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Balanced Judicious Partitions of
(k k— 1)-Biregular Graphs
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Abstract Bollobas and Scott conjectured that every graph withm edges and m mmun degree at least2 has a balanced
b ipartiton w ih atmostm /3 edges i each vertex class They proved thatmost regular graphs have a balanced partitbns
w ih less thanm /4 edges n each vertex chss In ths paper balanced b partitons of (5 k— 1)-biregu br graphs were
consdered and itwas poved that every (k k- 1)-bregu lar graph adm its a balanced b partiton w ith aboutm /4 edges
in each vertex class
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LetG be a smple graph and V(G ) is the vertex set ofG. Denote the number of edges n G bye(G ). For
XCV(G), we defineG[X ] to be the subgraph ofG nduced by X, and sete(X )= e(G[X ] ). Fordisjoint sub-
setsX, YC V(G ), wewrite
eX,Y)= I{xy€E(G) kEX, y€ Y} |
for the nunber of edges betveen X and Y. A cut (V), V2) ofG is abpartition V(G )= ViUV, The siz of the
cut (Vi, Vo) ise(Vi, V2 ). TheM ax Cutproblem asks for hemaximum size of a cut n agraphG or equivalent
k, theminmum ofe(V,)+ e(V,) over partitbns V(G )=V, UV,. Problans like this involve maxin izing or
m inin izing a single quantity The partition ng prob lan we shall discuss n this paper refers tom axin izng orm n+
m izng several quantities sinultaneousl. Such problems are known as judicious partition ng problen s ntroduced
by Bollobés and Scott . For exanple given a graph G, ask for he m nimum of max{e(V, ), .-, e(Vy)} over
partitbns V(G ) = UL V. This problan has been nvestgated n many papers see [2] and [ 3], for nstance
W e say that a partition V(G ) = UL Vi isbalnced if 1V, 1<..<IV IS IV, 1+ L Sin ilar to udicious part+
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tons we can ask for them inmum ofmax{e(Vy), --, e(Vi )} over balanced partitions V(G ) = UL.V. h the
follow ng we always assume e(G )=m. Fwmm K, we can see hat we cannot do better thanm /k+ O ('1). But
ncreasng the mnmun degree should mprove the constant The follow ng conjecure is proposed by Bollobas
and Scott in [ 4].

Conjecture 1'* Every graph withm edges and m nimun degree at least 2 has a balanced b partition w ith

atmostm /3 edges n each vertex class
In [ 3], Bollob&s and Scott discussed balanced b partitbns of regu lar graphs and proved the follbw ing wo

theoram s
Theoran 1! Letk2>3 be an odd nteger Then every k-regu lar graph G has a balanced bipartiton V(G )
=V,UV; such that

max{e(Vi), e(V2)} <%m

The extranal graphs are K, ;, for s2> 1
Theoran 2°' Letk>2 be an even nteger and G be ak-regular graph Then G has a balanced b ipart+
ton V(G )= V,UV, such that

(a) max{e(Vi), e(V2)} <_411 . e " when |V (G) | is even where the extramal graphs are of the fom
2Kk+ 1 t>].
(b) max{e(V:i), e(Vz)}<71r' kf m +% when 1V (G ) | is odd where the extreamal graphs are of the fom

(2t+ 1)K;.1, t20

Denote by d (v), thedegree ofv nG. A (k d)-biregular graph G is one that breveryv€ V(G), d(v)=
k ord.

In this paper we consider balanced judic bus bipartitions of (k k- 1)-biregular graphs

1 Main Results

In this section we consider balanced bipartitbns of (% k- 1)-biregu lar graphs The follw ing wo theoren s
are ourm ain resu lis which show thatevery (k k- 1)-biregular graph adm its a balanced bipartitbn such that the
m

4

Theoren 3 Letk2>3 be an odd nteget and G be a (k k— 1)-biregular graph A ssume G hasn; vertices

wih degree k. Then V(G) has a balanced b ipartition nto V,, V, such that

nunber of edges in each vertex class is about

(a) max{e(Vi), e(Vz)}<ﬂ4—n—8l when IV(G) | is even

n ok

-1 .
8+ S when [V(G) | is odd

Proof Let IV(G) |l=n SupposeV(G)=V,UV, is a balanced bpartition with e( V), V,) maxmum a
mong such partitbns Assun ¢ w ithout loss of generality, thate(V;) Ze(V,). Letn; ) and n;» be the number of

(b) max{e(V:), e(Vz)}<ﬂ4_

vertices n V; wih degreek and k- 1, respectvely Then by H andshak ng Lenm g
Mm=k(ny1+mi1 )+ (k=1)(ny2+m2)=(k=1)° n+n.

