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Abstrac t: The ex istence o f positive so lution about nonloca l boundary prob lem s w ith low er order nonlocal term s

- a ( Q8 | u | q dx )$u + b ( l( u ) ) u = f ( x, u ),  in 8 ,

u = 0,  on 58,

and its pa rabo lic counterpa rtw ere cons idered where8 w as a bounded smoo th dom ain ofRN (N > 2), a and b w ere g iven

function. By using Ga le rk in m ethod, the ex istence of positive so lution fo r the nonlocal elliptic prob lem s w as ob tained,

m oreover, the ex istence of po sitive so lution for the evo lution casew as proved.
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具有低阶项的非局部椭圆及抛物问题的正解
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[摘要 ]  考虑了非局部边值问题

- a( Q8 | u | q dx )$u + b ( l( u) )u = f ( x, u), in 8,

u = 0, on 58,

及其相应的非局部抛物问题的正解存在性.其中 8 是 RN中的有界光滑区域, a和 b是给定的函数.利用 Galerk in

方法, 首先获得了具有低阶项的非局部椭圆问题正解的存在性, 进一步证明了抛物问题正解的存在性.
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  In this paper w e concerned w ith the elliptic prob lem s w ith non local low er order term s

- a ( Q8 | u |
q
dx )$u + b ( l( u ) ) u = f (x, u),  in 8,

u = 0,  on 58,
( 1)

and its parabo lic counterpart

u t - a ( Q8 | u |
q
dx )$u + b ( l( u ) ) u = f (x, u),  inQT = 8 @ (0, T ),

u ( x, t ) = 0,  on # = 58 @ ( 0, T ),

u ( x, 0) = u0 ( x ) \ 0,  in 8,

( 2)

where 1[ q< 2N /(N - 2), a: R y (0, ] ), b: R y (0, ] ) and f: �8 @R y ( 0, ] ) are g iven functionswho-
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第 31卷第 2期

2008年 6月
    南京师大学报 (自然科学版 )

JOURNAL OF NANJING NORMAL UNIVERSITY ( Natura l Sc ience Edition)
    Vo.l 31 No. 2

Jun, 2008



ses properties w ill be time ly introduced, l: L
2
(8 ) y R is a continuous linear form, 8 is a bounded smooth do-

ma in o fR
N

(N > 2) . These problems arise in various physica l situation and b iolog icalmodels. For instance when

w e study question related w ith a culture o f bacterias, u cou ld describe the popu lation of these bacterias and so u

> 0, in 8. W here the diffusion coefficient a is supposed to depend on the en tire popu lation in the dom ain rather

than on the loca l density and the b ( l ( u ) ) u is the density of death or ext inction of the populat ion at stake. It. s
re latively norm al to assume th is death to the proportiona l to the density o f populat ion by a facto r b. Now this fac-

to r cou ld have b= b( Q8 u( x ) dx ), b depends on the ent ire populat ion. In the recent years, severa l papers have

been devoted to the study of non local ellipt ic and parabo lic prob lem s
[ 1- 7]

. But in th is paper, w e consider the e-l

liptic and parabo lic prob lems w ith non local low er order terms, using Galerkinmethod obtained the posit ive so lu-

t ion. Throughout th is paper we w ill suppose that

( C1 ) a ( s) is a continuous function and 0<m 0 [ a( s) [ M, P sI R;

( C2 ) b( s) is a cont inuous funct ion and 0< A[ b ( s ) [ B, P sI R;

( C3 ) l: L
2
( 8 ) y R is a continuous linear form, there is a g (x ) I L

2
(8 ) such that l ( u) = lg ( u) =

Q8 g ( x ) u (x ) dx for alluI L
2
(8 ).

1 The S tationary Problem

In this section w e are going to considered problem ( 1) by using a Ga lerk in method. W e can see in [ 8, 9]

about Galerkinmethod in non local problem. Concern ing to problem ( 1) w e w ill suppose that

(H1 ) f: �8 @R y (0, ] ) is a C arath�odory function and satisfying f (x, u) [ h (x ) u( x ) + g (x ), where h

( x ), g ( x ) I C (�8 ) and h, g > 0 in �8. a = max h ( x ) b= m ax g ( x ).

