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Bifurcation Phenom ena of
Two K inetically Coupled M orse O scillators

Y ang Shuangbo

( School of PhysicalScience and Technobgy, N anjngNomalUniversity Nanjng 210097 China)

Abstract Surting fran two uncoup led M orse oscillabrs this paper first studied the bifurcaton stuctures in the localm ode region in

phase space Br wo kinetically coupled M omse oscillators It tums out that bcal mode resonances —— coex itence in phase space for a
m

1
weak coupling parmeter rehting to the systan energy through the mequality equation ’\F -~ [1- . Thsk paper also re-
- m

ports the bifurcation phenanena of smmetric streth nomalmode w ith both systen energy  and coupling paraneter . At aweak cow
pling param eter , the synm etric stretch experiences apitch fork bifurcation at avery lov energy danainy then the localm ode regions are
gradually fom ed with systan energy Foran nemedite high energy , the smmetric stretch nom alm ode stays stable and unstab le at
tematively with coupling paraneter i the range [ — 1, 0].
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The classicalH am ilton ian for a system of wo k netically coupled M orse oscilhtors can be written as the fo+
bw ng fom
2

1 1 - x — X
= Spi+ ot pipat (1= e )74 (1= )] (1)

where = ﬁ cos is the coupling paraneter This H am iltonian is a good model for the vbratbnalmotbns of

sane type of triatan t mokcule such asH,O, which has a anallerm ass ratb beween the light atam and the
heavier central atam, and thex, x, correspond to the displacement fram its equilbrium pont for each OH bond

The classicalmotions for ths type of molecule have been first studied by Jaff and Bruner in 1980 " They
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found that at bwer energy  the classicalmotons forH,O n phase space basically can be classified into local
mode and nomalmode regions The h gher order resonances will be wmed on at higher system enewy M atsush-
ita and Terasaka "' studied he classicalmotions for laige couplng paraneter | | case when the H am ilton ian no
longer represents the vbratonalmotions of a real triatan ic molecule Recentl, we quantized this H an ilton ian
systan by fnding quantizing tori” 1 bealmode regbn and build ng sem iclasscal wave function' ', for both
ratbnal and irrational tori In this paper we will start fran o special cases to illustrate he phase space bifur
caton structures of this type ofH an ilion ian systen. W ew illuse = 0 to explan the bifurcation phenamn ena n lo-
calmode region and very snall to illistrate the bifircation in nomalmode regbn The fnite coupling and f
nite systam energy cases can be explaned fran those special cases phenan enologically

This paper is organized n the folbw ng In sectbn 1, we will discuss the bifurcatbn phenanena w ith n le-
calmode regbn The bifircation phenanenaw ithn nomalmode region w ill be discussed n secton2 We sun—

marize this paper in secton 3.
1 Bifurcation Phenanena W ith n LocalM ode Regions

1 1 Bifurcation with Systean Energy at = 0

Phase space structures for the wo uncoupled M orse oscillators are tori These tori can be classified nto ra-
tonal and irrational wo types Which toms ex Bis in phase space really depends on the system energy . To de-
tem ne the existence of any torus n phase space wew ill take ratbnal tori to illustratg because one can find an
irrational torus in the very neghborhood of a ratbnal torus with ¢ bsed w nd ng number

a0 . . 6
The Ham ilton an for wo uncoupledM orse oscilhtors can bew ritten as ”

= 21— 31+ [2h- 3L (2)
The frequencies of these woM orse oscilhtors are given by

V(I ) === J2-1,
(3)
2(h, L) =L J2- b
Thew ind ng nunber of a toms w ith action /; and action &, is defned as
J2-5  n
-1 m
where n andm are ntegerswhich can be represented as the nunbers of intersecton points that a perbdic o1b it on

the torus ntersectsw ith SOS atx; = constant and SOS atx,= constant Fran (2) and (4) we get

= () (1= )

: (4)

1
2

1
1=J_211— _Zﬁ: N (1)2 ) (5)
. + () -1
=21 ——21§= E— (6)
1+ (;)

]1:J_2(1— Jl— 1), (7)
L=J2(1- 1= + )=J2(1- [i= ). (8)

where is the total enegy of the systan and ;(i= 1 2) is the energy for the i' Morse oscillator