So

n

m= (k- 1)-%+2 (1)

F irst suppose thatn is even then |V, I= [V, |= £2 If for allv€ V,

W (o) NV IS IV (0) TV, |
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notng thatk isodd k- 1 is even we have
k-1 k-1 k-1

VST Ty ety
Thus by (1)
gzl.n_m_m
ST (2)

Sowemay assme that there is a vertex say v, iV, such that IV (v, )NV, I> W ()1 Vol Thenwe claim
hat for allw € Vs,

WV (w )V 1> V@ )NV, L. (3)
O themw ise if there 502 € Vy such that IV (v2) NV IS IV (02) Vo L then letVi= (Vi o} )U (o), Va= (Vs
\{v2) )U {v1). W eget abalanced bpartition ViU V5 ande(V', Va)Ze(Vi, Va)+ ( W (v)Vil= N (v))
NVal)+ (N (v2) Vo l= N (v2)NVi 1) Ze(V, Va)+ L (Note thatv; and v, may be adjacent ). This is a
contradiction to them axmality of e( V3, V2 ). By (3),

k=1 k-1-2 -1
2€(V2)<_2' n21+—2' nzz=k2 * _;—ﬂzz-
It follows that
k-1 n 2
(Vo) S - (4)
Since
2e(Vi)+e(Vy Va)=k* nyy+ (k= 1) nj,=ke ﬂz-nlz
and
2€(V2)+6(V1, V2)=k’ n; 1+ (k— 1)' TLZZZIC' £2— ny 2,
(Vi) - e(vz):LG”. (5)

By (1), (4) and (5),

nZZ_nL2<k— 1, n @_l_nzz—nu_k— 1, n nl2<k—1

22 n
2 4 2 2 2 4 2 2 4 2

e(Vi)=e(Vy)+ % (6)

Therefore e('V, )<ﬂ4—181 in any case And by our assunpton, e( V) >€(V2). It follws thatm ax{e( Vi),

ni

e(Vz)}<ﬂ4——8.
n-;l and so |V, |=n;21,
NV, Orelse if there is a vertex sayvy, in V) such that IV (v} )N Vi 1> WV (v))N Va1, thenwe coull -
crease the size of the cut by movingvfl fran Vi to Vo Sin ilar to ( 2),

Now suppose thatn isodd If IV, I= then for allv€ Vi, IV (v) NV IS IV (v)

<k—1.n+1:ﬂ_ﬂ k-1
e(Vi)S 1 5 4~ g7 g (7)

2— N2 k

n—21 and so IV, |:n21, then e(Vl)—e(Vz):nZ—z—E. W e can assume hat for allw€ V),

WV (w )V, 1> W @ )V, l. Because if there is a vertex sayvlz, i Vy such that IV (v2) N V1< IV (v5)N
Vo1, then we could ncrease the size of the cut by mov'ngv/z fim V, to Vi. And if there is a vertex say v, in

V> such that W(v/;)n Vil= W(v/;)ﬂ Vol then let V= V]U{l)/;}, Vi=Vs \{1)2}, and we get abalanced b+

].flV] |:

n—1

2 2

n+ 1
27

. . 4 "
partition n above case (Namely [V, |= WVyl=

e(V/:, VZ) is maxinun and still e('V; ) Ze

(V2).) Therefore smilar to ( 6), we have
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2 2 4 2 2 2 2
E—1 n+1

e(Vl)ze(V2)+n“_n”—ﬁ<k_ I, n+1 M2 Mma—-Mma k

n k-1
=48 8 ()

Sowe end our proof
Fran Theoran 3( a), one can see that ifk 23 is odd then every k— regular graphw ith n vertices adm its a
k-1

* 5 m

balanced bipartiton into Vi, V, such thatmax{e(Vy ), e(V) }<ﬂ4——§:% M sihce 2n=kn Thi is a

result ofTheorem 1 Now we consderwhen k is even.

