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[摘要 ] 已有结论表明:素数集中存在任意长的算术级数.且对任意正整数 k,任何具有正密度的素数子集都

含一 k项算术级数.考虑 4h + 1型素数 ( h为正整数 ),显然可得结论:一定存在 k项算术级数, 其中每项都能表成

m2 + n2的形式 (m, n为整数 ). 当 k = 4时,有无穷多组这种类型的 4项算术级数 ( n - 1 ) 2 + ( n- 8) 2, ( n - 7) 2

+ ( n + 4 ) 2, ( n + 7) 2 + (n - 4) 2, ( n + 1) 2 + ( n+ 8) 2.注意到 82 + 12 = 72 + 42,为了回答:是否存在互异正整

数 a, b, c, d满足 a2 + b2 = c2 + d2,使得对任何正整数 n, 8个数 ( n + a ) 2 + ( n+ b) 2, ( n + a ) 2 + (n - b) 2, ( n -

a) 2 + ( n+ b) 2, ( n - a ) 2 + ( n - b) 2, ( n + c) 2 + ( n + d ) 2, ( n + c )2 + ( n - d ) 2, ( n - c ) 2 + (n + d ) 2, ( n -

c )2 + ( n- d ) 2中总存在 5项算术级数这一问题,本文采用组合方法,证明了不存在这样的正整数 a, b, c, d.同时

提出了 3个猜想.
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Existence of a C lass of SpecialArithm etic Progressions

Fang Jinhui

( School ofM athem atics and Com pu ter Science, Nanj ing Norm alUn iversity, Nan jing 210097, Ch ina)

Abstract: It has been proved that the pr imes conta in arb itrar ily long ar ithm e tic progressions. Furtherm ore

for any positive integerk, any subset of the prim es w ith positive relative uppe r density conta ins ak term a

rithm etic progression. Cons ide ring the prim es wh ich can be w ritten as 4h+ 1( h is pos itive integer) , w e

can obv iously have the conc lusion: there ex ists a k te rm ar ithm etic progression and every term can bew r it

ten asm2 + n2 (m, n are positive integers) . W hen k= 4, there are infin itely such 4- term arithm etic pro

g ressions: ( n - 1) 2 + ( n - 8) 2, ( n - 7) 2 + ( n + 4) 2, ( n+ 7) 2 + ( n - 4) 2, ( n+ 1) 2 + ( n + 8) 2. N oting

tha t 82 + 12 = 72 + 42, in orde r to answer the prob lem that whether the re ex ist four distinct po sitive inte

ge rs a, b, c, d w ith a2 + b2 = c2 + d2 such tha t there is a 5 term ar ithm etic prog ression in ( n + a) 2 + ( n

+ b ) 2, ( n+ a ) 2 + ( n - b ) 2, ( n - a) 2 + ( n + b ) 2, ( n - a ) 2 + ( n- b ) 2, ( n + c) 2 + ( n + d ) 2, ( n +

c) 2 + ( n- d ) 2, ( n - c ) 2 + ( n+ d ) 2, ( n- c) 2 + ( n - d ) 2 for any positive integ er n, by using comb ina

tor ia lm ethod w e prove that there do no t ex ist such positive in tegers a, b, c, d. Beyond th is, three con

jectures are posed in th is pape r.
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0 引言

Ben G reen和 Terence Tao
[ 1]
证明了著名的猜想:素数集中存在任意长的算术级数. 他们在文中还指出

用同样的方法可证明:对任意正整数 k,任何具有正密度的素数子集都含一 k项算术级数. 考虑 4h + 1型素

数 ( h为正整数 ),显然可得结论: 一定存在 k项算术级数, 其中每项都能表成 m
2
+ n

2
的形式 (m, n为整

数 ).当 k = 4时, H ea th B row n
[ 2]
具体构造出无穷多组这种类型的 4项算术级数 ( n - 1)

2
+ ( n - 8)

2
, ( n -

7)
2
+ ( n + 4)

2
, ( n + 7)

2
+ ( n - 4)

2
, ( n + 1)

2
+ ( n + 8)

2
.注意到 8

2
+ 1

2
= 7

2
+ 4

2
,陈永高教授提出如

下问题:是否存在互异正整数 a, b, c, d满足 a
2
+ b

2
= c

2
+ d

2
, 使得对任何正整数 n, 8个数 ( n + a )

2
+ ( n +
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b )
2
, ( n + a )

2
+ ( n - b )

2
, ( n - a )

2
+ ( n + b )

2
, ( n - a )

2
+ ( n - b )

2
, ( n + c)

2
+ ( n + d)

2
, ( n + c)

2
+ ( n

- d )
2
, ( n - c)

2
+ ( n + d )

2
, ( n - c)

2
+ ( n - d )

2
中总存在 5项算术级数?本文回答了这个问题,证明了不

存在这样的正整数 a, b, c, d.

