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Abstract A (K, )-frame is aGDD (.Z" ¥ %) mnwhich the collecton ofbbcks.% can be partitioned into holey par
allel chsses each holey paralkl class being a partiion of S°\G; for ssme G, 4 A fame is calkd simplk if all its
bbcks are distinct Smplk franes are powerful for the construction of smple K itkm an packing designs which can be
used n the constuctbn of unifom desgns n statistics In this paper we shall prove that the necessary conditons for
simp k K ikm an franes of type { w ih index 2 and 3 are ako sufficient
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LetK be a setof positve ntegers A group-divisble design (K, )-GDD is a trple (.%" ¢ .%) which sat
isfies the folbw g properties

(1) # & a finite set of ponts

(2) ¢ is a partition of .2 nto subsets called groups

(3) .# is a collection of subsets of Z'w ih sizes fum K, called bbcks such hat every pair of points fran
distinct gwups occurs n exacty  blocks and

(4) No pair of points bebngng to a group occurs in any block

A (K, )-GDD (%" % %) is resolable if the bbcks of.# can be partitioned nto parallel classes each
parallel class beng a partiton of the point set.Z" W henK = {k), wewrite (K, )-GDD as (i )-GDD. Fur
ther we denote (K, 1)-GDD asK-GDD and (k£ 1)-GDD as &GDD.

The type of he GDD (2" & .%) is themuliiset of sizes |G | of theG £ andwe usually use the expo-
nentil notatbn for its descrpton type 1 73 denotes i occurrences of gwoups of size 1, j occurrences of
groups of size 2 and so on A transversal desgnTD(k n) is ak-GDD oftypenk. It iswellknown that aTD (k
n) is equivalent to k— 2 mutually orthogonal Latn squares of odern

A (K, )-frame is aGDD (%" % %) mnwhich the collecton ofblocks . can be partitbned into holey
parallel classes each holey parallel chss being a partitbn of 2\G; for sane G; % The gwoups in a (K, )-
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frane are ofien referred to as holes A uniformm frane is a frane inwhich all groups are of the sane size A (3
J—frame is also calkd a Kirtkman framew ith index . Iha (3 )-frang it is not diffcult to prove that to each

group G, there are exactly |G, 1/2 holey parallel classes that partition .2\G;.

A desin is called smple ifall its blocks are distinct It is easy to see that the follbw ing cond itions are nec-
essary for he existence of a simple (3 )—frane of type (.

u 4
t(fu-=1) O(mod3),
t O(mod 2) and
t(u-2)

Smple franes have been instumental in the constructbn of other types of designs For exanpk, smple
K irkm an fram es can be used to constuct smple K ikman pack ng designs Fang etal™ have shown that smp le
K irkm an packing designs can be used n the constmction of unifom desgns n statstics

It is obvbus that a simple (3 1)-frame is equivalent o a (3 1)-frane Stinson" has proved that there
exists a (3 1)~fran e of type ¢ ifand only ifz iseven u 4 and t(u— 1) O(mod3). W hen 2, notmuch
results have been known In [ 4], Shen has poved that there exits a sinple (3 2)—frame of type 1" for any inte-
geru 4 andu  1(mod 3).

Lenma 1 There exists a simple (3 2)-fran e of type 1" foreachu 1(mod3) andu 4

In this paper we shall prove that the necessary cond itions HrsinpleK irkm an frames of type { w ith ndex 2
and 3 are also sufficient

Theoran 1 There exists a smple (3 2)-frame of type ¢ if and only fu 4 and t(u— 1) O(mod 3).

Theoren 2 There exists a smple (3 3)-frane of type ¢ if and only ifu 4 ¢ iseven and t(u—1) O
(mod 3).

1 Recursve Constuctions

Now we state hree basic constructbns for sinple franes Sin ibr proofs of these constuctions can be found
n [3] or[ 5]

Construction 1 (GDD constructbn): Let (%" % .7) be aK-GDD, and letw: 2" Z* {0} be a
wehting function on .%2". Suppose that for each blockA .7, there exists a smple (K  )—frane of type {w
(x):x AJ. Then there exists a simple (&, )—frane of type {  w(x):G 2]

Construction 2 ( Inflatbn by TDs): Suppose there is a smple (k )-frane of type £, and suppose there
is a resolvable TD(k n). Then there is a smple (5 )—frame of type (nt)".

