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Abstract: In this paper, the cascadic multigrid method formortar2type rotated Q1 element is discussed. It is p roved that

the cascadic conjugate gradinet method is op timal and the cascadic multigrid method with traditional iteration is nearly

op timal. Numerical results confirm our theoretical analysis.
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[摘要 ]　展现了 mortar型旋转 Q1元的瀑布型多重网格方法.证明了采用共轭梯度作为光滑子的

瀑布型多重网格法是最优的 ,而采用其它传统迭代作光滑子的瀑布型多重网格法是拟最优的.并

通过数值试验验证了我们的理论结果.
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0　 Introduction

The rotated Q1 element is an important nonconform ing quadrilateral element. It was first p roposed and ana2

lyzed in[ 1 ] for Stokes p roblem s. Recently there are many papers to deal with the so2called mortar element meth2
od

[ 224 ]
. In [ 3 ] , a mortar2type rotated Q1 elementmethod was p roposed, and the op timal error estimate in energy

norm was obtained.

The cascadic multigrid method[ 5 ] is a new kind of multigrid method. Compared with usual multigrid meth2
ods, it requires no coarse grid correction at all and may be viewed as a“one way”multigrid method. The general

framework to analyze the cascadic multigrid method was p roposed in [ 6 ] . For second order ellip tic p roblem dis2
cretized by mortar2type rotated Q1 element, we p roved that the W 2cycle multigrid method is op timal, and that a

variable V 2cycle multigrid algorithm is p resented
[ 7 ]

. In this paper, we consider the cascadic multigrid method for

the discrete p roblem.

1　The Mortar2Type Rotated Q1 ElementMethod

For simp licity, we consider the following model p roblem
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Δu = f inΩ,

u = 0 on 5Ω,
(1. 1)

whereΩ< R2
is a rectangular domain, f∈L

2 (Ω) . There is no difficulty to extend the results in this paper to

more general second order ellip tic p roblem s.

The variational form of (1. 1) is to find u∈H0
1 (Ω) such that

a ( u, v) = ( f, v) , 　　Π v∈H0
1 (Ω) , (1. 2)

where the bilinear form a ( u, v) =∫Ω ý u·ý vdx. By assump tion, it iswell - known that for any f∈L
2 (Ω) there

is a unique solution u∈H0
1 (Ω)∩H

2 (Ω) of (1. 2) , which satisfies u 2 ï f 0
[ 8 ]

.

In this paper, the domainΩ is divided into N non2overlapp ing rectangular subdomains, Ω = ∪
N

k = 1
Ωk , where

Ωi∩Ωj is emp ty, or a vertex, or an edge for i≠j. The interfaceΓ =∪
N

k = 1
5Ωk \ 5Ω is broken into a set of disjoint

open straight segmentsγm (1≤m≤M ) ( that is the edges of subdomains) called mortars. W e denote the common

open edge toΩi andΩj byγm . Byγm ( i) we denote an edge ofΩi and call it mortar and byδm ( j) an edge ofΩj that

geometrically occup ies the same p lace asγm ( i) and is called nonmortar.

W ith eachΩk we associate a quasi2uniform partition Th
k

made of elements that are rectangles whose edges

are parallel to x2axis or y2axis. The mesh parameter hk is the diameter of the largest element in Th
k
. Let Th =

∪
N

k = 1
Th

k
with h = max

1≤k≤N
hk , and assume that

ϖσ > 0, such that
max

1≤i≤N
hi

m in
1≤j≤N

hj

≤σ. (1. 3)

For each partition Th
k , the rotated Q1 element space is defined by

　　V
k
h (Ωk ) = { v∈L

2 (Ωk ) v | E = a
1
E + a

2
E x + a

3
E y + a

4
E ( x

2
- y

2 ) , a
i
E ∈ R,

　　 ∫
5E∩5Ω

v | 5Ω ds = 0, Π E ∈ Th
k (Ωk ) ; fo r E1 , E2 ∈ Th

k (Ωk ) , if 5E1 ∩ 5E2 = e,

　　then ∫e v | 5E1
ds = ∫e v | 5E2

ds}.

Let

�Vh = ∏
N

k =1
V

k
h = { vh | v

k
h = vh |Ωk

∈V
k
h (Ωk ) }.