For a torus w ithw ind ng nunbern fn 1o exist it is necessary that ; O and , 0. Fran equaton (5)
and equatbn ( 6) we get the nequality relations in he follow ing

I-(=2)"(1= ) 0, (9)
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+ (;”)2-1 0. (10)

The solution of the nequality equations is given by

J; (=) J1- . (11)

Inequality equaton ( 11) is our starting pont to analyze the bifurcations n localmode regon for 0 in the fo+
bw ng subsectbn

Exanple For =3/4 weget2 nMm 1/2 then the folbw ng resonance tori (and many more n betw een
any wo of then) will be mumed on

1 2 Result for 0 anall

W e usually can notsee a bifurcation n phase space for = 0 even though it is here To visualize b ifurcaton
n phase space we need to um on coup Iing Q so that all the resonance tori are broken up nto resonance
zone of certan area W ithin certain range of coupling paraneter phase space bifurcaton stmctures are dan na-
ted by system energy aswe showed in section L 1 I figure 1( a), we show phase space stuctures bra system
of couplng constant = — 0 07 and systan energy = 0 605 1 W e can find thatall he resonances n the nter
val[ 2/3, 1/1] are urmed on, forexanple [ 1] 2/3, [2] 3/4 [3] 4/ [4] 5/6 in this figure the res
onances that are outside that range are either tooweak to be seen or have not been turned on until ata higher en-
ergy. Thew ndngnunber ; of the bcalmode in this surface of section is > 0/1, because the energy of the sys-
ten is less than the dissociatbn energy of aM orse oscillator which can be seen fran equation (4) or equatbn
(11). In Figure 1(b) and Figure 1(¢), we show the selected porton of phase space stmctures and em phasize
the resonances for couplng = — O 014 and a higher energy =Q 98 W e find tat all the resonances n the -
teval[ 1/ 1/1] have been tumed on, for exanple the [ 1] 2/3 [2] 3/5 [3] 1/2 [4] 1/3, [5] 1/4
[6] 1/5 [6] 1/6 , theresonanceswithn [0/1 1/6] willbe umed onwhen the sysiam energy approaches
to dissociation energy = 1 The generalway to estmatewhth resonances will be tumed on for a given system
enemgy is the inequality relation shown in equation ( 11). In addition to changing he size of resonance zong the
coupling constant can also cause the ann hilatbn of certain resonances which w ill becane obvious in stoong cou-
pling regbn. Phase space structures are related to the synmetry of the system, for this ABA type molecule all
he resonances n the becalmode regbn n phase space appear n pairs For exanple the resonances n the nter

val[1/1, 6/1] will be tumed on when the resonances n the mterval [ 1/6 1/1] are tumed on
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Fig.1 Resonances in local mode region (a) £=0.605, 6=—0.07; (b), (c): £=0.98, 6=-0.014

54



Y ang Shuangba Bifurcation Phenomena of Two K netically CoupledM omse O scillators

2 Bifurcation W ithn NomalM ode Region

2 1 Bifircation w ith Coup Ing Paraneter forV ery Low Energy

Atvery low energy theH amilionian in equation ( 1) can be approximated by wo uncoupled H amonic os-
cillators one of which represents the synmetric canbmnation of the wo localmodes and the other represents the

antsymm etric canbinaton of the wo bcalmodes Thew ind ng nunber y ofa toms in phase space is only relat

ed to the coupling constant , ie, y= J(1+ )/(1- ). When the coupling constant is very snall phase
space structure bastally corresponds to a 1/1 resonance It corresponds to different resonance as the coup ling
becan es stonger The uncoupled H am on ic oscillator approxmatonw illbe failed for a h gher energy because of
the nonlinearity of the M orse oscillator This nonlinearity of the M orse oscilktor and the strong coupling betw een
differentM orse oscilhtorw ill generate different resonances coexistence in phase space
2 2 Effectof Systan Energy on the Phase Space Stmictures-the Local M ode Region Fomaton Process