Construction 3 ( Fillng n holes): Suppose there is a smple (£, )—frame w ith groups of sizes fran T =
{t, , ) andlet 0 Forl i n suppose there isasmple (k )—fran ew ith groups ofsizes fran T’

{ }, where  i= . Then there is a smple (5 )—frane w ith groups of sizes fran (i:IT") { )

In order to use the above constmctions we need the notion of PBD. A paiw ise bahnced design (3 K )-
PBD is a pair (%" %), inwhich .2 is a setofv ponts and .7 is a set of blocksw ith sizes fum K, such that ew
ery unomered pair of points is contained n aunique block A (1 K )-PBD is aK-GDD of type I' indeed Fran
[ 6], wehave the follow ng known resu lis

Leanma?2 (1) There existsa (v, {4 7} )-PBD foreveryv 1(mod3) andwe{1Q 19}. (2) There ex
istsa (4, {4 7))-PBD which contans auniue block of size 7 for all these vabiesv 7 or 10(mod 12), v 7
andv {10 19}

Lenma 3 There exists a {4 7}-GDD of type 3" for eachu 2 or3(mod 4) andu {3 6).

Proof ByLenma 2 there existsa (3u+ 1 {4 7))-PBD which contans a unque bbck ofsize 7 for ev
eryu 2or3(mod4), u 2andu {3 6). Letx be a pontwhich doesn toccur n he block of size 7 It is
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easy to see that there are exactly u bbcks contaningx D eleting this point we get the required {4 7/-GDD of
type 3.
To obtain ourmain resulis we also need the folbw ing known results which can be found n [ 7] and [ 8].
Lenma 4 (1) There exists a 4GDD of type 2" for eachu 1(mod 3) andu> 4 (2) There exists a4
GDD of type 3" foreachu Q 1(mod 4) andu 4 (3) There exists a 4GDD of type 6 Hrany ntegeru 3
Leanma 5 A resobable TD (3 n) exists for all positve integers except forn= 2 @

2 Unifom Siple (3, 2)-Frane

In this sectbn, we shall prove Theorem 1. W e need the folbw ing wo direct constructbns For d irect con-
structbng  nstead of listng all the bbcks and he holey parallel classes of the desired smple franes we only list
the blocks of the nitial holey parallel classes the other holey parallel classes can be generated under same add+
tve group G.

Lemma 6 There exists a simple (3 2)—fran e of type 2"

Proof Let the point set V=75 and the groups beG;= {0+ j 4+ j}, j Zi The required 8 holey parat
lel classes will be generated frum the follow ng wo nitial holey parallel classes by + 2 mod 8 The blocks of the
wo initial holey parallel classes are listed be w.

012 456 (37
136 257 (Q 4

Leanma 7 There exists a smple (3 2)-fran e of type 3°

Proof Let he pontsetV=Z5, and the goups beG;= {0+ 6+j 12+ j}, j Zs The required 18
holey parallel classes w ill be generated fram the follow ng wo mnitial holey parallel classes by + 2 mod 18 The
blocks of the two mitial holey paralle] ¢ lasses are listed be low.

123 457 81015 91317 111416 (Q 6 12)
0310 21116 4815 5614 91217 (17 13)

Lenma 8 There exists a sinple (3 2)-frane of type 2" foreachu 1 (mod 3) andu 4

Proof By Lanma 4 we have a 4GDD of type2' foreachu 1 (mod 3) andu> 4 A pplyng Constuec-
ton 1 withw = 1 we geta sinple (3 2)—frane of type 2' for eachu 1 (mod 3) and u> 4, the nput siple
(3 2)—fran e of type 1" canes fim Lanma 1 Fran Lemma 6 there exists a simple (3 2)—frane of type 2.
The pwoof is canpleted

Lenma 9 There exists a smple (3 2)-fran e of type 3" foreachu 4

Proof We distinguish 2 cases

Casel u Oorl (mod4).

By Lanm a4 we have a 4-GDD of type 3" foreachu 4 Appling Constuction 1, we get asimple (3 2)-
frame of type 3 for eachu 4

Case2 u 2or3 (mod4).