For any interfaceγm =γm ( i) =δm ( j) , 1≤m≤M , there are two different and independent 1 - D partitions

Th (γm ( i) ) and Th (δm ( j) ) . An auxiliary test space M h (δm ( j) ) is defined by

M h (δm ( j) ) = { v∈L
2 (δm ( j) ) | v is p iecewise constant on elements of the nonmortar partition Th (δm ( j) ) }.

The dimension of M h (δm ( j) ) is equal to the number of elements onδm ( j) .

For each nonmortar edgeδm ( j) , we define a L
2 2orthogonal p rojection operator Qh,δm ( j)

: L
2 (γm )→M h (δm ( j) )

by

(Qh,δm ( j)
v, w ) L 2 (δm ( j) ) = ( v, w ) L 2 (δm ( j) ) , 　Πw∈M h (δm ( j) ) , (1. 4)

where (·, ·) L 2 (δm ( j) ) denotes the L
2

inner p roduct over the space L
2 (δm ( j) ) .

For the p rojection operator Qh,δm ( j)
, we have

L emma 1. 1[ 3 ]　 If u∈H
1 /2 (δm ( j) ) , then

u - Qh,δm ( j)
u 0,δm ( j)

ï hj
1 /2 | u |H1 /2 (δm ( j) ) .

W e now define the following mortar2type rotated Q1 element space

Vh = { v∈ �Vh | Qh,δm ( j)
( v |δm ( j)

) = Qh,δm ( j)
( v |γm ( i)

) fo r Πγm ( i) =δm ( j) < Γ}.

The condition of the equality of the L
2 2orthogonal p rojection of traces onto the test space for each interface is

called mortar condition.

Define
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a
k
h ( u

k
h , v

k
h ) = ∑

E∈Th
k∫E ý u

k
h·ý v

k
h dx, Π u

k
h , v

k
h ∈V

k
h , and ah ( uh , vh ) = ∑

N

k =1
a

k
h ( uh , vh ) , Π uh , vh ∈ �Vh.

Then we denote

| v
k
h |

2
h, k = a

k
h ( v

k
h , v

k
h ) , 　Π v

k
h ∈V

k
h , and | vh |

2
h = ∑

N

k =1

| vh |
2
h, k , 　Π vh ∈ �Vh.

The mortar2type rotated Q1 element app roximation of p roblem (1. 2) is to find uh∈ Vh such that

ah ( uh , vh ) = ( f, vh ) , 　Π vh∈ Vh. (1. 5)

Let Th /2
k

be the partition which is constructed by connecting m idpoints of the opposite edges of elements of

Th
k
, W

k
h /2 (Ωk ) be p iecewise bilinear conform ing element space defined on Th /2

k
.

A s in [ 3 ] , we introduce a local operatorM k : V
k
h (Ωk )→W

k
h /2 (Ωk ) , and has the following p roperties.

L emma 1. 2[ 3 ]　For any v
k
h∈ V

k
h (Ωk ) , we have

| v
k
h | h, k ï |M k v

k
h | h, k ï | v

k
h | h, k , (1. 6)

v
k
h - M k v

k
h L 2 (ε) ï h

1 /2
k | v

k
h | h, k , (1. 7)

whereε is an edge ofΩk.

The following error estimate can be found in [ 3 ].

Theorem 1. 1　Let u, uh be the solutions of (1. 2) and (1. 5) respectively, then

| u - uh |
2
h ï ∑

N

k =1
h

2
k | u |

2
2,Ωk

. (1. 8)

2　Error Estimate in L
2 2Norm

Consider the following auxiliary p roblem: findφ∈H
1
0 (Ω) such that

-Δφ = g inΩ,

φ = 0 on 5Ω,
(2. 1)

where g∈L
2 (Ω) . Obviously, the p roblem (2. 1) also has the corresponding H

2 2regularity

φ 2 ï g 0. (2. 2)

In order to get the error estimate in L
2 2norm, we first give the following lemmas whose p roof is sim ilar to

Lemma 3. 3 and Lemma 3. 4 in [ 9 ] separately.

L emma 2. 1　A ssume that u, uh andφ are the solutions of (1. 2) , (1. 5) and (2. 1) respectively. Then

we have

| ∑
N

k =1
∑

E∈Th
k∫5E

( u - uh ) 5φ
5n

ds | ï h
2

u 2 g 0 , (2. 3)

where n is the unit outerward normal vector along 5E.

