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Abstract: S iegel�Tatu zawa Theorem is an importan t resu lt in proving the first one of the Gau ss� con jectures on the

im ag inary quadrat ic number fields. Af ter that, m any peop le imp roved upon the result of S iegel�Tatuzaw a Th eorem. In

th is pap er w e use som e Lemm as about the upper bound ofL ( 1, �) and som e arithmet ic theory of the b iquad ratic number

field, get a low er bound of realp rim it iveL�function at s= 1: Let0 < �< 1 / ( 6 log10) , and � be a real prim itive D irichlet

character m odu lo k w h ich is greater than e1/�, then w ith atm ost one except ion, the follow ing exp ress ion holds:

L ( 1, �) > m in {
1

7. 702 logk
,

31. 3�

k�
} .
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[摘要 ] � S iege l�Ta tuzaw a定理是在研究 Gauss关于虚二次域类数的第一个猜想中产生的一个很重

要的结论, H o ffste in等人对 S iege l�Ta tuzaw a定理的结果进行了改进, 进一步得到了关于 L (1, � )下界

的一些结论.本文在前人研究的基础上, 利用 L ( 1, � )的上界以及双二次域的算术理论给出了对于

实本原 D irich le t特征 �, L ( 1, � )较好的下界.

[关键词 ] � L -函数,实零点, 二次数域

� R eceived date: 2007�04�15. Rev ised da te: 2007�05�27.

Foundation item: Supported by the NNSF( 10201013 ) .

Biography: L iu Yan ling, born in 1983, fem ale, m aster, m ajored in basic mathem atics. E�m ai:l yll iunjnu@ 126. com

0� Introduction

Let � be a real prim itive D irich let charactermodu lo k( > 1). It isw e ll know n that ifL ( s, �) has no zero in

the interval (1- c1 / logk, 1), then L ( 1, � ) > c2 / logk, where c1 and c2 are posit ive constants and c2 depends up�

on c1 ( see Lemma 1). I,f how ever, L ( s, � ) has a real zero close to 1, the on ly non�triv ial low er bounds that are

known forL ( 1, �) are ineffective.

S iegel
[ 1]
, for example, proved that for any �> 0,

L (1, �) >
c(�)
k
� ,

where c ( �) is an ineffective positive constant depending upon �. A fter that E sterm ann
[ 2]
, Chow la

[ 3]
, Go ld�

feld
[ 4]

have given the simp le proofs of Siege l� s resu l,t respectively.

Tatuzaw a
[ 5]

proved that if 0< �< 1 /11. 2 and k> e
1 /�
, then w ith at most one exception,
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L ( 1, �) >
0. 655�

k
� .

Hoffste in
[ 6]

proved that if 0< �< 1 / (6 log10) and k> e
1 /�
, then w ith atmost one exception,

L ( 1, � ) > m in{
1

7. 735 logk
,

�
0. 349k

� }.

Lu and Ji
[ 7 ]

proved that if 0< �< 1 / (6 log10) and k> e
1 /�
, then w ith at most one exception,

L (1, �) > m in{ 1
7. 703 logk

,
18. 236�

k
� }.

Ji and Lu
[ 8 ]

proved that if 0< �< 1 / (6 log10) and k> e
1 /�
, then w ith at most one exception,

L (1, �) > m in{
1

7. 738 8 logk
,
32. 260�

k
� }.

U sing a technique of Goldfe ld
[ 9]
, Lemma 2 in[ 8] and the upper bound estim ate o fL ( 1, �) o f Louboutin

[ 10, 11]
and some arithmetic theory of the b iquadratic number field, we prove the follow ing:

Theorem � Let 0< �< 1 / ( 6 log10), and � be a real prim it ive D irichlet charactermodulo k which is greater

than e
1 /�
. Then w ith at most one exception, the fo llow ing expression ho lds:

L (1, �) > m in{
1

7. 702logk
,

31. 3�
k
� }.

1� Severa l Lemmas

Let c0 =
3
2
+ 2.

Lemma 1� ( see [ 7, Lemma 1] ) Let � be a rea l prim itive D irich let charactermodulo k wh ich is greater

than 10
6
.

( 1) IfL ( s, �) ! 0 on the interval ( , 1) and 1-  < 1 / ( 4c0 logk ), then L (1, �) > 1. 513 5( 1-  ).

( 2) IfL ( s, �) ! 0 on the interval [ 3 /4, 1), then L (1, �) > 1 / (1. 536 logk ).

Lemma 2 ( see [ 6, Lemma 2] ) LetK (! Q ) be an a lgebra ic number field and let dK denote the abso lute

value o f the discrim inant ofK. Then the Dedekind Zeta function !K ( s) o fK has atmost one real simple zero  

w ith

1-  <
1

c0 logdK

.

Lemma 3 ( see [ 8, Lemma 2] ) LetK be an algebra ic number field o f deg ree n > 1 and assume that for

eachm ∀1 there ex ists at least one in tegra l ideal ofK o f normm
2
( e. g. K is a quadratic or a biquadrat ic b icyclic

number fie ld). A ssume a lso that 1 /2 <  < 1 and !K (  ) # 0. Then the residue at s= 1 o f the Dedekind Zeta

function !K ( s) ofK satisfies

kK ∀ ( 1-  ) ( x
 - 1

(
∀

2

6
-

n + 2

[ x ]
) - 2

dK

x
3 /2

!
n
(3 /2) ( n+ 1)!

(4n- 3) ∀
n ), ( x∀1).

