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  M ortar e lementmethod is a nonconform ing domain decomposit ionmethod w ith nonoverlapp ing subdom ains.

The genera l concept formortar techniques w as orig ina lly introduced in[ 1] for coupling spectra l e lementmethods

and finite e lem entmethods. Themeshes on different subdomains need not align across subdoma in interfaces, and

them atch ing condition on the interfaces is only en forced w eak ly by in tegra l cond itions. H ow ever, most of the

w orks use conform ing fin ite element spaces in each subdoma in. M arcinkow ski first constructed and ana lyzed the

mortarmethod for second order elliptic problems w ith loca lly nonconform ingP 1 element
[ 2]
. Chen and K im et a,l

considered mortar type quadrilateral elements, respectively
[ 3, 4]

.

Nonconform ing quadr ilateral element is a new e lem ent introduced by Doug las et al
[ 5, 6 ]

. This element is a

modif ication o f the ro tated b ilinear elements
[ 7]
, preserv ing a certain cance ling property. Based on these ele-

ments, Ca i et a l
[ 8]

proposed stabilized Stokes elemen ts. Such quadrilateral e lemen ts w ere used to de fine a non-

conform ing m ixed element for fullM axw e ll equations
[ 9]
, wh ich is the first nonconfo rm ing e lement forM axw e ll e-

quat ions. These elements have also been used to planar linear elastic ity prob lem s
[ 10]

.

In this paper, w e studymultig rid algorithms for themortar-type nonconform ing quadrilateral e lement for sec-

ond order e lliptic prob lem s. An in terg rid transfer operator is presented for the nonestedmortar e lement spaces.

W ith the framework deve loped in[ 11], w e prove that theW-cycleme thod is optima,l .i e. , the convergence rate
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is independent of the leve,l and the variableV-cycle algorithm prov ides a precondit ionerw ith a condit ion number

w hich is bounded independently of the leve ls. Numerica l experiments demonstrate that the optim al convergence

property for theW-cyc le algorithm holds w ith any number o f smoo th ing steps.

For conven iences, w e deno te byC a un iversal constantw hich is independen t o f the mesh size and leve l but

w hose values can d iffer from p lace to place throughout th is paper.

1 M ortar Nonconform ing Quadrilateral E lement

In this chapter, w e dea lw ith the fo llow ing model problem:

- v u= f, in 8 ( 1)

w ith zero D irichlet boundary condition, where 8 I R
2
is a bounded rectang le orL-shaped doma in, f I L

2
( 8 ).

The varia tiona l form o f ( 1) is to find uI H
1

0 (8 ) such that

a( u, v) = (f, v ), P vI H
1
0 (8 ), ( 2)

where the bilinear form a( u, v ) = Q8 ý u# ý vdx, P u, v I H
1
(8 ) .

W e assume tha t 8 is decomposed into nonoverlapp ing open rectangu lar subdomains 8 k, 1[ k[ N, �8 = G
N

k= 1

�8 k w ith 8 i H 8 j = Á , iX j. Le tT
k

1 be the coarsest quasi- uniform tr iangu lation o f the doma in 8 k m ade of ele-

ments that are rectangles whose edges are para llel to x-ax is or y-ax is. Them esh parameterh1, k is the diameter of

the largest element in T
k

1, and leth1 = max
1[ k[ N

h1, k. Denote the g lobalmesh G
N

k= 1
T

k

1 byT 1. W e re fine the triangulat ion

T 1 to produceT 2 by sp litting each rectang le o fT 1 into four rectangles by jo in ing the oppositem idpo ints of the ed-

ges o f the rectangle. The triangulat ion T 2 is quas-i un iform of sizeh2 = h1 /2. Repeating th is process, w e get the l-

time refined triangulation T l w ithmesh sizeh l = h12
1- l

, l= 1, ,, L. LetE
k

l be the set of the edges ofT
k

l. Denote

the g loba l edges G
N

k= 1
El

k
by El. M oreover, M e is the m idpoint o f eI El. Fo r each triangu lation T l

k
(8k ), w e intro-

duce the nonconform ing finite elemen t employed in [ 5] . LetK̂ = [ - 1, 1]
2
be the reference square in R

