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Positive Solutions of E lliptic and Parabolic
Problem sW ith Nonlcal Lower Order T erm s

Shang X udong Zhang Jhui

(School of M athem atics and Can puter Science, Nanjing Nomal Unversity Nanjing 210097 Chna)
Abstract The ex stence of positive solution about nonlocal boundary preblensw ih bw er order nonlocal tem s
—a(Qj‘lul"dx)Au+ b(l(u))u= f(x u) InQ,
v= 0 onoQ

and its pambolic counterpartw ere cons dered where Q was a bounded smooth doman of R' (N > 2), a andb were given
functon By using Galerk nmethod the existence of positive solutn for the nonlocal elliptic prob len s was ob tained
moreover the existence of positive soluton for the evolution casew as proved
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- af( Jl wlfde)Au+ b(l(w) )u = f(x u) nQ

©w=Q on 0%
Q R ,a b . G alerk in

In this paper we concemed w ith the ellptic prob lan s w ith nonlocal lower order tem s

_a(Qj‘lulqu)Au+ b(l(u))u= f(x, u)y, nQ
u=0 ondQ
and its parabolic counterpart
u, — a(QL ul"dv )M+ b(l(u))u= f(x, u)) nQr= Qx(QT),

u(x,t)=0Q onl =0Qx(QT) (2)
u(x, 0)=u0(x)>() n Q
where 1ISg< N /(N-2), a R~ (Q ), &R~ (Q ©) andfs QxR (Q ) are given functonswho-
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ses poperties will be timely ntroduced l'Lz(Q) ~ R is a continuous linear fom, Q is a bounded smooth do-
man ofR’ (N > 2). These problems arise in various physical siiation and biologicalmodels For nstance when
we study question related w ith a culure of bacteras u could descrbe the population of these bacterias and so u
>0 inQ W here the diffuson coefficient a is supposed to depend on the en tire popu lation in the dam an rather
han on the local density and the b(/(u) )u is the density of death or extncton of the populatbn at stake It s
re latively nom al to assume this death to the proportbnal to the density of populaton by a factorh Now this fac-
tor could have b= b( fou(x)de), b depends on the entire populatbn. In the recent years several papers have
been devoted to the study of nonbcal ellpti and parabolic prob lan s" " Butm his paper we consier the e+
Iptic and parabol problems w ith nonlocal lower order tems using Galerkinmethod obtaned the positve solr
ton Throughout his paper we w ill suppose that

(C1) a(s) is a continuous function and 0< mo<a(s) <M, V s€ R:

(C2) b(s) isa conthuous functon and 0< a<Kh(s)<B V s€ R;

(G3) l'Lz(Q) ~ R & a continuous lnear fom, here is ag(x)ELz(Q) such thatl(u) = L (u) =

Jg(x)u(x)dx for allu€ LZ(Q)_

1 The Stationary Problan

In this section we are going to considered poblem (1) by using a Galetk n method W e can see n [§ 9]
about Galerkin method in nonlocal problen. Concemig to problan (1) we w ill suppose that

(Hy) f OxR” (Q %) & aCarath odory function and satisfying f(x, u) <h(x Ju(x) + g(x ), whereh
(x),g(x)€EC(Q) andh g> 0 n Q a=maxh(x) b=maxg(x).
Under these assumptions we say a function UEH(I)(Q) is called weak solution of problem ( 1) if for V €
Ho(9),
a(JIulqu)Qﬁ uy bde+ b(l(u)) Q&d’dx— J(x,u)fi’dx:O. (3)
Theoren 1 Let assume that conditon (C;), (Cy) and (C3) holl Let assime n additbn that (H,) and

mo <%1, a> a where A, is the princpal eigenvalue of — A inHo( Q). Then problen (1) has at least one
I

positive solution
Proof Let {1 /-1 be a canplete orthonomal system forH(l)(Q) withnom |[ul’= 017 uldv Foreach

fxed n€ N, consider the fnite-dinensonalH ibert space V, = span{ v, --5 v, ). ThenV, is ismetric o R" for
each v€ V,, isuniquely associte o &= (&, -, E,)E R’ by the relationy = Z@vk. W e get lull= 1€k, We
=1

search for sohiton u, € V, of the approxin ate problem

af QJ.l U, |qu)> V o,y vk + b(l(un))QJ.ankdx— J(x, u, Jor e = Q (4)
Consiler the function #,: R~ R defined by
(Fou)r = a( OJ.I u qux)gj uy vpde + b(l(u))Q vy e — J(ﬁg u)u dy (5)

