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Abstrac t: S tarting from tw o uncoup ledM orse oscillators, th is paper f irst studied the bifurcation stru ctures in the localm ode reg ion in

phase space for tw o k inetically coupledM orse oscillators. It turn s out that local mode reson ances
n

m
coex isten ce in ph ase space for a

w eak coup ling param eter � relat ing to the system en ergy � through th e in equality equation
1

1- �
�

n

m
� 1- �. Th is paper also re-

ports the b ifurcation ph enom ena of symm etric s tretch norm alm ode w ith both sys tem energy � and coup ling param eter �. A t a w eak cou-

p ling param eter �, the symm etric stretch experien ces a p itch fork b ifurcation at a very low energy dom ain, then th e localm ode regions are

gradually form ed w ith system en ergy. For an in term ed iate h igh energy �, th e symm etric stretch n orm alm ode stays stab le and unstab le a-l

ternatively w ith coup ling param eter � in th e range [ - 1, 0 ].
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两个动能耦合 Morse振子系统的分岔现象
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[摘要 ] � 从两个未耦合的 Morse振子出发,首先研究了两个动能耦合的 M orse振子系统局域模区域内的分岔结

构. 发现对弱耦合参数 �, 相空间中局域模谐振
n

m
共存与系统能量 �通过不等式

1

1- �
� n

m
� 1- �相关联.

同时报导了对称伸缩本征模的分岔现象与能量及耦合常数的关系.在弱耦合参数 �下,在非常低的能量区域内,

对称伸缩经历一个 pitch- fork分岔. 随后,局域模随能量的增加逐渐形成.对中等高能量 �,对称伸缩本征征模在

耦合参数范围 [ - 1, 0]内由不稳定到稳定到不稳定等交替变化.
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� � The c lassica lH am ilton ian for a system o f two k inetically coupledM orse oscilla tors can be w ritten as the fo-l

low ing fo rm

�=
1
2
p

2
1 +

1
2
p
2
2 + �p1p2 + (1- e

- x1 )
2
+ (1- e

- x 2 )
2
, ( 1)

where �=
m

M
cos� is the coupling parameter. This H am ilton ian is a good model for the v ibrat iona lmo tions of

some type of triatom ic mo lecu le, such asH 2O, wh ich has a smallerm ass ratio betw een the ligh t atom and the

heav ier cen tra l atom, and thex1, x2 co rrespond to the displacement from its equilibrium po int for eachOH bond.

The c lassica lmo tions for th is type o f molecu le have been first stud ied by Jaff� and B rum er in 1980
[ 1]
. They
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found that at low er energy � the c lassica lmot ions forH 2O in phase space basically can be c lassif ied into local

mode and norma lmode reg ions. The h igher order resonances w ill be turned on at h igher system energy. M atsush-

ita and Terasaka
[ 2]

stud ied the c lassica lmotions for large coupling parameter |� | case when theH am ilton ian no

longer represents the v ibrat iona lmotions o f a real triatom ic molecule. Recen tly, w e quant ized this H am ilton ian

system by finding quantizing tori
[ 3 ]

in localmode reg ion, and build ing sem iclassicalw ave function
[ 4-5]

, fo r both

rat iona l and irrational to r.i In th is paper, w e w ill start from two special cases to illustrate the phase space bifur-

ca tion structures of this type o fH am ilton ian system. W ew illuse �= 0 to expla in the b ifurcation phenom ena in lo-

ca lmode reg ion, and very sm all � to illustrate the bifurcation in norma lmode reg ion. The fin ite coup ling and f-i

n ite system energy cases can be expla ined from those special cases phenomenologically.

Th is paper is organized in the fo llow ing. In section 1, w e w ill d iscuss the b ifurcat ion phenomena w ith in lo-

ca lmode reg ion. The bifurcation phenomenaw ith in normalmode reg ion w ill be discussed in section 2. W e sum-

marize this paper in section 3.

1� B ifurcation PhenomenaW ith in Loca lM ode Reg ions

1. 1� B ifurcation w ith System Energy at �= 0

� � Phase space structures for the tw o uncoupledM o rse osc illato rs are tor.i These tori can be c lassif ied into ra-

t iona l and irrational tw o types. Wh ich torus ex ists in phase space really depends on the system energy �. To de-

term ine the ex istence of any torus in phase space, w ew ill take rationa l tori to illustrate, because one can find an

irrational torus in the very ne ighborhood o f a rationa l torus w ith c losed w ind ing number.