L emma 2. 2　A ssume that u, uh andφ are the solutions of (1. 2) , (1. 5) and (2. 1) respectively. Then

we have

∑
N

k =1
∑

E∈Th
k∫5E

ý ( u - uh )·ýφ dx ï h
2

u 2 g 0. (2. 4)

Now, by Lemmas 2. 1～2. 2, we get the main result of this section.

Theorem 2. 1　Let u, uh be the solutions of (1. 2) and (1. 5) respectively. Then

u - uh 0 ï h
2

u 2. (2. 5)

3　Cascadic Multigrid Method

Let T1 be the coarsest partition ofΩ. W e refine T1 to p roduce T2 by sp litting each rectangle of T1 into four

rectangles by jointing the opposite m idpoints of the edges of the rectangle. The partition T2 is quasi2uniform of

size h2 = h1 /2. Repeating this p rocess, we get a sequence of partitions Tl , l = 1, 2, ⋯ , L, each quasi2uniform of
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size hl = h1 /2l - 1 , and denote V l as the mortar2type rotated Q1 element space over the partition Tl. Obviously, we

have V1 ¾V2 ¾⋯¾VL .

If we change the index h in section 1 to be l, then the discrete p roblem of ( 1. 2) on V l is to find ul∈V l

such that

al ( ul , vl ) = ( f, vl ) , Π vl ∈V l. (3. 1)

In this section, we app ly the framework developed in [ 6 ] to p rove the convergence of our cascadic multig2
rid. Before giving the algorithm s, we define a suitable intergrid transfer operator for the nonnested spaces. First

we define an operatorΠk
l : V

k
l- 1 → V

k
l , Π v

k ∈V
k
l- 1 by

1
| e |∫eΠ

k
l ( v

k ) ds =

0 e < 5Ωk ∩ 5Ω,

1
| e |∫e v

k ds e < 5Ωk \5Ω,

1
| e |∫e v

k
ds e ⁄ 5E, E ∈ T k

l- 1 ,

1
2 | e |∫e ( v

k
| E1

+ v
k

| E2
) ds e < 5E1 ∩ 5E2 , E1 , E2 ∈ Tl - 1

k
,

(3. 2)

where e< 5E, E∈Tl
k
.

Based on the operatorΠk
l , we define an transfer operatorΠ l : �V l - 1 → �V l as follows

Π l v = (Π1
l v

1
,Π2

l v
2
, ⋯,ΠN

l v
N ) , Π v = ( v

1
, v

2
, ⋯, v

N ) ∈ �V l - 1.

Define the operatorΞ l,δm ( j)
: �V l → �V l by

∫eΞ l,δm ( j)
vds = ∫e Q l,δm ( j)

( v |γm ( i)
- v |δm ( j)

) ds e∈ Tl (δm ( j) ) ,

0 o therw ise,

(3. 3)

where e< 5E, E∈Tl. Then for any v∈�V l , set v
3

= v +∑
M

m =1

Ξ l,δm ( j)
( v) , we can check that v

3 ∈V l
[ 7 ] .

After the above p reparation, we can define an intergrid transfer operator Il : �V l - 1→V l. For any v∈�V l - 1 , let

Il v =Π l v +∑
M

m =1

Ξ l,δm ( j)
(Π l v) . (3. 4)

Let { �<i
l | i = 1, 2, ⋯, �N l } be the basis of �V l. By the operatorΞ l,δm ( j)

, the basis of V l consists of functions of

the form

< i
l = �<i

l +∑
M

m =1

Ξ l,δm ( j)
( �<i

l ) . (3. 5)

From the above definition, we can see that there exist two kinds of basis function of space V l : ( a) < i
l and

�<i
l at all edges which are not in the interior ofΓ are the same. Denote the set of this kind of basis functions by

Φ0 = { <i
l } ; ( b) <i

l at all edges which are in the interior of each mortar edgeγm ( i) <Γ are defined by (3. 5).

Denote the set of this kind of basis functions byΦΓ = { <i
l }.

Let <·, · > be the Euclidean scalar p roduct of the nodal basis in the finite element space V l and denote

the induced norm by v 0, d = < v, v >. W e define the operator A l : V l→V l by

<A l u, v > = al ( u, v) , 　Π u, v∈V l ,

which is rep resented in the basis by the stiffness matrix.

Following [ 6 ] , we introduce a p rojection operator Pl : V l - 1 +V l→V l defined by

al ( Pl u, v) = al ( u, v) , Π v∈V l.