2
andQ̂

= Span{1, x, y, ( x
2
- 5

3
x
4
) - ( y

2
- 5

3
y
4
) } be the reference f in ite element space on K̂. Def ine a finite d imen-

siona l space by

Vl

k
( 8k ) = { vI L

2
( 8k ) |v |E = v̂ .FK

- 1
, v̂I Q̂, PK I T l

k
, v is cont inuous atM e, P eI El ( 8k ),

and v |K (M e ) = 0, P eI El (58k H 58 ) },

where FK : K̂ yK is an affinemapping fo r allK I T l

k
. Note that forv I Vl

k
( 8k ), Qe vdx = | e |# v(M e ), P eI

El (�8k ). Let�Vl = 0
N

k= 1
Vl

k
= { v l |vl

k
= vl |8 k

I Vl

k
( 8k ) }. Obv iously, w e have �V1¤�V2¤,¤�VL .

W e restrict ourse lves to the geometrica lly con fo rm ing situat ion w here the intersection betw een the boundary

of any tw o d ifferent subdom ains�8 i H�8 j, iX j, is either empty se,t a vertex, or a common edge. Let # ij denote

the open edge that is common to two subdoma ins 8 i and 8 j. Further # ij w ill be a lso called interface and denoted

byCm ( 1[ m [ M ). W e also need to introduce a globa l interface # as the union of all in terfaces betw een the sub-

doma ins, .i e. , # = G
N

k= 1
58 i \58 = G ij�# ij = G

M

m= 1
�Cm. No te that each edge # ij inherits tw o triangulat ionsm ade of seg-

ments that are edges of elements of the triangu lation of 8 i and 8 j, respectively. In this w ay, each # ij is prov ided

w ith tw o independent and different 1D meshesw hich are denoted byT l

i
( # ij ) andT l

j
(# ij ). Because our so lut ion

space is not conta ined inH
1
0 ( 8 ), w e have to introduce som e matching condit ions over all interfaces # ij < #

which are su ff icient to ensure the opt imality of the g lobal approx imation. One o f the sides of # ij is defined as a

mortar( master) one, denoted by Cm ( i) , and the other as a nonmortar( slave) one denoted by Dm ( j ) . Let themo r-

tar side o f # ij be chosen by the cond ition: hl, i [ h l, j. An aux iliary test spaceM l ( Dm( j) ) is de fined by

M l ( Dm ( j ) ) = { vI L
2
( Dm( j) ) | v |e = constan,t P eI T l (Dm ( j ) ): = T l

j
( Dij ) }.
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The dimension ofM l ( Dm ( j ) ) is equa l to the number o f elements on Dm ( j ) . For each nonmortar edge Dm( j) = # ij<

#, w e in troduce theL
2
- orthogonal pro jection operatorQ l, Dm ( j )

: L
2
( # ij ) yM l ( Dm( j) ) by (Q l, Dm ( j )

v, w ) L2( Dm (j ) ) =

( v, w )L 2(Dm ( j ) ) , for allw I M l ( Dm ( j ) ), where ( # , # )L 2(Dm ( j ) ) denotes theL
2
inner product overL

2
(Dm ( j ) ).

W e now def ine the fo llow ing mortar fin ite e lemen t space for nonconfo rm ing quadrilateral elements:

Vl = { vI �Vl |P Cm ( i) = Dm ( j ) < #, Q l, Dm ( j)
( v |Cm ( i)

) = Q l, Dm ( j )
( v |Dm ( j)

) }.

The cond ition o f the equality o f theL
2
- orthogonal pro jection o f the traces onto the test space for each interface is

called the mortar cond ition and can be equ iva lently rew ritten as:

QD
m ( j)

( v | Cm ( i)
- v | Dm ( j)

)w ds = 0, Pw I M l (Dm ( j ) ). ( 3)

It is w orth to note tha tVl¤H 0

1
(8 ).