Lemma 4 ( see [ 10] and [ 11] ) ( 1) If � is a prim itive even D irichlet charactermodu lo k> 1, then

|L ( 1, �) |# 1

2
( logk+ 0. 05).

( 2) If � is a prim itive odd D irichlet charactermodu lo k, then

|L ( 1, �) |# 1

2
( logk+ 1. 44).

2� P roof o f Theorem

Let 0< �< 1 / ( 6 log10) and let �1 be a rea l prim itive D irich let character of least conductor k1 > e
1 /�

such

that
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L ( 1, �1 ) #
1

7. 702 logk1
, ( 1)

if it ex ists. By Lemma 1, L ( s, �1 ) has a real zero  1 such that

1-  1 <
1

4c0 logk1

. ( 2)

Let � be another rea l prim it ive D irich let charactermodulo k> e
1 /�

d ifferent from �1. By our choice of k1 we

may assume k∀ k1. Now w e prove that

L ( 1, �) > m in{ 1
7. 702 logk

,
31. 3�
k
� }

except �1. So it suffices to prove the above inequa lityw hen k> k1. Let theK ronecker symbo ls of quadratic num�

ber f ie ldsQ ( d ), Q( d1 ) be �, �1 respect ively, w here d and d1 are fundamental d iscr im inants. Then |d | =

k, |d1 | = k1. LetF= Q( d, d1 ), dF denote the absolute va lue o f the fundamental d iscrim inan t o fF. Then it

must exsit another quadratic number field Q ( d2 ) w ith the fundamenta l d iscr im inant d2 and d2 |dd1, |d2 | =

|
dF

dd1

|. Ifw e let theK ronecker symbo l ofQ( d2 ) be �2 w ith conductor k2 = |d2 |, then �2 ( n ) = �( n ) �1 ( n ).

Then the Dedekind Zeta funct ion o fF is !F ( s) = !( s)L ( s, �) L ( s, �1 )L ( s, �2 ), s∃ C ( see Chapter 4 of [ 12] ) .

Let

#= - 3 /2-  1, x= d
A

F , A > 0. 8, ( 3)

and notice thatdF # ( kk1 )
2
< k

4
, kk1 > 10

12
. App ly ing Lemma 3 w ith n = 4, x = d

A

F > d
0. 8
F > 10

9. 6
and 1-  1 <

1 / ( 4c0 logk1 ) < 1 / ( ( 6+ 4 2) log10
6
) < 0. 006 21, we obta in

1. 604 52(1-  1 ) < kF x
1-  1 = L (1, �)L (1, �1 )L ( 1, �2 ) x

1-  1. ( 4)

IfL ( s, �) ! 0 in the range 1- 1 / ( 4c0 logk ) < s< 1, then by Lemm a 1 w e have

L ( 1, �) > 1. 513 5
4c0 logk

> 1
7. 702logk

,

and the resu lt fo llow s. IfL ( s, �) = 0 for some  such that 1- 1 / (4c0 logk ) <  < 1 then bo th  and  1 are zeroes

of!F ( s). S ince  > 1- 1 / ( 4c0 logk ) > 1- 1 / ( c0 logdF ), w emust have

1-  1 ∀
1

c0 logdF

∀ 1
2c0 log( kk1 )

( 5)

by Lemma 2. LetA = 2 / (
3

2
+  1 ), then

2A ( 1-  1 ) =
4(1-  1 )

2. 5- ( 1-  1 )
< 4

10c0 -
1

logk1

% 1
logk1

< 0. 137 6
logk1

by ( 2) and k1 > 10
6
, and w e have

x
1-  1 = dF

A ( 1 -  1) # ( kk1 )
2A ( 1-  1) < ( kk1 )

0. 137 6 /logk1. ( 6)

From Lemm a 4 w e have

L (1, �2 ) #
1

2
( logk2 + 1. 44) # 1

2
( log( kk1 ) + 1. 44) < 0. 526 1 log( kk1 ) ( 7)

for kk1 > 10
12
. Comb in ing ( 1) and ( 4) ~ ( 7) w e get

L ( 1, �) >
4. 030 22

logk1 ( 1+
logk

logk1

)
2
( kk1 )

0. 137 6
logk1

. ( 8)

Let

∃=
logk

logk1
, ∃> 1.

If 1< ∃# 7. 5, then by
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4. 030 22∃
(∃+ 1)

2
e
0. 137 6(∃+ 1) % 7. 702> 1,

we get

L ( 1, � ) >
1

7. 702 logk
.

Hencew e may assume ∃> 7. 5, in th is case 2 log ( ∃+ 1) < 0. 503 6(∃+ 1). Then

L (1, �) >
2. 122 55

( logk1 ) k
0. 641 2 / logk1

. ( 9)

For fixed %> 0, xe
%/x

decreases until it reaches am in imum atx= %. Let x= log k1, %= 0. 641 2log k. S ince logk

> 7. 5 logk1 > ( 0. 641 2)
- 1

logk1, logk1 > 1 /�. H ence

( logk1 ) k
0. 641 2 / logk1 <

1

�
k
0. 641 2�

.

By ( 9) , w e have

L ( 1, � ) >
2. 122 55�
k
0. 641 2� =

�
k
� % 2. 122 55k

0. 358 8�
.

S ince

2. 122 55k
0. 358 8�

> 2. 122 55e
0. 358 8�( 7. 5 logk1) > 2. 122 55e

0. 358 8% 7. 5
> 31. 3,

we have

L (1, �) >
31. 3�
k
� .

Th is comp letes the proo f of Theorem.
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