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Abstrac t: Bo llob�s and Sco tt conjectured that: eve ry graph w ithm edges and m in imum degree at least 2 has a ba lanced

b ipartition w ith at mostm /3 edges in each vertex class. They proved that m ost regular g raphs have a balanced partitions

w ith less thanm /4 edges in each vertex c lass. In th is paper, balanced b ipartitions o f ( k, k- 1)-biregu la r g raphs were

considered, and it w as proved tha t every ( k, k- 1)-b iregu lar g raph adm its a balanced b ipartition w ith aboutm /4 edges

in each vertex class.
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[摘要 ] � Bo llob�s和 Scott提出猜想:任意一个边数为 m 且最小度大于 1的图存在顶点集的平衡二部划分使得

每一部分点集的导出子图包含的边数不超过 m /3. Bo llob�s和 Sco tt证明了绝大部分正则图存在顶点集的平衡二

部划分使得每一部分点集的导出子图包含的边数比 m /4小 .这里讨论 ( k, k- 1)-双正则图的平衡二部划分, 证明

了每一个 ( k, k - 1)-双正则图存在平衡二部划分使得每一部分点集的导出子图包含的边数是 m /4左右.
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� � LetG be a simp le graph, and V(G ) is the vertex set o fG. Denote the number o f edges inG by e(G ). For

X � V(G ), we defineG [X ] to be the subgraph o fG induced byX, and se te(X ) = e(G [X ] ). For disjoint sub-

setsX, Y� V(G ), w e w rite

e(X, Y) = | {xy � E (G ) |x � X, y� Y} |

for the number of edges betw eenX and Y. A cut ( V1, V2 ) ofG is a b ipart ition V(G ) = V1� V2. The size o f the

cut ( V1, V2 ) is e( V1, V2 ). TheM ax Cut problem asks for themax imum size o f a cut in a graphG or, equivalen-t

ly, the m in imum o f e( V1 ) + e( V2 ) over partit ions V (G ) = V1 � V2. P roblems like this involve max im izing or

m inim izing a sing le quant ity. The part ition ing prob lem w e shall discuss in th is paper refers tom ax im izing orm in-i

m izing several quantit ies simultaneously. Such problems are known as jud icious partition ing prob lem s, introduced

by Bo llob�s and Scott
[ 1]
. For example, g iven a graph G, ask for the m in imum of max{ e( V1 ), �, e( Vk ) } over

partit ions V (G ) = � k

i= 1Vi. Th is prob lem has been invest igated in many papers, see [ 2] and [ 3] , for instance.

W e say that a part ition V(G ) = �
k

i= 1Vi is balanced if |V1 | � � � |Vk | � |V1 | + 1. Sim ilar to jud icious part-i
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t ions, we can ask for them inimum ofmax{ e( V1 ), �, e(Vk ) } over balanced part itions V(G ) = � k

i= 1Vi. In the

follow ing, w e alw ays assume e(G ) =m. F rom K 1, n we can see that w e cannot do better thanm /k+ O ( 1). But

increasing the m in imum degree shou ld improve the constan.t The follow ing conjecture is proposed by Bollob�s
and Scott in [ 4] .

Conjecture 1
[ 4] � Every graph w ithm edges and m in imum deg ree at least 2 has a balanced b ipart ition w ith

atmostm /3 edges in each vertex c lass.

In [ 3], Bollob�s and Scott discussed ba lanced b ipartitions of regu lar graphs, and proved the fo llow ing two

theorem s.

Theorem 1
[ 3] � Let k� 3 be an odd integer. Then every k-regu lar graphG has a balanced bipartition V(G )

= V1 � V2 such that

max { e( V1 ), e( V2 ) } �
k- 1
4k

m.

The ex trema l graphs are sK k+ 1, for s� 1.

Theorem 2
[ 3] � Let k� 2 be an even integer, andG be a k-regu lar graph. ThenG has a balanced b ipart-i

t ion V(G ) = V1 � V2 such that

( a) max{ e( V1 ), e ( V2 ) } �
1

4
� k

k+ 1
m when |V (G ) | is even, where the extremal graphs are o f the form

2tK k+ 1, t� 1.