S ince funct ions in our d iscrete space Vl are not continuous, w emust use amodif ied variational form a l ( # ,

# ) in the discretized prob lem. De fine

a l, k ( u l

k
, vl

k
) = E

EI T l
k QE ý ul

k # ý vl

k
dx, P u l

k
, v l

k I Vl

k
,

a l (u l, vl ) = E
N

k = 1

al, k ( ul, v l ), P ul, v l I �Vl. ( 4)

Obviously, the form a l ( # , # ) is posit ive-de fin ite on Vl. For any vl I �Vl, w e introduce a broken energy no rm:

+ v l + l = E
N

k= 1

+ vl + l, k

2 1 /2
, where + v l + l, k

2
= a l, k ( vl, vl ).

Themortar-type noncon fo rm ing quadrilateral element approx imation o f ( 2) is to find u l I Vl such that

a l ( u l, vl ) = (f, vl ), P vl I Vl. ( 5)

The follow ing erro r est imate can be found in [ 4].

Theorem 1 Let u, u l be the so lutions o f ( 2) , ( 5) respect ively, then

+ u - ul + l

2 [ C E
N

k= 1

h l, k

2
| u |

2
2, k. ( 6)

2 M ultigr id A lgorithm

W e now app ly the theory developed in [ 11] to construct ourmultigrid a lgorithm. Before g iving the a lgo-

rithm, w emust define a su itable interg rid transfer operator for the nonnested spaces Vl. F irstw e def ine an opera-

to r J
k

l: V
k

l- 1 y V
k

l as fo llow s:

(J
k

l v) (M e ) =

0, e < 58k H 8,

v(M e ), e < 58k \58, o r e ¤E, E I T l- 1

k

,

1
2

( v |E1
(M e ) + v |E 2

(M e ) ), e < 5E1 H 5E 2, E1, E2 I T l- 1
k
,

( 7)

where e is an edge ofE andE I T l

k
.

Befo re w e startw ith the investigation of the operator J
k

l , itw ill be use-

fu l to co llect some formulas. Fo rE I T l

k
, vI Vl- 1

k
, define b

i

E = v |E (M e
i
)

( see F ig. 1 for the notation), and set

sE = b
1
E + b

2
E + b

3
E + b

4
E, v 1

E = b
4
E - b

2
E,

H
0
E = b

2
E + b

4
E - b

1
E - b

3
E , v 2

E = b
3
E - b

1
E .

Then, w ith the subscriptE om itted, w e have the nex t lemma.

Lemma 1 It ho lds that

+ v+ L 2( E )

2
= hl- 1, k

2 s
2

16
+

( v 1
)
2

12
+

( v 2
)
2

12
+

23

2 520
(H

0
)
2

, ( 8)
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+ ý v+ L 2( E)

2
= ( v 1

)
2

+ ( v 2
)
2

+
37
14

( H
0
)
2
, ( 9)

+ ý v+ L 2(E i)

2 [ 3

4
( v 1

)
2

+
3

4
( v 2

)
2
+

93

56
(H

0
)
2
, (10)

23hl- 1, k

2

630 E
4

i= 1
( b

i
)
2 [ + v+ L 2(E )

2 [
h l- 1, k

2

4 E
4

i= 1
( b

i
)
2
. ( 11)

Proof From the sim ilar argument in [ 12] , w e can see it is su ff ic ient to prove ( 8) - ( 11) for the master

squareE = ( - 1, 1)
2
. A stra ightforw ard calcu lation g ives

v = v( x, y ) =
1
4

s +
v 2

2
x +

v 1

2
y +

3
8
H
0
[ ( x

2
-

5
3
x

4
) - ( y

2
-

5
3

y
4
) ]. ( 12)

N ow d irect integration y ields the desired resu lts in ( 8) , ( 9) . A lso, ( 11) fo llow s from ( 8) by comput ing the e-i

genvalues o f the symmetric 4 @ 4m atrix T
t
DT, whereD = d iag( 1 /16, 1 /12, 1 /12, 23 /2 520), T stands for

the transformat ionmatrix from the vector ( b
1
, b

2
, b

3
, b

4
) to ( s, v 1

, v 2
, H

0
), andT

t
is the transpose ofT.

These eigenvalues are 23 /630, 1 /6, 1 /6 and 1 /4, wh ich imp lies ( 11) .

