ( i) is (1 1, 19 12). Hence (1), ( i) and ( iii) are three non-isamorphic (12
4 1)-PMMDs by LenmaQ 3

In the same way, we have the folbw ng theorem.
Lenma 3 1 There are atmost 144 non-isanorphic (12 4 1) -PMDswith a B, -block
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