By Lanma3 we have a {4 7)-GDD (3" ) foreachu 2or3(mod 4) andu> 6 Applyng Construction 1,
we get asmple (3 2)—frane of type 3' foreachu 2 3 (mod4) and u> 6 Fran Lemma 7, there exists a sin—
ple (3 2)-frane of type 3 Here the mput smple (3 2)—franes of type I and 17 exist by Lenma 1 This
canp ktes he proof

Lenma 10 There exists a sinple (3 2)-frane of type 6 for eachu 4

Proof ByLemma4 wehave a4-GDD of type 6 for eachu 3 Applying Constructon L, we get a sinp le
(3 2)-frane of type 6 for eachu 3 This leaves the only case u= 4 1o be considered. By Lanma 4 we have

a4-GDD of type 3" A pplyng Constructbn 1 withw = 2 weget asimple (3 2)-frane of type 6, the input sin—
ple (3 2)-frane of type 2" cames fran Lenm a6 The conclision then follows

Now we are in he positon to pove Theorem 1.
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Theoren 3 There exists a smpk (3 2)-frane of type /' if and only ifu 4 and t(u- 1) 0 (mod3).

Proof We distinguish 2 cases

Casel ¢t O(mod3), u 1 (mod3) andu 4

By Lemm a I, there exists a smple (3 2)—frame of type 1" foranyu 1 (mod 3) andu 4. Applying Con
structon 2 we obtain a smple (3, 2)—frane of type {, ¢ 2 The input resolable TD (3 ) exsls by Leanma
5 ByLemma 8 there exists a smple (3 2)-frane of type 2 foranyu 1 (mod3) andu 4

Case2 t O(mod3), u 4

Lett= 3 Ift 6 18 thenk 2 6 By Lemma9 there exists a smple (3, 2)—fran e of type 3' Hranyu

4 Applyng Constructbn 2 we obtan a sinple (3 2)—frane of type (3k)", & 2 @ The input resolable

TD(3 k) exists by Lalém a3 By Lemma 1Q there exists a smple (3 2)—frane of type 6 for any u 4 This
leaves the only case t= 18 to be consilered Startw ith a simple (3 2)—frane of type 6. Appling Constructon
2 again weobtan asimple (3 2)—frane of type (18)", the input resolvable TD( 3 3) existsby Lanma 3 This
canp ktes the proof

3 Unifom Simple (3, 3)-Frane

In this sectbn, we shall prove Theorem 2 W e first give sam e direct constructbns
Lenma 11 There exists a sinple (3 3)-frame of type 2" for eachu {4 7 10).
Proof Let he pontsetV= 27, and the groups be G;= {0+ j u+j}, j Z, u {4 7 10}. The re
quired 3u hoky parallel classes w ill be generated fran the follow ng nithlholey parallel classes by + 1 mod 4
+ 2mod 14 and + 4mod 20 respectively The blocks of the mitialholey parallel classes for each u are listed be-
bw.
i= 4 127 356 (0 4)
123 567 (Q 4)
136 257 (Q 4)

i=7 123 456 81013 91112 (Q7)
1311 2612 41013 589 (Q7)
149 2511 3813 61012 (Q7)

=10 123 456 789 111214 131517 161819 (Q 10)
147 258 31216 61317 91418 111519 (Q 10)
11217 2715 3914 41318 51116 6819 (Q 10)
034 256 7912 81315 101617 141819 (1, 11)
0412 2513 3917 61518 71019 81416 (L 11)
0713 2916 31018 41519 51217 6814 (L 11)

Leanma 12 There exists a smple (3 3 )—frane of type 4,

Proof Letthe pont set V=75 and the groups beG;= {0+] 4+j 8+; 12+j}, j Zs The required
24 holey parallel classes w ill be generated fran the Hllow ng three initial holey parallel classes by + 1 mod 16
The blocks of the three initial holey parallel classes Py, P,, P; are listed below. Here P;(i= 2 3) will gener
ate 4 holey parallel classes by + 1 mod 16

P: 127 3510 6915 111314 (Q 48 12)

Px 239 6713 11011 51415 (Q 48 12)

Py: 136 5710 91114 21315 (Q 4812

Lenma 13 There exists a smple (3 3 )-frame of type 6.

