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Abstrac t: A (K, �)-fram e is a GDD (X, G, B ) in wh ich the co llection o f b lo cksB can be pa rtitioned into ho ley par-

a lle l c lasses, each ho ley paralle l c lass be ing a pa rtition of G \G j for som e G j � G. A fram e is called s imp le if a ll its

b locks are distinc t. S imp le fram es are powe rfu l fo r the construc tion of sim ple K irkm an packing designs, w hich can be

used in the construction of un iform designs in statistics. In this paper, we sha ll prove that the necessary conditions for

simp le K irkm an fram es of type tu w ith index 2 and 3 are a lso sufficient.
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[摘要 ] � 一个 (K, � )框架设计是一个区组集可分为若干个带洞平行类的 GDD (X, G, B ),每一个带洞平行类

为一个 G \G j的划分, G j� G. 若所有的区组是不同的, 则称框架设计是单纯的.单纯的框架设计对构造单纯的可

分解填充设计有很重要的作用,后者可以用来构造统计学中的一致设计. 本文将证明 ( 3, � )框架设计存在的必

要条件也是充分的, 其中 � = 2, 3.
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� � LetK be a set of positive in tegers. A group-d ivisib le design (K, �)-GDD is a triple (X, G, B ) wh ich sa-t

isfies the fo llow ing properties:

( 1) X is a finite set of po ints,

( 2) G is a partition of X into subsets called groups,

( 3) B is a co llection o f subsets o fX w ith sizes from K, ca lled b locks, such that every pair of po ints from

dist inct g roups occurs in exactly � blocks, and

( 4) N o pa ir of po ints be long ing to a g roup occurs in any block.

A (K, �)-GDD (X, G, B ) is reso lvab le if the b locks o fB can be partitioned into para lle l classes, each

para lle l class be ing a partit ion o f the point setX. W henK = { k }, w ew rite (K, �)-GDD as ( k, �)-GDD. Fur-

ther, w e denote (K, 1)-GDD asK-GDD and ( k, 1)-GDD as k-GDD.

The type of the GDD (X, G, B ) is themu ltiset of sizes |G | o f theG� G and w e usually use the �expo-
nent ia l� notat ion for its descript ion: type 1

i
2
j
3
k � denotes i occurrences of g roups of size 1, j occurrences of

groups of size 2, and so on. A transversal design TD( k, n ) is ak-GDD o f typen
k
. It isw e llknown that aTD( k,

n) is equivalent to k- 2 mutua lly o rthogona lLat in squares o f ordern.

A (K, �)-frame is a GDD (X, G, B) in wh ich the co llection o f b locks B can be partitioned into holey

para lle l classes, each ho ley parallel c lass being a partition o fX \G j for some G j� G. The g roups in a (K, � )-
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frame are o ften referred to as ho les. A un iform frame is a frame in w hich a ll groups are o f the sam e size. A ( 3,

� )-frame is also ca lled a K irkman framew ith index �. In a ( 3, �)-frame, it is not diff icu lt to prove that to each

groupG j there are exactly � |G j | /2 holey para llel classes that part ition X \G j.

A design is called simple if a ll its blocks are d istinc.t It is easy to see that the fo llow ing cond itions are nec-

essary for the ex istence o f a simple ( 3, �)-frame of type t
u
.

u� 4,

t( u - 1) � 0(mod 3),

t�� 0(mod 2) and

t( u - 2)� �.

S imple frames have been instrumental in the construct ion o f o ther types of designs. For examp le, simp le

K irkm an frames can be used to construct simpleK irkman pack ing designs. Fang et a l
[ 1-2]

have shown that simp le

K irkm an packing designs can be used in the construction o f uniform designs in stat istics.

It is obv ious that a simple (3, 1)-frame is equivalent to a ( 3, 1)-fram e. Stinson
[ 3 ]

has proved that there

ex ists a ( 3, 1)-fram e of type t
u
if and on ly if t is even, u� 4, and t( u- 1) � 0(mod 3). W hen �� 2, no tmuch

resu lts have been known. In [ 4] , Shen has proved that there ex its a simple ( 3, 2)- frame of type 1
u
for any inte-

ger u� 4 and u� 1(mod 3).

Lemma 1� There ex ists a simp le ( 3, 2)-fram e of type 1
u
fo r each u� 1(mod 3) and u� 4.