Theoran 4 Letk22 be an even nteger and G be a (k k- 1)-biregular graph Assume G hasn, vert+
cesw ith degree k— 1. Then V(G ) has a balanced b partition nto Vi, V, such that

(a) max{e(Vi), e(Vz)}<ﬂ4+n—§ when IV(G) | is even

(b) maxfe(Vy ), e(v2)}<ﬂ4+"—82

Proof Let IV(G) |l=n SupposeV(G)=V, UV, is a balanced bpartition with e( V), V,) maxmum a
mong such partitbns Assun ¢ without loss of generality, thate('V,) >e(V2). Letn; | and n; > be the nunber of
vertices n V; wih degree kb and k— 1 respectvely Then by H andshak ng Lenma

m=k(n1+mi)+ (k= 1)(n, 2+ ny2).

+—l§ when V(G )1 is odd

So
n n m
m=k . 2—(k—2) R (9)
F irst suppose thatn is even then 1V, |= [V, 1= £2 If for allv€ V,,

WV (o) Vi l< IV (v) NV, |
notng thatk is even k— 1 is odd we have
k-2, k=2 k-2

2€(V1)<_ ny+ 5 * nyp2= 2 °_;.
Thus by (9),
ey )ESZ £om_n Bom B (10)

Sowem ay assme that there is a vertex say v;, nV; such that IV (v)V, | 2 IN (v)NV, | Then we clam
hat for allw € V5,

W (w )NV 12 N )N Vsl (11)
O thew ise if there isv, € V, such that IV (v, )V, 1< IV (v, )OV, | then let V= (V,\{v,})U {v,), Vy=
(Va\fv2 ) )U fv}. W e get a balanced b partition ViU Vs, ande(Vi, Va) Ze(Vi, Vo) + (IN (v) NV, [= IV
(v)NVal)+ (N (02 )N Val= IV (0, )NV, 1) Ze(Vi, Vo )+ L (Note hatv, and v, may be adjacent ) This
is a contrad iction to themaxm ality ofe('Vy, V2). By ( 11),

26(V2)<l;' n21+k_2 . n“:—lzi' _;—ngz.
It follows that
ko n nyo
€(V2)<_4' ST, (12)
Snce
2e(Vi)+e(Vy, Va)=k* ni1+ (k= 1)° n;,
and
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26(V2)+€(V|,Vz)=k'n21+(k— 1)'n22,
e(vl)-e(vz):Lz”“. (13)
By (9), (12) and (13),

_ MMz ek n M2 Maa=ma kon Mook,
e(Vi)=e(Va) 4 ==K Doy o B B

m e
=7 *ts (19

Therefore e(V; )<ﬂ+E n any case By our assumption e(V,) >e(V2). It follbws thatm ax{e( Vi), e(V2))

4 8
m m
\4+ g
Now suppose thatn & odd IflVllzn_z1 and so |V2|:n-;1, thene(Vl)—e(V2)=%—%,

and for allw€ V,, N (w )NV, |2 IV (w)NVy L Othewise if there is a vertex say vy 0V, such that
W(’U/z)n Vil W(v;)ﬂ Vo | then we could increase the size of the cut bymovingv; fram V, to Vi. Therefore
smilar to (12), we have

k 1
kg
So
_ Mmo-—ma k_k n+tl m2 kek, n k 4% _m n 3k
e(Vi)=e(V2)+ > =4 5 AT ML (15)
Sinilark; if|vl|=”21and so |V, I= ”‘21, tien for allo€ Vi, W (v)NV ISV (v)NVy L Thus
k - k 1 k
2€(V1)<_2' TLL1+_2' n,2= 2' n_; —nL2<2’ lz+_4
It follows that
gk, .n k_m m k
e(Vi) 4 2T g At Ty (16)
which ends our pwof
2
By Theorem 4(b), whenk is even, K;, admits a balanced b partition w ith atmost 2k edges in each

8

vertex class AndTheorem 2(b) giwes the sane result whereK,,, is an extren al graph
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