Vu€ V, By (Hy), (Ci) and (C,), we can easily getF, is continuous and

Fouwuw)=al Qﬁ wl’dv) JI Vul"de+ b(l(u)) szx— J(x, w)udy,

Using (H,), Poncar and HLlder nequalities we get
a— a
M
if lull=R, forR lame enough independently ofn, where |Q | is the lebesguem easure of the set Q. Thus by
using Brouwer fixed point theoran i [10], then(5) has a solition 4, € V, and llu, [SR, VrEN Fom the

_9_
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canp kteness ofy,, which mplies that

al JI u, 1"dv) Q_[r u,y vde + b(l(un))QJ.andx— J(x, u, Jvde = 0, (6)

Vo€ H(l)(Q) , letusprove that the sequence {u, } C H(l)(Q) has a convergent subsequence which converwges to
a solution of (1). In fact since {u,} isa bounded there exists a subsequence still denoted by (u, ), such that
w—u nHo(Q), w  u nl’(Q),
T winl’ (Q), 1<p< N/N - 2), u,,(x)_) u(x) a e inQ
ol ™ Nl
and by (C;), we has thatl(u,) - [(u). Hence usng above and passing to the Ilmit in (6), it shows thatu
is aweak solution of problan (1). Nextwe proveu> 0 Setu” =max{u 0}, u” =minfu, 0). Thenu=u" +

u . Becauseu & aweak solutbn of (1) and let®=1u" in (3), we can get
af J| wl’d) ﬁ Vu Pdv+ b(l(u)) J| u P dv = J(x, wiu e
Fran the assumpton we obtan
J(x, wju dv 20

Butf(x u)>0andu <Q hence lof(x u)u dv=0 We have
W =0ieu>0

Sou is a positive solution

2 The Parabolic Problan

In this sectbn, we consder the parabolic problem (2). Firstwe give a definitbn of weak soliton bellow.
In which assume satifies he additbn cond ition
(Hy) £ @xR ™ (Q o) & aCarath odory function and satisfying If (% u) |<c( 1+ lul).

Definition 1 W e say a functon uELZ(Q T;H(l)(Q)) with ' € L (0 TH ™' (Q)) is aweak solution of
(2), provided

(1) J/vdx+ al( ng ul’d) Q‘[" uy vde + b(l(u))Q vde = J(?@ u)vdy (7)
for each vEH(l)(Q) and a e tme O ST,

(1) w(0)=uo (x )

Lemma 1 IquLz(Q T:Ho(Q)) wihu €L (Q Y}H_I(Q)) B a nontrivial solitbon of problan (2),
thenu(x, t)>Q x€ Q 120

Proof Muliplyingu™ byEq(7), and ntegratng over(Q)y, we can see

QJ:‘-a—al:u_ dide + a( Jl u |"dx) QJ‘TJ‘Y uy u dede + b(l(u)) OJ‘TJ.uu_ dicdk =

Jj./(x, u)u ded.