( b) max{ e( V1 ), e( V2 ) } �
1

4
� k

k+ 1
m +

k

4
when |V (G ) | is odd, where the ex trema l g raphs are of the form

( 2t+ 1)K k + 1, t�0.

Deno te by d ( v ), the degree ofv inG. A ( k, d )-b iregular graphG is one that fo r every v� V (G ), d ( v) =

k ord.

In this paper, w e consider ba lanced judic ious bipartitions o f ( k, k- 1)-biregu lar graphs.

1� M ain Results

In this section, w e consider balanced bipartit ions of ( k, k- 1)-biregu lar graphs. The fo llow ing tw o theorem s

are ourm ain resu lts wh ich show tha t every ( k, k- 1)-b iregular g raph adm its a ba lanced bipartit ion such that the

number o f edges in each vertex class is about
m
4
.

Theorem 3� Let k� 3 be an odd integer, andG be a ( k, k- 1)-biregu lar g raph. A ssumeG hasn1 vertices

w ith degree k. Then, V(G ) has a balanced b ipart ition into V1, V2 such tha t

( a) max{ e( V1 ), e(V2 ) } �
m

4
-

n1

8
when |V (G ) | is even;

( b) max{ e( V1 ), e( V2 ) } �
m

4
-
n1

8
+
k- 1

8
when |V(G ) | is odd.

Proof� Let |V(G ) | = n. Suppose V (G ) = V1 � V2 is a ba lanced b ipart ition w ith e( V1, V2 ) max imum a-

mong such partit ions. Assum e, w ithout loss o f generality, thate( V1 )�e( V2 ). Let ni, 1 and ni, 2 be the number of

vertices in Vi w ith degree k and k- 1, respect ively. Then byH andshak ing Lemma,

2m = k ( n1, 1 + n2, 1 ) + ( k- 1) ( n1, 2 + n2, 2 ) = ( k- 1) � n + n1.

So

m = ( k- 1) � n

2
+
n1

2
. ( 1)

F irst suppose that n is even, then |V1 |= |V2 | =
n
2
. If for allv� V1,

|N ( v) �V1 |� |N ( v) �V2 |,
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not ing that k is odd, k- 1 is even, w e have

2e(V1 ) �
k- 1
2
� n1, 1 +

k- 1
2
� n1, 2 =

k- 1
2
� n

2
.

Thus by ( 1)

e( V1 ) �
k- 1

4
� n

2
=

m

4
-

n1

8
. ( 2)

So w em ay assume tha t there is a vertex, say v1, in V1 such that |N ( v1 ) � V1 | > |N ( v1 ) � V2 |. Then w e c laim

that for allw � V2,

|N (w ) �V1 | > |N (w ) � V2 |. ( 3)

O therw ise if there is v2 � V2 such that |N ( v2 ) �V1 |� |N ( v2 ) �V2 |, then letV�1 = ( V1 \{ v1 } ) � { v2 }, V�2 = ( V2

\ { v2 } ) � { v1 }. W e get a balanced b ipartition V�1� V�2, and e( V�1, V�2 )� e( V1, V2 ) + ( |N ( v1 ) � V1 | - |N ( v1 )

� V2 | ) + ( |N ( v2 ) �V2 | - |N ( v2 ) �V1 | )�e( V1, V2 ) + 1. (No te that v1 and v2 may be adjacen.t ) . Th is is a

contradiction to them ax imality of e( V1, V2 ). By ( 3),

2e( V2 ) �
k- 1

2
� n2, 1 +

k- 1- 2

2
� n2, 2 =

k- 1

2
� n

2
- n2, 2.

It follow s that

e( V2 ) �
k- 1
4
� n

2
-

n2, 2

2
. ( 4)

S ince

2e( V1 ) + e( V1, V2 ) = k� n1, 1 + ( k- 1)� n1, 2 = k� n
2
- n1, 2

and

2e( V2 ) + e( V1, V2 ) = k� n2, 1 + ( k- 1) � n2, 2 = k� n

2
- n2, 2,

e(V1 ) - e(V2 ) =
n2, 2 - n1, 2

2
. ( 5)

By ( 1) , ( 4) and ( 5) ,

e(V1 ) = e(V2 ) +
n2, 2 - n1, 2

2
� k- 1

4
� n

2
-
n2, 2

2
+
n2, 2 - n1, 2

2
=
k- 1
4
� n

2
-
n1, 2

2
� k- 1

4
� n

2
=
m
4
-

n1

8
. ( 6)

Therefore e( V1 ) �
m
4
-

n1

8
in any case. And by our assumpt ion, e( V1 )� e( V2 ). It fo llow s thatm ax{ e( V1 ),

e( V2 ) } �
m

4
-
n1

8
.