( 10) can be get by a stra ight forw ard calcu lat ion and triang le inequality.

Lemma 2 For any vI V
k

l- 1, it ho lds that

+J
k

l v+ 0, k [ C + v+ 0, k, (13)

+J
k

l v - v+ 0, k [ Ch l, k + v+ l- 1, k, (14)

+ J
k

l v+ l, k [ C + v+ l- 1, k, (15)

+ J
k

l v - v+ 0, C
m

[ Ch l, k

1 /2 + v+ l- 1, k. ( 16)

  Proof From ( 11) in Lemma 1, w e can get ( 13) theL
2
stability of Jl

k

as

+J l

k
v+ 0, k

2 [ E
EI T l

k

h l

2

4 E
4

i= 1
( b

i
)
2 [

h l

2

4 E
�EI T l- 1

k

8 275
1 024 E

4

i= 1
(�b

i
)
2 [ 14+ v+ 0, k

2
. ( 17)

To obtain ( 14) , w e need to deal w ith the difference Jl

k
v - v wh ich

is an e lem ent o fV
k

l- 1 + Vl

k
. F rom the def in ition ( 7) , w e can get tw o

cases of value on them idd le point o f edges for Jl

k

v- v. If an edge e

I El

k
be longs to the inter ior o f some square in T

k

l- 1 or be conta ined

in 58 k \58, then Jl

k
v- v vanishes onM e. W hat rem ains are edges e

that be long to e ither a ( boundary or interior) edge o f the partition

T
k

l- 1 or 58. W e can get ( Jl

k
v- v ) (M e ) exactly. Taking e= P 1M 1 <

5E1 for example ( see F ig. 2) ,

(J l

k
v - v) |E1

(M e ) = -
7

256
( v(M 3 ) - v(M 6 ) ) -

39

256
( v(M 2 ) - v(M 7 ) ) +

25

256
( v(M 4 ) - v(M 5 ) ) =

-
7
256

( v (M 3 ) - v (M 1 ) ) -
7
256

( v (M 1 ) - v(M 6 ) ) -
39
256

( v(M 2 ) - v(M 1 ) )

-
39

256
( v(M 1 ) - v(M 7 ) ) +

25

256
( v(M 4 ) - v(M 1 ) ) +

25

256
( v(M 1 ) - v(M 5 ) ).

N ote that for the edge e< 58 k H 58 o fE1, (J l

k
v - v) |E1

(M e ) is sim ilar to express as above. U sing the norm e-

quivalence, w e can ob tain [ ( Jl

k
v- v ) |E 1

(M e ) ]
2[ C ( |v |

2
H 1(E 1)

+ |v |
2
H 1( E2)

), whereE 1, E 2I T
k

l- 1. Sow e have

+ Jl

k
v - v+ 2

0, k [ Ch l, k

2 E
E I T

l
k
E
e< 5E

[ (J l

k
v - v) (M e ) ]

2 [ C h l, k

2 + v+ l- 1, k

2
, wh ich gives ( 14) .

( 15) follow s from the same argument as in the proof of ( 14). W e refer to [ 13] for the proo f of ( 16) .

Based on the operator Jl

k
, w e def ine an interg rid transfer operator J l: �Vl- 1y �Vl as fo llow s: for any v= ( v

1
,

v
2
, ,, v

N
) I �Vl- 1, Jl v= (J l

1
v
1
, J l

2
v
2
, ,, Jl

N
v
N

) I �Vl. D efine the operator . l, Dm (j )
: �Vl y�V l by

( . l, Dm ( j )
( v) ) (M e ) =

(Q l, Dm ( j )
( v | Cm ( i)

- v | Dm ( j)
) ) (M e ), e I T l ( Dm( j) ),

0, otherw ise.
( 18)

)19)
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Then for any vI �Vl, letv
*

= v + E
M

m = 1
. l, Dm ( j )

v, and it is easy to see v
* I Vl.