Under these assumptions, w e say a function uI H
1
0 (8 ) is ca lled w eak so lution of problem ( 1) if for P <I

H
1
0 ( 8 ),

a ( Q8 | u |
q
dx ) Q8 ý uý <dx + b ( l( u ) ) Q8 u<dx - Q8 f ( x, u ) <dx = 0 . ( 3)

Theorem 1 Let assume that condit ion ( C1 ) , ( C2 ) and ( C3 ) ho ld. Let assume in addit ion that (H 1 ) and

m 0 <
a - A
K1

, a> A, where K1 is the princ ipal eigenvalue o f - $ inH
1
0 ( 8 ). Then problem ( 1) has at least one

positive solution.

Proof Let { vk }
]
k= 1 be a complete orthonorma l system forH

1
0 ( 8 ) w ith no rm u

2
= Q8 | ý u |

2
dx. For each

fixed nI N, consider the fin ite-dimensiona lH ilbert space Vn = span{ v1, ,, vn }. Then Vn is isometric to R
n
for

each vI Vn, is un ique ly assoc ia te to N= ( N1, ,, Nn ) I R
n
by the relation v = E

n

k= 1

Nk vk . W e get u = |N|Rn. W e

search fo r so lut ion un I Vn o f the approx im ate problem

a( Q8 | un |
q
dx ) Q8 ý un ý vk dx + b( l ( un ) ) Q8 unvk dx - Q8 f ( x, un ) vk dx = 0. ( 4)

Consider the functionF n: R
n y R

n
defined by

(Fn u) k = a( Q8 | u |
q
dx ) Q8 ý uý vk dx + b( l ( u) ) Q8 uvk dx - Q8 f ( x, u ) vk dx, ( 5)

P uI Vn. By (H1 ), ( C1 ) and ( C2 ), w e can easily getFn is continuous and

3Fn u, u4 = a ( Q8 | u |
q
dx ) Q8 | ý u |

2
dx + b ( l( u ) ) Q8 u2

dx - Q8 f (x, u) u dx,

U sing (H 1 ), Po incar�andH Ê lder inequalities, we get

3Fnu, u4 \ (m 0 -
a - A
K1

) u
2
- b | 8 |

1
2 K

- 1
2
1 u > 0,

if u = R, forR large enough, independently o fn, where |8 | is the lebesguem easure of the set 8. Thus, by

using B rouw er f ixed po int theorem in [ 10] , then( 5) has a so lution un I Vn and un [ R, P n I N. From the
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comp le teness o f vn, w hich imp lies that

a ( Q8 | un |
q
dx ) Q8 ý un ý vdx + b( l ( un ) ) Q8 un vdx - Q8 f ( x, un ) vdx = 0 , ( 6)

P v I H
1
0 ( 8 ) , let us prove that the sequence { un } < H

1
0 (8 ) has a convergent subsequencewh ich converges to

a so lution o f ( 1) . In fac,t since { un } is a bounded, there ex ists a subsequence still deno ted by ( un ), such that

un _ u inH
1
0 (8 ),  un y u in L

2
( 8 ),

un y u in L
p
( 8 ), 1 [ p < 2N /(N - 2),  un ( x ) y u (x ) a. e. in 8,

un

p

p y u
p

p,

and by ( C3 ) , w e has that l (un ) y l( u ). Hence, using above and passing to the lim it in ( 6) , it show s that u

is aw eak so lution of prob lem ( 1) . N extw e proveu > 0. Setu
+
= max{ u, 0}, u

-
= m in{ u, 0}. Then u = u

+
+

u
-
. B ecause u is a w eak so lution of ( 1) and let < = u

-
in ( 3) , w e can get

a ( Q8 | u |
q
dx ) Q8 | ý u

-
|
2
dx + b ( l( u ) ) Q8 | u

-
|
2
dx = Q8 f ( x, u ) u

-
dx.