Now suppose tha tn is odd. If |V1 | =
n + 1
2

and so |V2 | =
n- 1
2

, then for all v� V1, |N ( v) � V1 |� |N ( v)

� V2 |. Or e lse, if there is a vertex, say v�1, in V1 such that |N ( v�1 )� V1 | > |N ( v�1 ) � V2 |, then w e cou ld in-

crease the size o f the cut by mov ing v�1 from V1 to V2. Sim ilar to ( 2) ,

e( V1 ) �
k- 1
4
� n + 1

2
=

m
4
-

n1

8
+

k- 1
8

. ( 7)

If |V1 | =
n- 1
2

and so |V2 | =
n + 1
2

, then e( V1 ) - e( V2 ) =
n2, 2 - n1, 2

2
-

k
2
. W e can assume that for allw � V2,

|N (w ) �V1 | > |N (w ) � V2 |. Because if there is a vertex, say v�2, in V2 such that |N ( v�2 ) � V1 | < |N ( v�2 )�
V2 |, then w e could increase the size o f the cut by mov ing v�2 from V2 to V1. And if there is a vertex, say v�2, in

V2 such that |N ( v�2 )� V1 | = |N ( v�2 ) � V2 |, then let V�1 = V1� { v�2 }, V�2 = V2 \ { v�2 }, and w e get a balanced b-i

partition in above case. ( Name ly, |V�1 | =
n+ 1
2

, |V�2 | =
n - 1
2

, e ( V�1, V�2 ) is max imum and still e( V1 )� e

( V2 ) . ) Therefore sim ilar to ( 6), w e have
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e( V1 ) = e( V2 ) +
n2, 2 - n1, 2

2
- k

2
� k- 1

4
� n + 1

2
-
n2, 2

2
+
n2, 2 - n1, 2

2
- k

2
=

k- 1
4
� n + 1

2
-
n1, 2

2
-

k
2
<
k- 1
4
� n + 1

2
=
m
4
-
n1

8
+
k- 1
8

. ( 8)

So w e end our proo .f

From Theorem 3( a), one can see that ifk�3 is odd, then every k- regular graph w ith n vertices adm its a

ba lanced bipartit ion into V1, V2 such thatmax{ e(V1 ), e( V2 ) } � m
4
-

n
8
=

1
4
� k- 1

k
m, s ince 2m = kn. Th is is a

resu lt o fTheorem 1. Now w e considerwhen k is even.

Theorem 4� Let k� 2 be an even integer, andG be a ( k, k- 1)-b iregular g raph. AssumeG has n2 vert-i

ces w ith degree k- 1. Then, V(G ) has a balanced b ipart ition into V1, V2 such that

( a) max{ e( V1 ), e(V2 ) } �
m
4
+

n2

8
when |V (G ) | is even;

( b) max{ e( V1 ), e( V2 ) } �
m

4
+
n2

8
+

k

8
when |V(G ) | is odd.

Proof� Let |V(G ) | = n. Suppose V (G ) = V1 � V2 is a ba lanced b ipart ition w ith e( V1, V2 ) max imum a-

mong such partit ions. Assum e, w ithout loss o f generality, thate( V1 )�e( V2 ). Let ni, 1 and ni, 2 be the number of

vertices in Vi w ith degree k and k- 1, respect ively. Then byH andshak ing Lemma,

2m = k ( n1, 1 + n2, 1 ) + ( k- 1) ( n1, 2 + n2, 2 ).

So

m = k� n

2
-

n2

2
= ( k- 2) � n

2
+ n-

n2

2
. ( 9)

F irst suppose that n is even, then |V1 |= |V2 | =
n
2
. If for allv� V1,

|N ( v) �V1 | < |N ( v) �V2 |,

not ing that k is even, k- 1 is odd, w e have

2e(V1 ) �
k- 2

2
� n1, 1 +

k- 2

2
� n1, 2 =

k- 2

2
� n

2
.