A fter the above preparation, w e define an intergrid transfer operator I l: �Vl- 1 y Vl:

Il v = J l v + E
M

m = 1

. l, Dm ( j)
( Jl v ) I Vl, v I �V l- 1 ( 19)

W e now in troduce some usefu l operators: A l deno tes the operator on Vl, w h ich is de fined by

(A lu, v) = al ( u, v), Pu, v I Vl. ( 20)

In term s of the operato rA l, the discrete prob lem ( 5) can bew ritten as

A lu l = f l, ( 21)

where f l I Vl satisfies (f l, vl ) = f ( vl ), P vl I Vl.

Based on Il, w e define the pro ject ion operatorP l- 1: Vl y V l- 1 andP
0

l- 1: V l y Vl- 1 by

a l- 1 (P l- 1u, v) = al ( u, I lv ), u I Vl, P v I Vl- 1, l = 2, ,, L, ( 22)

(P
0
l- 1u, v) = ( u, Il v), u I Vl, P v I V l- 1, l = 2, ,, L. ( 23)

In order to de fine mu lt igrid a lgorithm, w e construct smooth ing operators, including Gauss-Se idel and con jugate

grad ient iterat ions, wh ich satisfy the fo llow ing cond it ion ( see the proof o f ( A. 4) in the chapter 5 o f [ 14] ) :

( R) There ex ists a constantCR \1 independent o f l such that

+ u+ 0
2

Kl

[ CR (�R lu, u ), P u I Vl, ( 24)

for both�R l = ( I-K
*
l K l )A l

- 1
and �R l = ( I- K lK

*
l )A l

- 1
, whereK l = I- R lA l, K

*
l = I- R

t

lA l, R
t

l be the ad jo int of

R l w ith respect to ( # , # ), and Kl is the max imum e igenvalue o fA l.

A generalmultigrid operatorB l: Vl y Vl can be defined recursively
[ 11]

.

A ccord ing to [ 11], an key cond ition in themultigrid analysis is the regularity and approx im ation assump-

t ion:

(H1) Let Kl be them ax imum e igenva lue ofA l. There ex ists an AI [ 0, 1] such that

| al ( v - IlP l- 1v, v) | [ C
+A l v+ 0

2

Kl

A

a l ( v, v)
1-A

, P v I Vl. ( 25)

The convergence ra te for the abovemu ltigrid algorithm ism easured by a convergence factor Dl satisfy ing

| a l ( ( I - B lA l ) v, v) | [ Dl a l ( v, v). ( 26)

Fo llow ing [ 11] , w e state two propositions:

Proposition 1 (W - cycle) Under the condition (H 1) , ifp= 2 andm ( l) = m is large enough, then the

convergence facto r in ( 26) is

Dl =
C

C+ m
A . (27)

Proposition 2 ( var iab le V- cycle precondit ioner) Assume that (H 1) is valid and the number of smoo-t

h ingm ( l) increases as l decreases in such a w ay that B0m ( l) [ m ( l- 1) [ B1m ( l), ho lds w ith 1< B0 [ B1.

Then there ex ists anM > 0 independen t o f l such that

C0
- 1

al ( v, v) [ al (B lA lv, v) [ C0a l ( v, v), P v I V l, ( 28)

w ith C0 =
M + m ( l)

A

m ( l)
A .

3 V erification o fA ssumption (H 1)

From sect ion 2, w e know that ifw e can prove that the assumpt ion (H1) ho lds fo r themortar elementmeth-

od for noncon form ing quadrilateral elemen,t then convergence results o f ourmu ltigridmethods are obtained. To

th is end, in the fo llow ing subsection, w e f irst g ive some techn ica l lemm as.

Lemma 3 For any vI Vl- 1, it ho lds that

)20)
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( 1) + I lv+ l [ C+ v+ l- 1, ( 2) + v - I l v+ 0 [ Chl + v+ l- 1. ( 29)

Proof For the proo,f w e refer to Lemma 6 in [ 15].

