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On the SiegelTatuzawa Theorem
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Abstract SiegetTazawa Theoran is an important result i proving the first one of the Gauss conjectures on the
m ag nary quadratic number fieds Afier that many peoplk mproved upon the result of SiegetTatuzava Theorem. In
this paperwe use san e Lanm as about the upperbound of L( 1 X) and san e arithmetic theory of the biquad ratic numb er
field, get a lw erbound of realprinitivel-functon ats= k' LetO< €< 1/( 6lbgl0), andX be a real prin itive D richlet
/e

charactermodubo kwhich is greater than e' then w ith atm ost one exception, the folbwing expression holds

. 1 3L 3¢
L(l,X)>mm{m e

].
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(2 , 046000)
[ 1 SkegetTauzawa Gauss
,Hoffstemn SkegetTazava s L(1 X)
) L1 Xx)

D irich kt X L(1 X)

[ 1 L- ) ,

0 Introduction

LetXbe a real prin itive D irich let charactermodub k(> 1). It iswellknown that if L (s X) has no zro in
he nterval (1- ¢ /bgk 1), henL( 1l X)> & /bgk wherec and ¢, are positve constants and ¢; depends up-
on ¢ ( see Lenma 1). If however L (s X) has a real zero cbse to |, the only non-trvial bwer bounds hat are
known forL( 1 X) are ineffective

Siegel[l], for example proved that for any €> Q

L1 x><E
where ¢ (€) is an ineffective positive constant depending upon & A fier that E stem ann'”, Chowld”, Gol-
feld ¥ have given the smp le proofs of Siegel s resuli respectively

Tauzava proved that if O< €< 1/11 2 and k> el/s, hen with at most one exception
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€
L(pcp%.

Hoffsten'” proved that if 0< €< 1/(6bgl0) and k> e, then with atmost one excepton
1 €

X ] .
LOLX)> minfioms )
Lu and Ji'' proved hat if0< €< 1/(6logl0) and k> em, then w ith at most one exception
. 1 18 236¢€
L(l X .
Jiand Lu'®*' proved hat if 0< €< 1/(6logl0) and k> e, then with at most one exception
1 32 260€

LOLY>mnl7=38%9g ~ 1 7

Using a technique of GoldfeH'”, Lemma2 n[ 8] and the upper bound estn ate of L (1 X) of Louboutin

MO and same arithm etic theoty of the b fuadratic number field we prove the follow ng

Theoran Let O< €< 1/(6bgl0), and Xbe a real prinitve D irichlet charactermodulo £ w hich is greater

han €. Then w ith at most one exception the Dllow ng expression holds

. | 31 3¢
LOV9>munfZ=00% ~ 8 F

1 Several Lanmas

Letcoz—g+,/_2

Lenmma 1 (see[7, Lenma 1]) Let Xbe a real prin itive D irich let charactermodulo k& which is greater
han 10'.

(1) IfL(s X)#Z0 on the interval (B 1) and 1- B< 1/(4¢ologk), thenL (1, X)> 1 5135(1-B).

(2) KL(s X)#Z0 on the interval [3/4 1), thenL (1 X)> 1/(1 536bgk).

Lenma 2 (see [ Lenma 2] ) LetK (ZQ) be an akebraic number field and let d¢ denote the absolite
valie of the discrin nant ofK. Then the Dedekind Zeta function & (s) ofK has atmost one real smple zew B

w ih

Leanma 3 (see [ 8 Lenma 2]) LetK be an algebrar number field of degree n> 1 and assume that for
eachm 21 there exists at kastone ntegral ideal ofK of nomm” (e g K is aquadratic or a biquadratic b icyclic
mmber fiel). Assume alo hat 1/2< B< 1 and & (B) <0 Then the residue at s= 1 of the Dedekind Zeta
fimction & (s) ofK satisfies

B> B (ﬁ_u)_ A €(3/2) (nx 1)!
6 (=) A" (4n-3ym
Leanma 4 (see [ 10] and [11]) (1) If Xis a prmitive even D irichlet charactermodub k> 1, then

), (x21).