From the assumption we obta in

Q8 f ( x, u ) u
-
dx \ 0.

But f ( x, u ) > 0 and u
- [ 0, hence, Q8 f ( x, u ) u

-
dx = 0. We have

u
-
= 0 .i e u\ 0.

So u is a positive so lution.

2 The Parabolic Problem

In this sect ion, w e consider the parabo lic prob lem ( 2). F irstw e g ive a definition of w eak so lut ion bellow.

In wh ich assume sat isfies the addition cond ition

(H 2 ) f: �8 @R y (0, ] ) is a C arath�odory function and satisfying |f ( x, u ) | [ c( 1+ |u | ).

Defin ition 1 W e say a function uI L
2
( 0, T; H

1
0 ( 8 ) ) w ith ucI L

2
( 0, T; H

- 1
( 8 ) ) is a w eak solution of

( 2) , prov ided

( i) Q8 ucvdx + a ( Q8 | u |
q
dx ) Q8 ý uý vdx + b( l ( u) ) Q8 uvdx = Q8 f ( x, u ) vdx, ( 7)

for each vI H
1
0 (8 ) and a. e time 0[ t[ T.

( ii) u ( 0) = u0 (x ).

Lemma 1 If uI L
2
( 0, T; H

1
0 ( 8 ) ) w ith ucI L

2
( 0, T; H

- 1
( 8 ) ) is a nontriv ial so lut ion of prob lem ( 2) ,

then u (x, t) > 0, x I 8, t\0.

Proof Multip lying u
-
by Eq( 7) , and integrat ing overQ T, w e can see

Q8 Q
T

0

5u
5t

u
-
dtdx + a ( Q8 | u |

q
dx ) Q8 Q

T

0
ý uý u

-
dtdx + b ( l( u ) ) Q8 Q

T

0
uu

-
dtdx =

Q8 Q
T

0
f (x, u) u

-
dtdx.

Considering the above term s respectively, because u0 ( x ) > 0,

Q8 Q
T

0

5u
5tu

-
dtdx =

1
2 Q8 ( u

-
(x, T ) )

2
dx > 0,

a( Q8 | u |
q
dx ) Q8 Q

T

0
ý uý u

-
dtdx = a( Q8 | u |

q
dx ) u

- 2
H 1

0( 0, T; L 2( 8 ) )
> 0,

b ( l( u ) ) Q8 Q
T

0
uu

-
dtdx = b( l (u ) ) u

- 2
L ( 0, T; L 2( 8 ) ) > 0.

Thus

Q8 Q
T

0
f ( x, u ) u

-
dtdx > 0.

)10)
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But

Q8 Q
T

0
f ( x, u ) u

-
dtdx [ 0.

Hence, w e ge tu
-
= 0, itmeans u > 0.

Theorem 2 Let assume that condit ion ( C1 ) , ( C2 ), ( C3 ) and ( H2 ) hold. Then prob lem ( 2) has at least

one positive solution.

Proof We use Galerkinm ethod. Let {wk }
]
k= 1AH

1
0 ( 8 ) is an orthogonal basis o fH

1
0 (8 ) and an orthono r-

ma l basis o fL
2
( 8 ). F ix now a posit ive integerm I N, set

Vm = span{w 1, ,, wm }.

W e no te

um ( t) = E
m

k = 1

d
k

m ( t)wk (x ), ( 8)

and u0m y u0 inH
1
0 ( 8 ) to be the so lution of approx im ate problem

Q8 u cmw k dx + a( Q8 | um |
q
dx ) Q8 ý um ý w k dx + b( l ( um ) ) Q8 um wk dx = Q8 f (x, um )w k dx, ( 9)

um (0) = u0m, um I Vm. (10)

A ccording to stand ex istence theory fo r linear ord inary d ifferen t equations, there ( 9) has a unique so lution um.