定理 对满足 a
2
+ b

2
= c

2
+ d

2
的互不相同的正整数 a, b, c, d及任意正整数 n, 8个数 ( n + a)

2
+ ( n

+ b )
2
, ( n + a)

2
+ ( n - b )

2
, ( n - a)

2
+ ( n + b )

2
, ( n - a)

2
+ ( n - b )

2
, ( n + c)

2
+ ( n + d )

2
, ( n + c)

2

+ ( n - d )
2
, ( n - c)

2
+ ( n + d )

2
, ( n - c)

2
+ ( n - d )

2
中一定不存在 5项算术级数.

1 定理的证明

不妨设 a > b, c > d.注意到 a
2
+ b

2
= c

2
+ d

2
,我们只要证明 a + b, a - b, - a + b, - a - b, c+ d, c - d,

- c + d, - c - d中不存在 5项算术级数.

假设 a + b, a - b, - a + b, - a - b, c + d, c - d, - c+ d, - c - d中存在 5项算术级数.不妨设公差

小于零 (若公差大于零,可将数列从后往前排列 ),因此该算术级数递减,可设为 a1, a2, a3, a4, a5. 对 a + b,

a - b, - a + b, - a - b与 c + d, c - d, - c + d, - c - d分开考虑,下面分情况讨论:

( 1)若 c + d, c - d, - c + d, - c - d均在算术级数中, 则 a + b, a - b, - a + b, - a - b中存在 1项

只会出现在首尾或中间位置.

如果在首项,那么 a2 = c + d, a3 = c- d, a4 = - c + d, a5 = - c - d, 此时 c = 2d, a1 = 5d, 而 a  b,

- a  b中只能是 a + b = 5d或 a - b = 5d, 代入 a
2
+ b

2
= 5d

2
= c

2
+ d

2
均无解,矛盾.

如果在末项,那么 a1 = c + d, a2 = c - d, a3 = - c + d, a4 = - c - d,此时 c = 2d, a5 = - 5d, 同上可

得矛盾.

如果在中间,那么 a2 = c - d, a4 = - c + d, 此时 a3 = 0,而 a  b ! 0, - a  b ! 0, 矛盾.

因此 c + d, c - d, - c + d, - c - d不可能均在算术级数中, 同理 a + b, a - b, - a + b, - a - b也不

可能均在算术级数中.

( 2)如果 c + d, c - d, - c + d, - c - d中有 3项在算术级数中,那么下面对这 3项的位置进行讨论,

再考虑将 a + b, a - b, - a + b, - a - b中取 2项插入其中组成算术级数.

∀ 这 3项分别为 a1, a2, a3, 下面讨论这 3项在 c + d, c - d, - c + d, - c - d中的可能取法.

若 a1 = c + d, a3 = - c - d, 则 a2 = 0, 而 c - d ! 0, - c + d ! 0, 矛盾.

若 a1 = c + d, a2 = c - d, a3 = - c + d, 则 c = 2d, a4 = - 3d, a5 = - 5d, 在 a  b, - a  b中只能是

- a + b = - 3d, - a - b = - 5d, 得 b = d,与 a, b, c, d互异矛盾.

若 a1 = c- d, a2 = - c+ d, a3 = - c- d, 则 c = 2d, a4 = - 5d, a5 = - 7d, 同上得 b = d, 矛盾. 因此

c + d, c - d, - c + d, - c - d在算术级数中不可能是 a1, a2, a3.同理,不可能是 a3, a4, a5 3项 (若存在 a3,

a4, a5是 c + d, c- d, - c + d, - c- d中 3项,将整个 5项换为相反数, 得一递增排列,再将排列颠倒顺序,

则存在上面所讨论类型排列,矛盾 ).

# 这 3项分别为 a1, a2, a4, 下面讨论这 3项在 c + d, c - d, - c + d, - c - d的可能取法.

若 a1 = c + d, a2 = c - d, a4 = - c + d, 则 a3 = 0, 矛盾.

若 a1 = c + d, a2 = c - d, a4 = - c - d, 则 c = 2d, a3 = - d, a5 = - 5d, 在 a  b, - a  b中只能是

- a + b = - d, - a - b = - 5d, 得 a = 3d, b = 2d, 与 a
2
+ b

2
= 13d

2
= c

2
+ d

2
矛盾.

若 a1 = c + d, a2 = - c + d, a4 = - c - d, 则 d = 2c, 与 d < c矛盾.

若 a1 = c - d, a2 = - c+ d, a4 = - c - d, 则 c =
3
2
d, a3 = -

3
2
d, a5 = -

7
2
d,在 a  b, - a  b中只

可能是 - a + b = -
3
2
d, - a - b = -

7
2
d得 b = d, 矛盾. 因此 c + d, c - d, - c + d, - c - d在算术级数

中不可能是 a1, a2, a4,同上讨论,不可能是 a2, a4, a5 3项.

∃ 这 3项分别为 a1, a2, a5, 下面讨论这 3项在 c + d, c - d, - c + d, - c - d的可能取法.

若 a1 = c + d, a2 = c - d, a5 = - c + d, 则 c = 4d, a3 = d, a4 = - d, 在 a  b, - a  b中只能是 a +

b = d或 a - b = d代入 a
2
+ b

2
= 17d

2
均无解,矛盾.