In th is paper, w e shall prove that the necessary cond itions fo r simpleK irkm an frames o f type t
u
w ith index 2

and 3 are also sufficien.t

Theorem 1� There ex ists a simple ( 3, 2)-frame of type t
u
if and on ly if u� 4 and t (u - 1)� 0(mod 3).

Theorem 2� There ex ists a simple ( 3, 3)-frame of type t
u
if and on ly if u� 4, t is even and t( u - 1) � 0

(mod 3).

1� Recursive Constructions

Now w e state three basic construct ions for simple frames. S im ilar proofs of these constructions can be found

in [ 3] or [ 5].

Construction 1� ( GDD construct ion) : Let (X, G, A ) be aK-GDD, and letw: X� Z
+ � { 0} be a

w e ighting function on X . Suppose that for each block A � A, there ex ists a simple ( k, �)-frame o f type {w

( x ): x�A }. Then there ex ists a simple ( k, �)-frame o f type { �
x� G

w ( x ): G� G}.

Construction 2� ( Inflat ion by TDs) : Suppose there is a simp le ( k, �)-frame of type t
u
, and suppose there

is a reso lvable TD( k, n). Then there is a simp le ( k, �)-frame of type ( nt)
u
.

Construction 3� ( F illing in holes) : Suppose there is a simple ( k, �)-frame w ith groups o f sizes from T =

{ t1, � , tn } and let �� 0. For 1� i� n, suppose there is a simple ( k, �)-fram ew ith groups o f sizes from T i�

{ �}, w here �
t� T

i

t= ti. Then there is a simple ( k, �)-frame w ith groups o f sizes from ( �
n

i= 1
T i ) � {�}.

In order to use the above constructions, w e need the notion of PBD. A pairw ise ba lanced design ( v, K )-

PBD is a pa ir (X, B ), in w hich X is a set o fv po ints andB is a set o f blocksw ith sizes from K, such that ev-

ery unordered pa ir of po ints is contained in a unique block. A ( v, K )-PBD is aK-GDD of type 1
v
indeed. From

[ 6] , w e have the fo llow ing known resu lts.

Lemma 2� ( 1) There ex ists a ( v, {4, 7} )-PBD for every v� 1(mod 3) and v { 10, 19}. ( 2) There ex-

ists a ( v, { 4, 7} )-PBD which contains a un ique block of size 7 for all these va lues v� 7 or 10(mod 12) , v� 7

and v� { 10, 19}.

Lemma 3� There ex ists a { 4, 7}-GDD of type 3
u
for each u� 2 or 3(mod 4) and u� { 3, 6}.

Proof� By Lemma 2, there ex ists a ( 3u + 1, {4, 7} )-PBD which conta ins a un ique b lock o f size 7 for ev-

ery u� 2 or 3(mod 4) , u� 2 and u� { 3, 6}. Letx be a po in twh ich doesn�t occur in the block of size 7. It is
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easy to see that there are exact ly u b locks contain ing x. D eleting this poin,t w e get the requ ired { 4, 7}-GDD of

type 3
u
.

To ob tain ourmain resu lts, w e also need the fo llow ing known resu lts, w hich can be found in [ 7] and [ 8] .

Lemma 4� ( 1) There ex ists a 4-GDD of type 2
u
for each u� 1(mod 3) and u> 4. ( 2) There ex ists a 4-

GDD o f type 3
u
for each u� 0, 1(mod 4) and u� 4. ( 3) There ex ists a 4-GDD of type 6

u
fo r any integeru� 5.

Lemma 5� A reso lvab le TD (3, n ) ex ists fo r a ll posit ive integers except fo rn = 2, 6.

2� Un iform Simp le ( 3, 2)-Frame

In this sect ion, w e shall prove Theorem 1. W e need the fo llow ing two direct construct ions. Fo r d irect con-

struct ions, instead of listing all the b locks and the holey parallel classes of the desired simple frames, w e only list

the blocks of the initial holey parallel classes, the o ther ho ley para llel classes can be generated under some add-i

t ive groupG.

Lemma 6� There ex ists a simp le ( 3, 2)-fram e of type 2
4
.

Proof� Let the po int set V= Z 8, and the groups beG j = { 0+ j, 4+ j}, j� Z4. The requ ired 8 ho ley para-l

lel classes w ill be generated from the follow ing tw o in it ial ho ley parallel classes by + 2 mod 8. The blocks of the

tw o initial ho ley parallel classes are listed be low.

0 1 2 4 5 6 ( 3, 7)

1 3 6 2 5 7 ( 0, 4)

Lemma 7� There ex ists a simp le ( 3, 2)-fram e of type 3
6
.