Let ( l

k
: H

2
( 8k ) y Vl

k
(8 k ) be an interpo lation operato r defined as fo llow s:

( ( l

k
v) (M e ) = v(M e ), P v I H

2
(8 k ), e I El

k
. ( 30)

Lemma 4 For the interpo lation ( l

k
and the transfer operator J l

k
, we have for any vI H

2
( 8k ),

+ v - ( l

k
v+ 0, k + h l, k + v - ( l

k
v+ l, k [ Ch l, k

2 + v+ 2, k, ( 31)

+ v - Jl

k
( ( l- 1

k
v) + 0, k + h l, k + v - Jl

k
( ( l- 1

k
v) + l, k [ Chl, k

2+ v+ 2, k. ( 32)

Proof The proo f o f ( 31) can be found in [ 5] , here w e on ly prove ( 32). Using ( 31) w e get

+ v - Jl

k
( ( l- 1

k
v ) + 0, k [ + v - ( l

k
v+ 0, k + + ( l

k
v - J l

k
( ( l- 1

k
v) + 0, k [

Chl, k

2+ v+ 2, k + + ( l

k
v - Jl

k
( ( l- 1

k
v) + 0, k. ( 33)

Observing the proof of ( 15) in Lemma 2, using homogeneity argument in [ 16], w e have

+ ( l

k
v - Jl

k
( ( l- 1

k
v) + 0, k

2
= E

EI T l
k

+ ( l

k
v - J l

k
( ( l- 1

k
v) + L 2(E )

2 [

Ch l, k

2 E
EI T l

k

+ (̂ l

k
v - J l

k
( (̂ l- 1

k
v) + 2

L 2(Ê ) [

Ch l, k

2 E
EI T l

k
E
4

i= 1
[ ( (̂ l

k

v - J l

k

( (̂ l- 1

k

v) ) (M êi
) ]

2
=

Chl, k

2 E
EI T l

k

{ -
7

256
( v̂ (M 3 ) - v̂(M 6 ) ) -

39

256
( v̂ (M 2 ) - v̂(M 7 ) ) +

25

256
( v̂ (M 4 ) - v̂(M 5 ) ) }

2 [

Ch l, k

2 E
EI T

l
k

( sup
Ê

| v̂ | )
2 [ Ch l, k

2 E
E I T

l
k

| v̂ |
2
H 2( Ê ) [ Ch l, k

4
| v | 2, k

2
. ( 34)

Combining ( 33) w ith ( 34) yie lds the f irst part of ( 32). The second part of ( 32) fo llow s from the observat ion

+ v - J l

k
( ( l- 1

k
v ) + l, k

2 [ C E
EI T l

k
E
4

i= 1

[ ( v - J l

k
( ( l- 1

k
v) ) (M e

i
) ]

2 [

Ch l, k

- 2 + v - Jl

k
( ( l- 1

k
v) + 0, k

2 [ Chl, k

2+ v+ 2, k

2
,

the proo f is comp leted.

Based on the operator ( l

k
, w e now define ( l: H

2
( 8 ) HH

1
0 ( 8 ) y �V l as fo llow s: Fo r any vI H

2
( 8 ) H

H
1
0 ( 8 ), ( l v = ( ( l

1
v
1
, ,, ( l

N
v
N

) I �Vl, w here v
k
= v |8 k

,

0 lF= ( lF+ E
M

m = 1

. l, D
m ( j)

( ( lF). ( 35)

Lemma 5 For the operato r 0 l, w e have

+ F- 0 lF+ 0 + hl +F- 0 l F+ l [ Ch l

2+ F+ 2, PFI H
2
( 8 ) H H

1
0 (8 ). ( 36)

Proof The proo f is sim ilar as the one of Lemma 9 in [ 13] , w e om it here.

For the operato r 0 l and the intergrid transfer operator I l, the fo llow ing lemma is crucia.l

Lemma 6 For any FI H
2
( 8 ) HH

1
0 ( 8 ), w e have

+ F- I l0 l- 1F+ l [ C h l +F+ 2. ( 37)

Proof By the de fin ition o f 0 l- 1 and I l, w e obtain

F- I l0 l- 1F= F- Il ( ( l- 1F) - E
M

m = 1
I l ( Fl- 1, Dm (j )

( ( l- 1F) ) =

F- Jl ( ( l- 1F) - E
M

m = 1

Fl, Dm ( j )
( ( l- 1F) - E

M

m = 1

I l (Fl- 1, Dm ( j )
( ( l- 1F) ). ( 38)