From the definition, it is easily seen that

| Pl v | l≤ | v | l - 1 , 　Π v∈V l - 1. (3. 6)

W e use the operator Cl
m l : V l→V l to denote m l step s of iterations such as Gauss2Seidel, conjugate gradient

method app lied on level l. The cascadic multigrid method can be written as follows:
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Ca scad ic m ultigr id a lgor ithm

(1) Set u1
3 = u1.

(2) Perform iterations, l = 2, ⋯, L.

u
0
l = Il u

3
l - 1 , u

m l
l = Cl

m l u
0
l .

(3) Set u
3
l = u

m l
l .

Following [ 5 ] , we call a cascadic multigrid op timal in the energy norm on the level L , if we obtain both the

accuracy | uL - u
3
L |L≈ | u - uL |L , and the multigrid comp lexity amount of work =O ( nL ) , nL = dim (VL ) . If the

multigrid comp lexity is O ( nL log
α

nL ) , whereα is a fixed integer, the cascadic multigrid is nearly op timal.

Shi and Xu
[ 6 ]

gave three hypothesis to guarantee the convergence of the cascadic multigrid method.

H1　For the intergrid transfer operator Il , we assume that

(1) v - Il v 0 ï hl | v | l - 1 , 　Π v∈V l - 1. 　 (2) ul - Il ul - 1 0 ï hl
2

f 0.

where ul is the mortar2type finite element solution of (3. 1) on V l ,

H2　A ssume that ul - Cl
m l u

0
l = Sl

m l ( ul - u
0
l ) with a linear mapp ing Sl

m l : V l→V l for the error p ropagation

and for any v∈V l

| Sl
m l v | l ï

h
- 1
l

m
γ
l

v 0 , | Sl
m l v | l ï | v | l ,

whereγ is a positive number depending on the given iteration.

H3　For the operator Pl , we assume that

v - Pl v 0 ï hl | v | l - 1 , 　Π v∈V l - 1.

L emma 3. 1　H1 holds for the mortar2type rotated Q1 element space.

Proof　H1 - (1) has been obtained in [ 7 ]. Here we only need to p rove H1 - (2) is also valid.

From the triangle inequality, we get

ul - Il ul - 1 0 ï ul -Π l ul - 1 0 +∑
M

m =1
Ξδm ( j)

(Π l ul - 1 ) 0. (3. 7)

U sing the sim ilar argument in Lemma 3. 3 in [ 10 ] and Theorem 2. 1, the first term can be estimated

ul -Π l ul - 1 0 ï hl
2

f 0. (3. 8)

By means of norm equivalence and the Schwarz inequality, we can derive

　 Ξδm ( j)
(Π l ul - 1 ) 0

2 ï hl Q l,δm ( j)
(Π l ul - 1 |γm ( i)

-Π l ul - 1 |δm ( j)
) 2

0,γm
ï

　hl Q l,δm ( j)
(Π l ul - 1 |γm ( i)

- ul |γm ( i)
) 2

0,δm ( j)
+ Q l,δm ( j)

( ul |γm ( i)
- ul |δm ( j)

) 2
0,δm ( j)

+

　 Q l,δm ( j)
( ul |δm ( j)

-Π l ul - 1 |δm ( j)
) 2

0,δm ( j)
. (3. 9)

From the stability of the operator Q l,δm ( j)
, the trace theorem, the inverse inequality and the mortar condition, we

have

Ξδm ( j)
(Π l ul - 1 ) 0 ≤ ul -Π l ul - 1 0,Ω i∪Ω j

. (3. 10)

Combining (3. 7)～ (3. 10) , we get H1 - (2).

L emma 3. 2　 (1) R ichardson, Jacobi and Gauss2Seidel iterations are smoothers in the sense of H2 with

parameterγ= 1 /2.

(2) H2 holds for the conjugate gradient iteration withγ= 1.

Proof　 (1) was shown in [ 11 ] , now we p rove (2) is valid. From Theorem 2. 2 in [ 5 ] , for the conjugate

gradient method, we have

| Sl
m l v | l ≤

λl

2m l + 1 v 0, d , and | Sl
m l v | l ≤| v | l ,

whereλl is the largest eigenvalue of A l.