Proof� Let the po in t setV = Z18, and the g roups beG j = { 0+ j, 6+ j, 12+ j }, j� Z6. The required 18

ho ley parallel classes w ill be generated from the follow ing tw o in itia l ho ley parallel classes by + 2 mod 18. The

blocks of the two in itia l ho ley paralle l c lasses are listed be low.

1 2 3 4 5 7 8 10 15 9 13 17 11 14 16 ( 0, 6, 12)

0 3 10 2 11 16 4 8 15 5 6 14 9 12 17 ( 1, 7, 13)

Lemma 8� There ex ists a simp le ( 3, 2)-fram e of type 2
u
fo r each u� 1 (mod 3) and u� 4.

Proof� By Lemma 4, w e have a 4-GDD of type 2
u
for each u� 1 (mod 3) and u > 4. A pply ing Construc-

t ion 1 w ithw = 1, w e get a simple ( 3, 2)- frame o f type 2
u
for each u� 1 (mod 3) and u > 4, the input simp le

( 3, 2)- fram e of type 1
4
comes from Lemma 1. From Lemma 6, there ex ists a simple ( 3, 2)- frame of type 2

4
.

The proof is completed.

Lemma 9� There ex ists a simp le ( 3, 2)-fram e of type 3
u
fo r each u� 4.

Proof�We d istingu ish 2 cases:

Case 1. u� 0 or 1 (mod 4).

By Lemm a 4, w e have a 4-GDD of type 3
u
for each u� 4. App ly ing Construction 1, w e get a simple ( 3, 2)-

frame o f type 3
u
for each u� 4.

Case 2. u� 2 or 3 (mod 4).

By Lemma 3, w e have a {4, 7}-GDD (3
u
) for each u� 2 or 3(mod 4) and u > 6. App ly ing Construction 1,

w e get a simp le ( 3, 2)-frame o f type 3
u
fo r each u� 2, 3 (mod 4) and u> 6. From Lemma 7, there ex ists a sim-

ple ( 3, 2)- frame o f type 3
6
. Here, the input simple ( 3, 2)-frames o f type 1

4
and 1

7
ex ist by Lemma 1. Th is

comp le tes the proo.f

Lemma 10� There ex ists a simp le ( 3, 2)-frame of type 6
u
for each u� 4.

Proof� ByLemm a 4, w e have a 4-GDD o f type 6
u
for each u� 5. Applying Construct ion 1, w e get a simp le

( 3, 2)- fram e of type 6
u
for each u� 5. Th is leaves the only case u = 4 to be considered. By Lemma 4, w e have

a 4-GDD of type 3
4
. A pply ing Construction 1 w ithw = 2, w e get a simple ( 3, 2)- fram e o f type 6

4
, the input sim-

ple ( 3, 2)- frame of type 2
4
comes from Lemm a 6. The conc lusion then fo llow s.

Now w e are in the posit ion to prove Theorem 1.
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Theorem 3� There ex ists a simp le ( 3, 2)-frame of type t
u
if and only ifu� 4, and t( u - 1) � 0 (mod 3).

Proof�We d istingu ish 2 cases:

Case 1. t� 0 (mod 3), u� 1 (mod 3) and u� 4.

By Lemm a 1, there ex ists a simp le ( 3, 2)- frame of type 1
u
for any u� 1 (mod 3) and u� 4. Apply ing Con-

struct ion 2, w e ob tain a simp le ( 3, 2)- frame of type t
u
, t� 2. The input reso lvab le TD ( 3, t) ex ists by Lemma

5. By Lemma 8, there ex ists a simp le ( 3, 2)- fram e of type 2
u
for any u� 1 (mod 3) and u� 4.

Case 2. t� 0 (mod 3), u� 4.

Let t= 3k. If t� 6, 18, then k� 2, 6. By Lemm a 9, there ex ists a simp le ( 3, 2)- fram e o f type 3
u
fo r any u

� 4. Apply ing Construct ion 2, w e obta in a simple ( 3, 2)-frame o f type ( 3k )
u
, k� 2, 6. The input reso lvab le

TD (3, k ) ex ists by Lemm a 5. By Lemma 10, there ex ists a simp le ( 3, 2)- fram e of type 6
u
for any u� 4. Th is

leaves the on ly case t= 18 to be considered. Startw ith a simple ( 3, 2)- frame of type 6
u
. App ly ing Construct ion

2 again, w e obta in a simp le ( 3, 2)- frame of type (18)
u
, the input reso lvab leTD( 3, 3) ex ists by Lemma 5. Th is

comp le tes the proo.f

3� Un iform Simp le ( 3, 3)-Frame

In this sect ion, w e shall prove Theorem 2. W e first g ive som e direct constructions.