U sing triang le inequa lity, w e get

+F- Il 0 l- 1F+ l

2 [ C ( + F- Jl ( ( l- 1F) + l

2
+ E

M

m = 1

+Fl, Dm ( j)
( ( l- 1F) + l

2
+

E
M

m= 1

+ I l (Fl- 1, D
m ( j )

( ( l- 1F) ) + l

2
). ( 39)
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U sing the sim ilar arguments of the proo f o f Lemma 10 in [ 13] w e complete the proo.f

Lemma 7 For the operato rP l- 1, w e have

+ v - P l-1 v+ 0 [ Ch l + v+ l, P v I Vl. ( 40)

Proof The proo f can be done by using dual argum en,t Lemma 5, 6, w e refer to [ 15] for deta ils.

Theorem 2 (H1) is valid w ith A= 1 /2, .i e. ,

| al ( ( I - I lP l- 1 ) v, v) | [ C
+A l v+

2

0

K

1 /2

a l ( v, v)
1 /2

, P v I Vl. ( 41)

Proof U sing Lemma 3 and 7, arguing as Theorem 4. 1 in [ 15] , w e can prove ( 41) easily.

4 Numerical Experiments

In this sect ion, w e present some numerica l results to illustra te the theory developed in the earlier sections.

These examp les dealw ith the Po isson equation on the un it square w ith zero d irichlete boundary cond ition.

For simplic ity, w e decompose 8 into two subdoma ins: 8 1 = ( 0, 1) @ (0,
1

2
) as mortar domain, and 8 2 =

( 0, 1) @ (
1

2
, 1) as nonmo rtar doma in. The sizes o f the coarsest g rid are denoted by h1, 1 and h1, 2 respect ive ly.

Here w e use Gauss-Se idel smoo thing iteration. In our first experiments, w e consider theW - cycleM u lt igrid A -l

gorithm s. Tab le 1 show s the number of iterations requ ired to ach ieve the error reduction 10
- 3
, where the initial

value is zero. l denotes the level number, d. o. f denotes the deg rees of the freedom on each leve.l Andm ( l) is

the pre-smooth ing steps and the pos-t smooth ing steps. The iterat ion numbers are denoted by iter(m ( l), m ( l) ) . The

second test concerns the variable V - cyc leM u lt igrid A lgorithm. The results are show n in Tab le 2. W e use the

preconditioned conjugate grad ientmethod for the d iscret ized system sA lu l = f l, l= 2, 3, ,, L, w ith the variab leV

- cycle preconditionersB l. W e denote iter
h 1
2

, iter
h 2
3

the iterative numbers o fPCGmethod, where the relative er-

ror of residue is less than 10
- 3

w ith h l, 1 /h l, 2 = 1 /2 and hl, 1 /h l, 2 = 2 /3 respectively. W e also choose zero as initial

value.

Table 1 Iterative num bers fo r theW- cycle w ith h1, 1 =
1

4
, h1, 2 =

1

2
( left) and h1, 1 =

1

6
, h1, 2 =

1

4
( right)

hm Bhs= 2B1 hm Bhs= 2B1

l 2 3 4 5 6 2 3 4 5 6

d. o. f 94 348 1 336 5 232 20 704 230 876 3 416 13 488 53 600

iter( 1, 1) 7 8 8 8 8 8 10 10 10 10

iter( 2, 2) 6 6 7 7 7 7 8 8 8 8

iter( 3, 3) 5 5 5 5 5 6 6 6 6 6

Table 2 Iterative numbers for the PCG-method w ithm ( l) = 2L- l

l 2 3 4 5 6

iter
h 1
2

2 2 3 3 3

iterh 2
3

2 2 2 2 3

  From Tab le 1, w e can see that the iteration num-

bers for theW - cycle multigrid a lgorithm rem ain con-

stant w ith any number of smooth ing steps when the

mesh size decreases, w hich is be tter than Proposit ion

1. And experimental resu lts form Table 2 show that the iterative numbers are independen t o f themeshes, so w e

state that the condition number o fB lA l is bounded un ifo rm ly.
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