TheHam ilton ian fo r two uncoupledM orse oscillators can bew ritten as
[ 6]

�= 2I1 -
1
2
I
2
1 + 2I2 -

1
2
I
2
2. ( 2)

The frequencies o f these twoM orse oscillators are g iven by

�1 ( I1, I2 ) =
��
�I1

= 2- I1

�2 ( I1, I2 ) =
��
�I2

= 2- I2

. ( 3)

Thew ind ing number o f a to rus w ith action I1 and action I2 is defined as

�=
�1
�2

=
2- I1

2- I2
=

n

m
, ( 4)

where n andm are integersw hich can be represented as the numbers of intersection po ints that a per iodic o rb it on

the torus intersectsw ith SOS at �x1 = constant and SOS at �x2 = constan.t From ( 2) and ( 4) w e get

�1 = 2I1 -
1
2
I
2
1 =

1- (
n

m
)
2
( 1- �)

1+ (
n

m
)
2

, ( 5)

�2 = 2I2 -
1

2
I
2
2 =
�+ (

n
m

)
2
- 1

1+ (
n
m

)
2

, ( 6)

I1 = 2(1- 1- �1 ) , ( 7)

I2 = 2( 1- 1- �+ �1 ) = 2( 1- 1- �2 ) , ( 8)

where � is the to tal energy o f the system and �i ( i= 1, 2) is the energy for the i
th
Morse osc illato r.

For a torus w ith w ind ing number n /m to ex is,t it is necessary that �1 � 0 and �2 � 0. From equat ion ( 5)

and equa tion ( 6) w e get the inequality re lations in the fo llow ing

1- (
n

m
)
2
( 1- �) � 0, ( 9)
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�+ (
n
m

)
2
- 1� 0. (10)

The solution o f the inequality equations is g iven by

1
1- �

� (
n
m

)� 1- �. (11)

Inequa lity equation ( 11) is our starting po int to ana ly ze the bifurcations in loca lmode reg ion for �� 0 in the fo-l

low ing subsection.

Example� For �= 3 /4, w e get 2� n /m � 1 /2, then the fo llow ing resonance to ri ( and many more in betw een

any tw o o f them ) w ill be turned on.
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1. 2� Result for �� 0, � small

W e usually can no t see a bifurcation in phase space for �= 0 even though it is there. To v isualize b ifurcat ion

in phase space, w e need to turn on coup ling �� 0, so that a ll the resonance tori are broken up into resonance

zone of certain area. W ith in certain range o f coupling parameter, phase space b ifurcat ion structures are dom ina-

ted by system energy as w e show ed in section 1. 1. In figure 1( a) , w e show phase space structures fo r a system

of coupling constant �= - 0. 07 and system energy �= 0. 605 1. W e can find that a ll the resonances in the inter-

va l [ 2 /3, 1 /1] are turned on, for ex ample, [ 1] 2 /3, [ 2] 3 /4, [ 3] 4 /5, [ 4] 5 /6, � in this figure, the res-

onances that are outside that range are e ither toow eak to be seen or have no t been turned on unt il a t a higher en-

ergy. Thew inding number�L of the localmode in this surface o f section is > 0 /1, because the energy of the sys-

tem is less than the d issociat ion energy o f aM orse oscillator, w hich can be seen from equation ( 4) or equat ion

( 11) . In F igure 1( b) and Figure 1( c), w e show the se lected portion of phase space structures and emphasize

the resonances for coup ling �= - 0. 014 and a higher energy �= 0. 98. W e f ind that all the resonances in the in-

terva l [ 1 /6, 1 /1] have been turned on, for examp le, the [ 1] 2 /3, [ 2] 3 /5, [ 3] 1 /2, [ 4] 1 /3, [ 5] 1 /4,

[ 6] 1 /5, [ 6] 1 /6, � , the resonances w ith in [ 0 /1, 1 /6] w ill be turned on when the system energy approaches

to dissociation energy �= 1. The genera lw ay to estimatew h ich resonances w ill be turned on for a g iven system

energy is the inequa lity re lation shown in equation ( 11) . In add ition to chang ing the size o f resonance zone, the

coupling constant can also cause the ann ih ilat ion o f certain resonances, wh ich w ill become obvious in strong cou-

pling reg ion. Phase space structures are re lated to the symmetry of the system, for th is ABA type molecule, a ll

the resonances in the localmode reg ion in phase space appear in pairs. Fo r example, the resonances in the inter-

va l [ 1 /1, 6 /1] w ill be turned on when the resonances in the interval [ 1 /6, 1 /1] are turned on.
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2� B ifurcationW ithin No rmalM ode Reg ion

2. 1� B ifurcation w ith Coup ling Parameter � forV ery Low Energy �

� � A t very low energy, theH am iltonian in equation ( 1) can be approx imated by two uncoupledH armon ic os-

cillators, one ofw hich represents the symmetric combination o f the tw o loca lmodes, and the other represents the

ant isymm etric combinat ion of the tw o localmodes. Thew ind ing number �N o f a torus in phase space is on ly rela-t

ed to the coup ling constant �, .i e. , �N = ( 1+ �) / (1- �). W hen the coup ling constant is very sma l,l phase

space structure basically corresponds to a 1 /1 resonance. It co rresponds to d ifferent resonance as the coup ling

becomes stronger. The uncoupledH armon ic oscillator approx imat ion w illbe failed for a h igher energy because of

the nonlinearity o f theM orse oscillator. Th is non linearity of theM orse oscilla tor and the strong coupling betw een

differentM orse oscillator w ill generate different resonances coex istence in phase space.