Considerng the above tem s respectively because uo(x) > Q

T
_ 1 _
Jj%tu dide = —ZQJ‘(M (xT)) d> Q
T
a( QJ.| u I"dx) Q.[J.y uy u didv = a( QJ.| u qux)”u' ”‘?MQT;LZ(Q)) > (

b(l(u)) gJJuu_ dedy = b(l(u)) ”L[ ||L2(QT;L2(Q)) > 0

OJ.IJ'(x u)u dide > Q

Thus
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But
T
QJ.(y(x, w)u die < 0

Hence we getu” = Q itmeansu>Q

Theorem 2 Let assume hat conditbn (C;), (C2), (C3) and (Hz) hold Then problem (2) has at least
one positive solution

Proof We use Galerkinm ehod Let fw; )i 1§H(])(Q) is an orthogonal basis ofH o (Q) and an orthonox
malbasis osz(Q). Fi now a positive integerm € N set

V. = spanfw i, -5 wn J.

W e note
w (1) = :Zld,’:;(t)wk (x) (8)
and wo,  wo inHo( Q) 1o be the solition of approxin ate problan
J’mwkd“ af JI 1" e ) J& eV wi e + b( Lt )) Q;kadx - J(x, o (9)
e (0) = tton, wn € Vi (10)

A ccording to stand existence theory for linear ord nary different equatons there (9) has a unique solution w,,.
W e now to show a subsequence of our solution (u, ) converges to aweak solitbn of problm (2). For thiswe

will need sam e priori estmate Multply (9) byd,ﬁ,(t), sum fork=1 ... m. We can find

Juudx + af J.I 1" dv ) I, i § e+ b( Ut ) ) o e = J(x, th )ty
0</KT. By using (H,) and Cauchy’ s inequality w ith € take €= 4a, we can get

L lro, ) + ol g, < 2l [y + 28101 (11)
Hence
th um(t)”fZ(Q) ) < 2c||u,, ||L22(Q) +2°1 QI
By usng Groowall’ s nequality we have

”um(t) ||L22(Q)) <C](”u0”22(9) + 262 | Q | T)' (12)
Integrate (11) fran O o7 and using (12) we obtan
| 22/9) + 2n0||Llrn||52(07",H6(Q) <Cz(”uo”Lzzm, + 202 1 QIT)

U,

Hence

7
2
”Um ||L22(Q7}H6(Q)) = J.”llm (t) ”155(9) dt< C3(”u0”L22(9) + 2 1 Q T)' (13)

Fx anvaH(l)(Q) wih llol, <1 andv= o'+ ¢', wherev'€ V' and (vz,u)k): O(k=1 --.m), by (9) we get

Ihat
' : (k + a ll u, |q dx .& U 5’] ! |l)( + 0O l u, ; : (k - j X, Uy UI dx
o l v ( c m ) o m v ( ( m )) y Jm v c ( 2] m ) s

a e OSKT, by (8) it follows that
m dum 1
%vdx = g de =

J(x, U Jv de— a( Jl U, "dv) Qﬁ ¥ v dv - b(lu )) Q.&mi}ldx.
Consequently

s o) 1< G T g + (101 + Bl ey ) + ¢ 1 @1
thus
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”u/m ”LI—1 < Cs(M ”llm ”lI(B(Q) + (cl Q 12 + B)l
since |lvll; <1 Integrate(14) fran 0 o7 and (12) we obtah

”u,m ”LZ(QT'.-Hfl(Q)) < Ca (15)

Nextwe pass to lmits n (9) asm ~ oo, According to (13), (15), we see that the sequence {u, jm-1 is
bounded nL’(Q ﬂH(l)(Q)) and {u', Jm-1 is bounded 'an(Q T:H' (Q)). We deduce he existence a sub-
sequence of (u, ) such that
w, = u nLl’ (QTHo(Q)), uw—u nL’(QT:H ' (Q)),
W unLl QT (Q)) 1<p< V/(N - 2),
passing to limits in (9) we get that

qu,wk +al le ul"dv) Qj uy wy de + b(l(u))QLukdx = J(x, u Jwy dx. (16)
Fran the canpleteness ofwy, (16) hodswithw, replaced by anvaH(l)(Q). H ence

qu,vdx+ a( SJl ul’d) Q_[" uy vde + b(l(u))  Jwde = J(x, u)vd.

By Lenmal it showsu is a positve solitbn

U lb20)) + €1 Q1 (14)
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