Lemma 11� There ex ists a simp le ( 3, 3)-frame of type 2
u
for each u� { 4, 7, 10}.

Proof� Let the po in t set V= Z 2u and the groups be G j = { 0+ j, u + j }, j� Zu, u� { 4, 7, 10}. The re-

quired 3u ho ley para llel classes w ill be generated from the follow ing in it ia l ho ley paralle l c lasses by + 1 mod 4,

+ 2mod 14 and + 4mod 20 respectively. The b locks of the in itia lholey parallel classes for each u are listed be-

low.

i= 4: 1 2 7 3 5 6 (0, 4)

1 2 3 5 6 7 (0, 4)

1 3 6 2 5 7 (0, 4)

i= 7: 1 2 3 4 5 6 8 10 13 9 11 12 ( 0, 7)

1 3 11 2 6 12 4 10 13 5 8 9 ( 0, 7)

1 4 9 2 5 11 3 8 13 6 10 12 ( 0, 7)

i= 10: 1 2 3 4 5 6 7 8 9 11 12 14 13 15 17 16 18 19 (0, 10)

1 4 7 2 5 8 3 12 16 6 13 17 9 14 18 11 15 19 (0, 10)

1 12 17 2 7 15 3 9 14 4 13 18 5 11 16 6 8 19 (0, 10)

0 3 4 2 5 6 7 9 12 8 13 15 10 16 17 14 18 19 (1, 11)

0 4 12 2 5 13 3 9 17 6 15 18 7 10 19 8 14 16 (1, 11)

0 7 13 2 9 16 3 10 18 4 15 19 5 12 17 6 8 14 (1, 11)

Lemma 12� There ex ists a simp le ( 3, 3)-frame of type 4
4
.

Proof� Let the po int set V= Z16 and the groups beG j = { 0+ j, 4+ j, 8+ j, 12+ j }, j� Z 4. The required

24 holey para llel classes w ill be generated from the fo llow ing three initial holey para llel classes by + 1mod 16.

The blocks of the three initial holey paralle l c lassesP1, P2, P3 are listed below. Here, P i ( i= 2, 3) w ill gener-

ate 4 ho ley parallel c lasses by + 1 mod 16.

P1: 1 2 7 3 5 10 6 9 15 11 13 14 ( 0, 4, 8, 12)

P2: 2 3 9 6 7 13 1 10 11 5 14 15 ( 0, 4, 8, 12)

P3: 1 3 6 5 7 10 9 11 14 2 13 15 ( 0, 4, 8, 12)

Lemma 13� There ex ists a simp le ( 3, 3)-frame of type 6
6
.

Proof� Let the po in t setV = Z36 and the groups beG j = { 0+ j, 6+ j, 12+ j, 18+ j, 24+ j, 30+ j }, j�

Z6. The required 54 holey parallel classesw ill be generated from the fo llow ing six init ial ho ley para llel c lasses by
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+ 4mod 36. The blocks of the six initial ho ley parallel classes are listed be low.

1 5 10 2 7 16 3 14 17 4 21 26 8 23 25 9 32 35

11 27 28 13 20 34 15 19 29 22 31 33 ( 0, 6, 12, 18, 24, 30)

1 2 3 4 5 9 7 11 14 8 17 27 10 13 26 15 28 29

16 23 31 19 32 34 20 25 33 21 22 35 ( 0, 6, 12, 18, 24, 30)

1 9 22 2 13 28 3 11 16 4 32 33 5 7 14 8 27 29

10 25 26 15 19 35 17 20 34 21 23 31 ( 0, 6, 12, 18, 24, 30)

0 4 11 2 6 15 3 8 12 5 21 28 9 20 29 10 18 27

14 24 33 16 23 32 17 26 34 22 30 35 ( 1, 7, 13, 19, 25, 31)

0 3 4 2 5 9 6 8 11 10 12 20 14 15 18 16 26 27

17 28 33 21 24 35 22 29 32 23 30 34 ( 1, 7, 13, 19, 25, 31)

0 2 28 3 8 24 4 21 29 5 18 20 6 23 26 9 14 35

10 17 27 11 22 33 12 32 34 15 16 30 ( 1, 7, 13, 19, 25, 31)

Lemma 14� There ex ists a simp le ( 3, 3)-frame of type 4
u
for each u� { 7, 10}.