Thus by ( 9) ,

e(V1 ) �
k- 2
4
� n

2
=
m
4
-

n
4
+

n2

8
<
m
4
+

n2

8
. (10)

So w em ay assume that there is a vertex, say v1, in V1 such that |N ( v) � V1 |� |N ( v ) � V2 |. Then w e c laim

that for allw � V2,

|N (w ) �V1 |� |N (w ) � V2 |. (11)

O therw ise if there is v2 � V2 such that |N ( v2 )� V1 | < |N ( v2 ) � V2 |, then let V�1 = ( V1 \ { v1 } ) � { v2 }, V�2 =

( V2 \ { v2 } )� { v1 }. W e get a balanced b ipartition V�1 � V�2, and e( V�1, V�2 )�e( V1, V2 ) + ( |N ( v1 ) �V1 | - |N

( v1 ) � V2 | ) + ( |N ( v2 )� V2 | - |N ( v2 )� V1 | )� e( V1, V2 ) + 1. ( Note that v1 and v2 may be ad jacen.t ) Th is

is a con trad iction to themax im ality of e( V1, V2 ). By ( 11),

2e( V2 ) �
k

2
� n2, 1 +

k- 2

2
� n2, 2 =

k

2
� n

2
- n2, 2.

It follow s that

e( V2 ) �
k

4
� n

2
-

n2, 2

2
. (12)

S ince

2e( V1 ) + e( V1, V2 ) = k� n1, 1 + ( k- 1)� n1, 2

and
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2e( V2 ) + e( V1, V2 ) = k� n2, 1 + ( k- 1) � n2, 2,

e(V1 ) - e(V2 ) =
n2, 2 - n1, 2

2
. (13)

By ( 9) , ( 12) and ( 13) ,

e( V1 ) = e( V2 ) +
n2, 2 - n1, 2

2
� k

4
� n

2
-
n2, 2

2
+
n2, 2 - n1, 2

2
=

k
4
� n

2
-
n1, 2

2
� k

4
� n

2
=
m
4
+
n2

8
. (14)

Therefore e(V1 ) �
m
4
+

n2

8
in any case. By our assumption, e( V1 )� e( V2 ). It fo llow s thatm ax{ e( V1 ), e( V2 ) }

� m
4
+

n2

8
.

Now suppose tha tn is odd. If |V1 | =
n- 1
2

and so |V2 | =
n+ 1
2

, then e ( V1 ) - e ( V2 ) =
n2, 2 - n1, 2

2
- k

2
,

and for a llw � V2, |N (w ) � V1 |� |N (w ) � V2 |. O therw ise, if there is a vertex, say v�2, in V2 such that

|N ( v�2 ) � V1 | < |N ( v�2 )� V2 |, then w e could increase the size o f the cut bymov ing v�2 from V2 to V1. There fore

sim ilar to ( 12) , w e have

e( V2 ) �
k
4
� n + 1

2
-
n2, 2

2
.

So

e( V1 ) = e( V2 ) +
n2, 2 - n1, 2

2
-

k

2
=

k

4
� n + 1

2
-
n1, 2

2
-

k

2
� k

4
� n

2
+

k

8
-
4k

8
=

m

4
+

n2

8
-
3k

8
. (15)

S im ilarly, if |V1 | =
n + 1

2
and so |V2 |=

n- 1

2
, then for all v� V1, |N ( v) �V1 |� |N ( v) �V2 |. Thus

2e( V1 ) �
k
2
� n1, 1 +

k- 2
2
� n1, 2 =

k
2
� n + 1

2
- n1, 2 �

k
2
� n

2
+

k
4
.

It follow s that

e( V1 ) �
k

4
� n

2
+

k

8
=

m

4
+

n2

8
+

k

8
, (16)

which ends our proo.f

By Theorem 4( b) , when k is even, K k+ 1 adm its a ba lanced b ipartition w ith atmost
k
2
+ 2k

8
edges in each

vertex c lass. And Theorem 2( b) g ives the sam e resu l,t whereK k + 1 is an ex trem al g raph.
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