2. 2� E ffect o f System Energy on the Phase Space Structures-the LocalM ode Reg ion Format ion Process

A s shown in F igure 2, the phase space at very low energy is filled by norm almode tor i centered on e ither

symmetric stretch periodic orbit or ant isymm etric stretch period ic orbi.t As w e increase system energy, w e w ill

see that the symmetric stretch period ic orbit becomes an unstab le periodic orb it and tw o new stab le periodic o rb its

com e out through p itch fork bifurcation. The local modes start to be fo rmed by expending norma lmodes as w e

continuously increase the system energy. In a SOS, w e w ill see two different reg ions d iv ided by a separatrix

called the loca-l norma l separa trix. By increasing system energy, w ew ill see that h igher order resonances appear,

but the phase space is still dom inated by loca lmode and a 1 /1 resonance norm almode reg ions.

2. 3� B ifurcation Phenomena of Symmetr ic Stretch No rma lM ode

In section 2. 2, w e d iscussed the pitch fork b ifurcat ion o f symmetric stre tch norm almode periodic orb it w ith

system energy at very weak coup ling parameter �= - 0. 014, w hich isw ha t has happened fo rH 2O molecule. In

th is section, w ew ill illustrate, through phase space portrai,t the bifurcation phenomena o f symm etric stretch no r-

ma lmode w ith coupling parameter � for a fixed system energy �= 0. 5. F igure 3( a) ( b) are symmetric stretch
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and antisymmetric stretch norma lmode SOS at coup ling �= - 0. 1 and energy �= 0. 5. WhereP s = ( p1 + p2 ) / 2

andP a = (p 1 - p2 ) / 2 are momenta for symmetric stretch and antisymmetric stretch norma lmode respect ive ly,

X s = ( x1 + x2 ) / 2 andXa = ( x1 - x 2 ) / 2 are correspond ing symm etric stretch and antisymmetric stretch normal

mode coord inates. The symm etric stretch no rmalmode S corresponds to themost outside curve in Figure 3( a) ,

and it is inside the center of the antisymmetric stretch SOS as show n in F igure 3( b). L1, L2, and A in F igure 3

( a) are localmodes and ant isymm etric stretch no rmalmode respectively.

The symmetric stretch norma lmode stays unstab le until the loca lmodes are gone in phase space at coup ling

�� - 0. 3. Then itw ill become stable and unstab le alternatively w ith coup ling parameter �. For examp le, the

symmetric stretch normalmode is stable fo r coupling parameter �� [ - 0. 4, - 0. 3] , unstab le for �� [ - 0. 55,

- 0. 45] , stable for �� [ - 0. 65, - 0. 6] , unstab le for �� [ - 0. 8, - 0. 7], and stable for �� [ - 1. 0,

- 0. 9] . The symmetr ic stretch norm almodew ill stay stable if it is far from any resonance when the localmodes

have gone, in o therw ords, it stays stable if there are more tori around i.t It becom es unstab le only w hen reso-

nance is in contactw ith i,t because the separatr ix is consisted of stable and unstab leman ifo lds o f unstable fixed

po ints. So, the symm etric stretch normalmode is unstab lew hen it is close to an unstable period ic orbi.t

3� Summ ary

In summary, phase space structures are norma lmode tori centered on symmetric stretch and antisymmetric

stretch periodic o rb its at very low energy. The symm etric stretch period ic orb it experiences a p itch fork bifurca-

t ion at energy around �= 0. 031 and coup ling �= - 0. 014. The loca lmode reg ions then start to be formed g radu-

ally w ith system energy. H igher order resonances set into loca lmode reg ion at higher energy for a fixed coup ling

parameter and d ifferent order of resonances overlap w ith coupling for a fixed system energy, then the tori betw een

them are all destroyed. These phenomena first happen in localmode reg ions.

Phase space structures change w ith coup ling. The norm al mode reg ion grow s and the local mode reg ions

shrink until all the local mode reg ions are gone w ith coupling. A sequence o f b ifurca tions then takes place in

phase space w ith coup ling, w hich is ref lected by the annihilation and creat ion of resonances. The resonances

w ith largerw inding number w ill first be turned on at small coupling parameter, and the resonance w ith sma ll

w inding number w ill be turned on at larger coupling param eter for a fixed system energy.

For a fixed small coup ling param eter, phase space structures change w ith system energy. The resonances

w ith largerw inding number ( but less than or equa l to one) in one o f the localmode reg ions w ill be first turned

on at smaller system energy. The smaller thew inding number o f the resonance, the h igher the system energy is

required to turn on that resonance. The 0 /1 resonance w ill not be turned on unt il the system energy reaches the

dissoc iation energy of the system.

There ex ist two special cases for th is tw o k inetically coup ledM orse osc illato rs. One is zero coupling lim i.t
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A ll the classicalmot ions are localmode motions. Ano ther case is coupling equa l to - 1. Phase space then is oc-

cup ied by no rmalmode tor.i Both of these tw o cases belong to integrable system w ith very simple phase space

structures- the tor.i
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