In order to comp lete the p roof, we only need to p rove the following results are valid
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λl ≤ C, 　 v 0, d ï h
- 1
l v 0 , 　Π v∈V l. (3. 11)

Any v∈V l can be exp ressed by v = v0 + vΓ = ∑
< i

l∈Φ0

μi <
i
l + ∑

< i
l∈ΦΓ
νi <

i
l. Then, using the Schwarz inequality, we get

　 < A l v, v > = al ( v, v) ≤ 2 ( al ( v0 , v0 ) + al ( vΓ , vΓ ) ) ï ∑
< i

l∈Φ0

μi
2

al ( <i
l , <i

l ) + ∑
< i

l∈ΦΓ

νi
2

al ( <i
l , <i

l ) ï

　∑
< i

l∈Φ0

μi
2

| <i
l |

2
l + ∑

< i
l∈ΦΓ

ν2
i | <i

l |
2
l . (3. 12)

Obviously, the supports of the basis functions inΦ0 andΦΓ are O ( hl
2 ) . For each <i

l∈Φ0 , we can calcu2
late directly | < i

l | l = | �<i
l | l≤C. For each <i

l∈ΦΓ , we have

| <i
l | l ≤| �<i

l | l +∑
M

m =1

|Ξ l,δm ( j)
�<i

l | l. (3. 13)

U sing the inverse inequality, the definition ofΞ l,δm ( j)
, the p roperty of the operator Q l,δm ( j)

, the trace theorem

and (1. 3) , we obtain

|Ξ l,δm ( j)
�<i

l | l ï h
- 1
l, j Ξ l,δm ( j)

�<i
l 0 ï h

- 1 /2
l, j Q l,δm ( j)

�< i
l 0,δm ( j)

ï h
- 1 /2
l, j �<i

l 0,γm ( i)
ï h

- 1
l �<i

l 0,Ω i
≤ C.

(3. 14)

From (3. 13) and (3. 14) , we have

| <i
l | l≤C, 　Π <i

l∈ΦΓ. (3. 15)

Then

< A l v, v > ï ∑
< i

l∈Φ0

μ2
i + ∑

< i
l∈ΦΓ

ν2
i = C < v, v >, soλl ≤ C.

By norm equivalence, we have

v
2
0 î h

2
l∑

E∈Tl
∑

e∈5E

( 1
| e |∫e vds) 2 î h

2
l v 0, d

2 ,

so we comp lete the p roof.

In the following, we use the duality argument to p rove H3 holds for the finite element space. For this pur2
pose, we consider the following auxiliary p roblem: for a given v∈V l - 1 , findψ∈ H

2 (Ω)∩ H
1
0 (Ω) such that

-Δψ = v - Pl v inΩ,

ψ = 0 on 5Ω .
(3. 16)

L emma 3. 3　H3 holds for the mortar2type rotated Q1 element space.

Proof　Letψl be the finite element app roximation solution of the p roblem (3. 16) in the discrete space V l.

From the definition of the operator Pl and Green’s formula, we have

　　 v - Pl v
2
0 = ∑

E∈Tl
∫E ( v - Pl v) ( -Δψ) dx =

　∑
E∈Tl
∫E ý ( v - Pl v) ý (ψ -ψl ) dx - ∑

E∈Tl- 1
∫5E

5ψ
5n

vds +∑
E∈Tl
∫5E

5ψ
5n

Pl vds =

　R1 + R2 + R3. (3. 17)

For the first term at the right side of (3. 17) , we estimate directly as follows

| R1 | = | al ( v - Pl v,ψ -ψl ) |≤| v - Pl v | l |ψ -ψl | l ï hl | v - Pl v | l ψ 2 ï hl | v | l - 1 v - Pl v 0 ,

(3. 18)

where (3. 6) and the H
2

- regularity assump tion are used.

Following Lemma 4. 2 in [ 3 ] , we get

| R2 | ï hl v - Pl v 0 | v | l - 1 , and | R3 | ï hl v - Pl v 0 | Pl v | l ï hl v - Pl v 0 | v | l - 1.

Then we obtain the result.

From Lemmas 3. 1～3. 3 and the framework given in [ 6 ] , we have the following results.

Theorem 3. 1　The accuracy of the cascadic multigrid method can be estimated by

| uL - u
3
L | L ï ∑

L

l =2

hl

m
γ
l

f 0.
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Let the number m l of iteration step s on level l (1≤ l≤L ) be the smallest integer satisfying m l≥β
L - l

mL for

some fixedβ≥1, where mL is the number of iterations on the finest level L. W e have

Theorem 3. 2　The accuracy of the cascadic multigrid method is

| uL - u
3
L | L ï

1

1 -
2
βγ

hL

m
γ
L

f 0　 β > 2
1
γ ,

L·
hL

mL
γ f 0

β = 2
1
γ ,

and the computational cost is p roportional to

∑
L

l =2
m l nl ï

1

1 -
β
4

mL nL　 β < 4,

L·mL nL β = 4.