若 a1 = c + d, a5 = - c - d, 则 a3 = 0, 矛盾.
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若 a1 = c- d, a2 = - c+ d, a5 = - c- d, 则 c =
4
3
d, b =

1
3
d, 得 a = c =

4
3
d, 矛盾.因此 c+ d, c - d,

- c + d, - c - d在算术级数中不可能是 a1, a2, a5,也不可能是 a1, a4, a5 3项.

%这 3项分别为 a1, a3, a4, 下面讨论这 3项在 c + d, c - d, - c + d, - c - d的可能取法.

若 a1 = c + d, a3 = c - d, a4 = - c + d, 则 c =
3

2
d, a2 =

3

2
d, a5 = -

3

2
d, 在 a  b, - a  b中只能

是 a + b =
3
2
d或 a - b =

3
2
d, 代入 a

2
+ b

2
=

13
4
d

2
= c

2
+ d

2
均无解,矛盾.

若 a1 = c + d, a3 = c - d, a4 = - c - d, 则 d = 2c, 与 d < c矛盾.

若 a1 = c + d, a3 = - c + d, a4 = - c - d, 则 c = 2d, a2 = d, a5 = - 5d, 在 a  b, - a  b中只可能

是 a + b = d, - a + b = - 5d或 a - b = d, - a - b = - 5d, 得 b = - 2d与 b > 0, d > 0矛盾, 或 a = 3d,

b = 2d与 a
2
+ b

2
= 5d

2
= c

2
+ d

2
矛盾.

若 a1 = c - d, a3 = - c + d, a4 = - c- d, 则 a2 = 0矛盾. 因此 c + d, c - d, - c + d, - c - d在算术

级数中不可能是 a1, a3, a4, 也不可能是 a2, a3, a5 3项.

& 这 3项分别为 a1, a3, a5, 则这 3项本身也成算术级数,只可能是 c + d, c- d, - c + d或 c - d, - c

+ d, - c - d 3项.

若 a1 = c + d, a3 = c - d, a5 = - c + d, 则 a4 = 0, 矛盾.

若 a1 = c- d, a3 = - c + d, a5 = - c - d, 则 a2 = 0, 矛盾.因此 c + d, c - d, - c+ d, - c - d在算术

级数中不可能是 a1, a3, a5 3项.

∋这 3项分别为 a2, a3, a4, 同上面 & 中讨论,只会出现 2种可能.

若 a2 = c + d, a3 = c - d, a4 = - c + d, 则 c = 2d, a1 = 5d, a5 = - 3d, 则只可能是 a + b = 5d, - a

+ b = - 3d或 a - b = 5d, - a - b = - 3d, 解得 b = d或 b = - d矛盾.

若 a2 = c - d, a3 = - c + d, a4 = - c - d, 则 c = 2d, a1 = 3d, a5 = - 5d, 则只可能是 a + b = 3d,

- a + b = - 5d或 a - b = 3d, - a - b = - 5d, 解得 b = - d或 b = d矛盾. 因此 c + d, c - d, - c + d,

- c - d在算术级数中不可能是 a2, a3, a4 3项.

由上讨论得 c + d, c - d, - c + d, - c - d中 3项不可能在算术级数的任何位置, 因此 c + d, c - d,

- c + d, - c - d中不可能有 3项在算术级数中, 同理, a + b, a - b, - a + b, - a - b中也不可能有 3项在

算术级数中.

由 ( 1), ( 2)可得:互异正整数 a, b, c, d,若满足 a
2
+ b

2
= c

2
+ d

2
, 则在 a  b, - a  b, c  d, - c  d

中不存在 5项成算术级数. 定理证毕.

2 一些猜想

陈永高教授还提出了如下猜想, 这些猜想目前还没有被证明.

猜想 1:存在互异正整数 a, b, c, d, e, f,满足 a
2
+ b

2
= c

2
+ d

2
= e

2
+ f

2
,使得 a  b, - a  b, c  d, -

c  d, e  f, - e  f中存在 6项成算术级数.

猜想 2:对任意正整数m,存在互异正整数 a1, b1, a2, b2, (, as, bs,满足 a1
2
+ b1

2
= a2

2
+ b2

2
= ( = as

2

+ bs
2
,使得 a1  b1, - a1  b1, a2  b2, - a2  b2, (, a s  bs, - a s  bs中存在长为 m 的算术级数.

猜想 3:存在互异整数 a1, b1, a2, b2, (, ak, bk 满足 a1
2
+ b1

2
, a2

2
+ b2

2
, (, ak

2
+ bk

2
成算术级数且 a1 +

b1, a2 + b2, (, ak + bk也成算术级数.

附注: 当 k = 3时, 取 a1 = 5, b1 = - 6, a2 = - 3, b2 = 8, a3 = 2, b3 = 9满足 a1

2
+ b1

2
, a2

2
+ b2

2
, a3

2
+

b3
2
和 a1 + b1, a2 + b2, a3 + b3分别成算术级数, 所以我们可设猜想 3中的 k ) 4.
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