W e now to show a subsequence of our solution ( um ) converges to a weak so lut ion of prob lem ( 2) . For th is w e

w ill need som e priori estimate. M ultip ly ( 9) by d
k

m ( t ), sum for k= 1, ,, m. W e can find

Q8 ucm um dx + a( Q8 | um |
q
dx ) Q8 ý um ý um dx + b ( l( um ) ) Q8 u2

m dx = Q8 f (x, um ) um dx,

0[ t[ T. By using (H2 ) and Cauchy. s inequa lity w ith :, take : = 4A, w e can get

d
dt

( um L 2( 8 )

2
) + 2m 0 um

2
H 1
0( 8 ) [ 2c um

2
L 2( 8 ) + 2c

2
| 8 |. (11)

Hence

d

dt
( um ( t )

2
L 2( 8) ) [ 2c um

2
L 2( 8 ) + 2c

2
| 8 |.

By using Gronw a ll. s inequa lity w e have

um ( t )
2
L 2( 8 ) ) [ C 1 ( u0

2
L 2( 8 ) + 2c

2
| 8 | T ). (12)

Integrate ( 11) from 0 toT and using ( 12) w e obta in

um

2
L2( 8 ) + 2m 0 um

2
L 2( 0, T, H 1

0( 8 ) [ C 2 ( u0
2
L 2( 8 ) + 2c

2
| 8 | T ).

Hence

um

2
L 2( 0, T; H 1

0( 8 ) )
= Q

T

0
um ( t)

2
H 1
0( 8 )

dt [ C3 ( u0
2
L 2( 8 )

+ 2c
2
| 8 | T ). (13)

F ix any vI H
1
0 ( 8 ) w ith v H [ 1 and v= v

1
+ v

2
, where v

1I V
m
and ( v

2
, w k ) = 0( k= 1, ,, m ), by ( 9) w e get

that

Q8
dum

dt
v
1
dx + a ( Q8 | um |

q
dx ) Q8 ý um ý v

1
dx + b ( l( um ) ) Q8 um v

1
dx = Q8 f (x, um ) v

1
dx,

a. e 0[ t[ T, by ( 8) it fo llow s that

Q8 dum

dt
vdx = Q8 dum

dt
v
1
dx =

Q8 f (x, um ) v
1
dx - a ( Q8 | um |

q
dx ) Q8 ý um ý v

1
dx - b ( l( um ) ) Q8 um v

1
dx.

Consequently

| 3ucm, v4 | [ C3 (M um H 1
0( 8 ) + ( c | 8 |

1
2 + B) um L 2( 8 ) ) + c | 8 |,

thus

)11)
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u cm H - 1 [ C3 (M um H 1
0( 8 ) + ( c | 8 |

1
2 + B) um L 2( 8 ) ) + c | 8 |, (14)

since v H 1
0
[ 1. Integra te( 14) from 0 toT and ( 12) w e obta in

ucm L2( 0, T;H - 1( 8 ) )
[ C4. ( 15)

N ext w e pass to lim its in ( 9) asm y ] . A cco rd ing to ( 13), ( 15) , w e see that the sequence { um }
]
m= 1 is

bounded in L
2
( 0, T; H

1
0 ( 8 ) ) and { ucm }

]
m = 1 is bounded in L

2
( 0, T;H

- 1
(8 ) ). W e deduce the ex istence a sub-

sequence of ( um ) such that

um _ u in L
2
(0, T; H

1
0 ( 8 ) ), ucm _ uc in L

2
(0, T;H

- 1
(8 ) ),

um y u in L
2
( 0, T; L

p
(8 ) ), 1[ p< 2N /(N - 2),

passing to lim its in ( 9) w e get that

Q8 ucwk + a ( Q8 | u |
q
dx ) Q8 ý uý w k dx + b ( l ( u) ) Q8 uw k dx = Q8 f ( x, u )wk dx. (16)

From the comp leteness o fw k, ( 16) ho lds w ithwk replaced by any vI H
1
0 ( 8 ). H ence

Q8 ucvdx + a ( Q8 | u |
q
dx ) Q8 ý uý vdx + b( l ( u) ) Q8 uvdx = Q8 f (x, u ) vdx.

By Lemm a 1, it show s u is a posit ive so lut ion.
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