By Theorem 3. 2, we know

Proposition 3. 1　The cascadic multigrid method with the conjugate gradient method as the basic iteration

( cascadic conjugate gradinet method) is op timal for 2 <β< 4.

In the caseγ =
1
2

, either the accuracy or the computational comp lexity has to deteriorate logarithm ically.

W e choose to fix accuracy and obtain the following result as an immediate consequence of our results.

Theorem 3. 3　Letγ=
1
2

. If we choose the number of iterations on level L as mL = [m 3 L
2

] , then we get

| uL - u
3
L |L ï

hL

m
1 /2
3

f 0 , and as computational comp lexity ∑
L

l = 2
m l nl ï m 3 nL (1 + lognL ) 3

.

From Theorem 3. 3, we have

Proposition 3. 2　The cascadic multigrid method with R ichardson, Jacobi or Gauss2Seidel iterations as

smoother is nearly op timal forβ= 4.

4　Numerical Experiments

In this section we p resent some numerical results to illustrate the theory developed in the earlier sections.

These examp les deal with the Poisson equation on the unit square

-Δu = f inΩ = (0, 1) 2
,

u = 0 on 5Ω,
(4. 1)

where f∈L
2 (Ω) . For simp licity, we decomposeΩ into two subdomains: Ω1 = ( 0, 1 ) ×( 0,

1
2

) as mortar do2

main, andΩ2 = (0, 1) ×(
1
2

, 1) as nonmortar domain. The meshsizes on the last levelL are denoted by hL, 1 and

hL, 2 respectively. Here we use Gauss - Seidel and conjugate gradient smoothing iterations and choose the exact

solution of (4. 1) as u ( x, y) = x (1 - x) y (1 - y) , then f ( x, y) = 2x (1 - x) + 2y (1 - y) .

The first test concerns the cascadic conjugate gradinet method (CCG). Letβ= 3 and mL = 4. From Tables

1, 2, we can see that if the mesh is refined one time, the energy error is decreasing by half independent of the

coarse mesh.
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Table 1　Error estima tes for CCG w ith hL, 1 / hL, 2 = 2 /3

hL, 1 hL, 2 level(L ) | u3
L - u |L

0. 020 833 3 0. 031 25
3 0. 005 254 31

4 0. 005 254 31

0. 010 416 7 0. 015 625
3 0. 002 626 12

4 0. 002 626 63

0. 005 208 33 0. 007 812 5
3 0. 001 311 93

4 0. 001 312 5

Table 2　Error estima tes for CCG w ith hL, 1 / hL, 2 = 1 /2

hL, 1 hL, 2 level(L ) | u3
L - u |L

0. 015 625 0. 031 25
3 0. 004 900 15

4 0. 004 900 15

0. 007 812 5 0. 015 625
3 0. 002 446 76

4 0. 002 449 06

0. 003 906 25 0. 007 812 5
3 0. 001 221 5

4 0. 001 223 33

　　The second test concerns the cascadic multigrid method with Gauss2Seidel iteration (CGS). W e chooseβ=

4 and mL =L
2. In Tables 3, 4, if the mesh is refined one time, the energy error is also decreasing by half inde2

pendent of the coarse mesh.
Table 3　Error estima tes for CGS w ith hL, 1 / hL, 2 = 2 /3

hL, 1 hL, 2 level(L ) | u3
L - u |L

0. 020 833 3 0. 031 25
3 0. 005 240 57

4 0. 005 240 58

0. 010 416 7 0. 015 625
3 0. 002 620 07

4 0. 002 620 13

0. 005 208 33 0. 007 812 5
3 0. 001 309 83

4 0. 001 309 95

Table 4　Error estima tes for CGS w ith hL, 1 / hL, 2 = 1 /2

hL, 1 hL, 2 level(L ) | u3
L - u |L

0. 015 625 0. 031 25
3 0. 004 877 65

4 0. 004 877 65

0. 007 812 5 0. 015 625
3 0. 002 437 92

4 0. 002 438 18

0. 003 906 25 0. 007 812 5
3 0. 001 218 64

4 0. 001 219 08
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