L(1 ) |<—;(logk+ 0 05).
(2) IfX is a prin itive odd D irichlet charactermodub % then
(1% |<—;(10g]c+ | 44).

2 PwofofTheoran

/€

LetO< €< 1/(6logl0) and let X be a real prim itive D irich let character of least conductor £ > ¢’ such

that
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<— 1
LY X ) ST 702 Togey (1)
if it exists By Lenma 1, L (s X% ) has a real zew B, such that
1
-B .
! 1< 4Co 10gc1 (2)

LetXbe another real prm itve D irich let character m odulo £> e’ different fim X, By our choice of k) we
may assume k 2 k. Now we prove that

1 31 3¢,
7 702logk &

except X. So it suffices to prove the above nequalitywhen k> k. Let theKronecker synbols of quadratic nun-
ber fieHsQ(ﬁ), Q( Jd_l) be X X respectwely, whered andd, are findamental discrin nants Then Id |=
k ldi 1= k. LetF= Q(JE, Jd_l), dr denote the absolute valie of the fundamental discrin inant ofF. Then it

must exsit another quadratic number field Q ( Jd_z) with the fundamental discrin nantd, and d, ldd, Id, |=

|dd—(;| Ifwe kt theKronecker symbol of Q( Jd_z) be % with conductor k= Id> 1, then % (n)= X(n)X (n).
i
Then the Dedekind Zeta functon of F & & (s)= ¢(s)L (s X)L(s X% )L(s %), s€ C ( see Chapter4 of [ 12]).

Let

L(1X)>mn{

a=-32-8, x=dir, A>08 (3)
and notice thatdy < (k1 )*< k', key> 10 Applying Lanma 3 wihn= 4 x=dp>di"> 10 and 1- B, <
1/( 4cobgki ) < 1/((6+4J2) logl0°) < 0 00621 we obtain

1 60452(1— By )<kea ™ ""=L(1 XL(1 X )L(1 %)x" " (4)
IfL(s X)Z0 in the range 1— 1/(4cologk) < s< 1, then by Lemm a 1 we have
L5135 1

X
L > ek~ T 70210gk
and the result follws IfL(s X)= 0 for sane B such hat 1- 1/(4q logk) < B< 1 then both B and B, are zeroes
of & (s). Sice B> 1- 1/(4cobgk)> 1- 1/(co logdr ), wemust have

S 1S 1
=B 2 s 2 2 bk ) (5

by Lanma 2 LetA = 2/(—3+ B ), then

4(1-B)) 4 1 01376
—_ B = .
AP =557108,) ¢ L logkr © loghy
100 - ——
ngl
by (2) and k> 10°, andwe have
xl—ﬁlzdFA(l—Bl) < (kkl)wk By < (kkl)o ]376/1cg1r1‘ (6)
Fran Lenm a 4 we have
L(1l X2)<—;(10g]c2+ 1 44) <—é(bg(kk1)+ 1 44)< 0 5261 log( Kk ) (7)
forkk, > 107 Conbnmng (1) and (4) ~ (7) we get
4 03022
L(lX> T (8)
logk:: (1+—glﬁ) ( ey )
logfe
Let
N= _bek 0> 1
bk

If1< N7 5 then by
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22
LT 170> 1
we get
1
LY X)> 7500 ok
Hencewemay assumeIl> 7 § n this case 2bg (Tl+ 1) < Q 503 6(0+ 1). Then
L(l %> 2 12255 (9)

( bk, )ko 641 2/logh
For fixed & Q xe” decreases until it reaches am ninum atx= & Letx= log ki, 6= 0 641 2log k' Shce logk
> 7 5logk> (0 6412)" 'logh, bgki> 1/€ Hence

0 6412/kgk, 1 ,06412¢
<— k .

( loghi ) k
By (9), we have
L(1x)> 222598 €. 5 o) 550
k K
Snce
2 12255 %> 2 122 556 P 5 0 122556 T TS 313
we have
L(1 x)>-L3E
k
This canp letes the proof of Theorem.
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