Proof� By Lemma 4, w e have a 4-GDD o f type 2
u
for each u� { 7, 10}. App lying Construction 1 w ithw =

2, w e get a simple ( 3, 3)- frame of type 2
u
, the input simple ( 3, 3)- fram e of type 2

4
comes from Lemma 11. The

proof is completed.

S im ilarly, start ing from a 4-GDD of type 6
6
wh ich ex ists by Lemma 4 and apply ing Construction 1 w ithw =

2, w e get a simp le ( 3, 3)- fram e of type 12
6
.

Lemma 15� There ex ists a simp le ( 3, 3)-frame of type 12
6
.

Lemma 16� There ex ists a simp le ( 3, 3)-frame of type 6
u
for each u� 4.

Proof�We d istingu ish 2 cases:

Case 1. u� 0 or 1 (mod 4).

By Lemm a 4, w e have a 4-GDD o f type 3
u
for each u� 4. App ly ing Construct ion 1 w ithw = 2, w e get a

simple ( 3, 3)-frame of type 6
u
for each u� 4.

Case 2. u� 2 or 3 (mod 4).

By Lemm a 3, w e have a {4, 7}-GDD (3
u
) for each u� 2 or 3(mod 4) and u> 6. Apply ing Construction 1

w ithw = 2, w e ge t a simp le ( 3, 3)- frame of type 6
u
for each u� 2, 3 (mod 4) and u > 6. H ere, the input simp le

( 3, 3)- frames o f type 2
4
and 2

7
ex ist by Lemm a 11. From Lemma 13, there ex ists a simp le ( 3, 3)- frame o f type

6
6
. Th is comp letes the proo .f

S im ilarly, w e can app ly Construction 1 w ithw = 4 to get a simple ( 3, 3)- fram e of type 12
u

for each u� 4,

w here the input simple ( 3, 3)-frames of type 4
4
and 4

7
come from Lemma 12 and Lemma 14, and a simple ( 3,

3)-frame of type 12
6
ex ists by Lemma 15.

Lemma 17� There ex ists a simp le ( 3, 3)-frame of type 12
u
for each u� 4.

Lemma 18� There ex ists a simp le ( 3, 3)-frame of type 2
u
for each u� 1 (mod 3) and u� 4.

Proof� Let u = 3k+ 1( k� 1). By Lemma 16, there ex ists a simp le ( 3, 3)- frame of type 6
k
for each k� 4.

Applying Construction 3 w ith �= 2, we get a simple ( 3, 3)- frame o f type 2
3k + 1

for each k� 4. By Lemma 11,

there ex ists simp le ( 3, 3)-frames of type 2
4
, 2

7
and 2

10
. The conclusion then fo llow s.

S im ilarly, w e can app ly Construct ion 3 w ith �= 4 to get a simp le ( 3, 3)- frame o f type 4
u
for each u� 1

(mod 3) and u� 4, where the input simple ( 3, 3)- frames come from Lemma 12, Lemma 14 and Lemma 17.

Lemma 19� There ex ists a simp le ( 3, 3)-frame of type 4
u
for each u� 1 (mod 3) and u� 4.

Now w e are in the posit ion to prove Theorem 2.

Theorem 4� There ex ists a simple(3, 3)-frame o f type t
u
if and only if u� 4, t is even and t ( u - 1) � 0

(mod 3).

Proof�We have proved tha t the necessary condit ions are a lso suffic ient for t� { 2, 4, 6, 12} by Lemma 18,
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Lemma 19, Lemma 16 and Lemma 17. Let t� {2, 4, 6, 12}.

If t� 0 (mod 6), then w rite t= 6t1 o r 12t1, w here t1 � 2, 6. By Lemma 5, there ex ists a resolvable TD( 3,

t1 ). S tart from a simple ( 3, 3)- frame of type 6
u
or 12

u
and apply Construction 2 w ith ( k, n) = ( 3, t1 ). The re-

su lt is a simple ( 3, 3)- frame o f type ( 6t1 )
u
or ( 12t1 )

u
.

If t� 2 or 4 (mod 6), then w rite t= 2t1, w here t1 � 2, 6. S im ilarly, w e start from a simp le ( 3, 3)-frame of

type 2
u
and apply Construction 2 to obtain a simple ( 3, 3)- frame o f type t

u
. This completes the proo.f
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