Proof Let he pontsetV =73 and the groups beG;= {0+ 6+ 12+5 18+ 24+ 30+j), J
Zs. The required 54 holey parallel classesw ill be generated fran the Hllow ng six initial holey parallel ¢ lasses by
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+ 4mod 36. The blocks of the six iitial holey parallel classes are listed be bw.
1510 2716 31417 42126 82325 93235

112728 132034 151929 2231 33 (Q 6 12 18 24 30)
123 459 71114 81727 101326 152829
162331 193234 202533 212235 (Q 6 12 18 24 30)
1922 21328 31116 43233 5714 82729
102526 151935 172034 212331 (Q 6 12 18 24 30)
0411 2615 3812 52128 92029 101827
142433 162332 172634 223035 (17 13 19 25 31)
034 259 6811 101220 141518 162627
1728 33 212435 222932 233034 (1713 19 25 31)
0228 3824 42129 51820 62326 91435
101727 112233 123234 151630 (1 713 19 23 31)

Lenma 14 There exists a sinple (3 3)-frane of type 4" for eachu {7 10}.

Proof ByLemmad, wehave a4-GDD of type2' foreachu {7 10}. Applying Constructon 1w ithw =
2 we geta sinple (3 3)—frane of type 2, the nputsinple (3 3)—fran e of type 2" canes fm Lemma 11 The
proof is canpleted

Smilark, startng fran a 4GDD of type 6’ which exists by Lenma 4 and apply ng Constuction 1w ithw =
2 we geta smple (3 3)—fran e of type 12°

Lemma 15 There exists a sinple (3 3 )-frame of type 12,

Lenma 16 There exists a sinple (3 3)-frane of type 6 for eachu 4

Proof We distinguish 2 cases

Casel u Oorl (mod4).

By Lenm a4 we have a 4GDD of type 3' for eachu 4 Applying Constructon 1 withw = 2 we get a
smple (3 3)—frame of type 6 for eachu 4

Case2 u 2or3 (mod4).

By Lenm a3 we have a {4 7)-GDD (3") for eachu 2 or3(mod4) andu> 6 Applyng Constmction 1
wihw=2 we getasinple(3 3)-frane of type 6 foreachu 2 3 (mod4) andu> 6. Herg the input smple
(3 3)—frames of type 2" and 2’ ex sthby Lenma 11 Fran Lenma 13 there exists a smple (3 3)—frame of type
6’ This canp letes the proof

Sinilark, we can apply Construction 1w ithw = 4 to get a smple (3 3)—fran e of type 12 for eachu 4
where the nput simple (3 3)—franes of type44 and 4 cane fun Lemma 12 and Lenma 14 and a smple (3
3)—frame of type 12 exists by Lenma 15

Lenma 17 There exists a sinple (3 3)-frame of type 12" for eachu 4

Lenma 18 There exists a sinple (3 3)-frane of type 2" foreachu 1 (mod 3) andu 4.

Proof Letu= 3+ 1(k 1). ByLenma 16 there exists a smple (3 3)—frame of type 6 for eachk 4
Applying Constuction 3 wih =2 we get asmple (3 3)—frane of type 2! for each k4 By Lanma 11,
here exists smple (3, 3)—franes of type 24, 2" and 2°. The conclusion then follws

Siilarl, we can apply Constructon 3 with =4 to get a simple (3 3)-frane of type 4 for each u 1
(mod3) andu 4 where he input smple (3 3)—franes cane fran Lenma 12 Lenma 14 and Lenma 17

Lenma 19 There exists a sinple (3 3)-frame of type4' for eachu 1 (mod 3) andu 4.

Now we are in he positon to pove Theorem 2

Theorean 4 There exists a smple(3 3)-frane of type ' if and only ifu 4 tis even and t(u—1) O
(mod 3).

Proof We have proved that the necessary conditbns are also sufficent fort {2 4 12} by Lanma 1§
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Lenma 19 Lenma 16 and Lenma 17 Let: {2 4  12}.

Ift: 0 (mod 6), henwritet= 64 or 12, wherety 2 6 By Lenma § there exists a resolvable TD( 3
ti). Start fun a smple (3 3)—frame of type 6" or 12' and apply Constmction 2wih (k n)= (3 & ). The re-
sult is a smple (3 3)—frame of type (64 )" or (124 )".

Ift 2or4 (mod6), thenwrite i= 24, wheret;y 2 6 Smilarl, we start fran a smpk (3 3)—frane of
type 2' and apply Constructon 2 to obtan a sinple (3 3)—frane of type #. This canpletes the pwoof
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