As shown in Fgure 2 the phase space atvery bw energy & filled by nom almode tori centered on either
symm etric stretch perbdic orbit or antsymm etric stretch periodic orbit As we increase system energy, we will
see that he synmetric streich period & orthit becanes an unstab le perbdic ob it and wo new stab le periodic o1b its
can e out hrough pitch fotk bifurcation The local modes start to be fomed by expending nomalmodes as we
contnuously ncrease the system energy In a SOS we will see wo different regions dwvided by a separatrix
called the bcalnomal separatrix By increasing system energy, wew ill see that h gher order resonances appeat

but the phase space is still dan inated by localmode and a 1/1 resonance nom almode regins
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Fig.2 Local mode formation process §=-0.014 (a) £=0.008; (b) £=0.031; (c) £=0.044 8; (a) £=0.08

2 3 Bifircation Phenanena of Symmetr StretchNomalM ode

In section 2 2 we discussed the pitch fotk bifurcaton of synmetric stretich nom almode perovdic oib it w ith

system energy at very weak coup ling parameter =

- 0 014 which iswhathas happened forH,0 molecule In

his section wew il illustrate through phase space portrait the bifircation phenanena of symm etric stretch no#

malmode w ith coupling parameter

for a fixed system energy

=0 5 Figure 3(a) (b) are symmetric stretch
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and antisymm etric stretch nomalmode SOS at couplng = —Q 1 and energy =0 3 WhereP, = (p1+p2)/{/_2
andP.= (pi1—p2) A2 are manenta for symmetric streich and antisynmetric stretch nomalmode respectvely,
X.= (14 %) 42 andX, = (%1 —x,) 42 are correspond ng symm etric streich and antisynm etric stretch nom al
mode coord nates The symm etric stretch nomalmode S corresponds to themost outside curve n Figure 3( a),

and it is nside the center of the antisymm etric stretch SOS as shown n Fgure 3(b). L, L,, andA in Figure 3

(a) are localmodes and antisynm etric streich nomalmode respectively
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Fig.3 Normal mode SOS, £=0.5, 6=-0.1

The symm etric stretch nom almode stays unstab le until the localmodes are gone in phase space at coup Iing

— 0 3 Then itwill becane stable and unstable altematively w ih coup ling paraneter . For exanple the
symm etric stretch nomalmode is stable br coupling parameter [ - 0 4 — Q 3/, unstable for [-0 55
— 0 45], stable for [— 063 - Q 6/, unstable for [-0 8 —Q 7], and stable for [-1Q
- 0 9]. The ssmmetr stretch nom almodew ill stay stable if it is far fran any resonance when the localmodes
have gong n otherwords it stays stable if there are more tori around it It becan es unstable only when rese-
nance is n contactw ith if because the separatrk is consisted of stable and unstab lemanifolds of unstable fixed

points Sa the symm etric stretch nomalmode & unstablewhen it is close to an unstable period ic orbit
3 Summ ary

In sunmary phase space structures are nomalmode tori centered on symmetric sireich and antisymm etric
stretch perbdic oibits at very low energy. The symm etric stretch periodic obit experiences a pitch fork bifirca
ton atenegy around = Q 031 and coupling = — Q 014 The localmode regions then start to be fom ed gradu-
ally with system enewgy H iher order resonances set into localmode regbn at higher enewgy for a fixed coup ling
parameter and d ifferent order of resonances overlap w ith couplng for a fixed system energy, then the tori betw een
them are all destvyed These phenamena fisthappen n bealmode regbns

Phase space strucures change w ith coup lng The nom al mode region grow s and the bcal mode regons
shrink until all the local mode regions are gone with coupling A sequence of bifurcatons then takes place in
phase space w ith couplng which & reflected by the annihilation and creatbn of resonances The resonances
wih lagerw inding number w ill first be tumed on at small coupling paraneter and the resonance w ith small
w inding number will be wumed on at larger coupling paran eter for a fixed system enemgy

For a fixed snall coupling paran eter phase space stuctures change with system energy The resonances
wih largerw nding number ( but less han or equal to one) 1 one of the localmode regions will be first nmed
on at snaller system energy The snaller thew inding number of the resonance the hgher the system energy is
required to wum on that resonance The 0/1 resonance w ill notbe tumed on until he systan energy reaches the
dissociation energy of he systan.

There exist wo special cases for this wo knetically coupled M orse oscillators One is zero couplng li it
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A 1 the classicalmotbns are localmode motions Another case is coupling equal to — 1 Phase space then is oc-
cupied by nomalmode tori Both of these o cases belong to integrable system with very smple phase space

structures-the tori
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